1 (12%) Let () = e~fi+ 2+ 4k, g(t) = ef(t — 1%+ (¢t — )’k

(a) Evaluate the limit ltirrg r(t)
(b) Find the intervals on which the curve given by g(t) is smooth

(c) Compute <-[r(t) - g(£)]

Ans:
(a) Compute the limit component-wise:

sm(t) os(t)

lime™ =1, lim—— =(L'Hospital rule) 11m

t—0 t—>0 =1 lti—r>134 =4
The original limitis i+ j + 4k
) g'(t) = Ret(t—1) +et(t—1DHDi+3(t—-1’k=e'(t? - 1)i+
3(t— 1)’k
Smoothness requires that every component derivative be continuous and that
the derivatives are not all zero simultaneously.
For g'(t), the continuity holds for all ¢ and the components function of
g’ (t) will be all zeros if t = 1. Therefor the function is smooth on (—oo, 1)

and (1, )
(© 5 [r@®) - gO] =5 [e et - D2 + =20+ 4t - DP| = L[t - D? +

4t—1)3]=2(t—-1) +12(t —1)2 =2(t — 1)(6t = 5)

2. (12%) Find the following limits:

(a) eYsin(x)
(xy)—(00) X

. 2xycos(x)
(b) (x,yl)lir(lo,t)) xZ+y?

. 3(x%+y?) . .
(© (x,yl)lggo,()) Teiiis (Using polar coordinates)

Ans:
Vi .
@ lim e —  im  e¥ lim St _q
(xy)-(0,0) X (x¥)-(0,0)  (x¥)-(0,0) X

2xycos(x) _ 4. 2mxZcos(x) 2

m . _
(b) Let y =mx — « yl)l_)(0 0 xZiy? M= e = oo }Cl_r;% cos(x) =

e Which means that if we follow the trajectory of different line y = mx



to approach (0,0) we will get different value for different m, therefore, the
limit does not exist.
(c) Let x =rcos(8),y = rsin(0) -» r? = x? + y?
. 3(x? +y?) . 312 . 3r¥(Vrz+4+2)
im = lim = lim
@)=00) [x2 4y y2 14 —2 T™0r24+4-2 10 ri+4-—4

= 31irré\/r2 +4+2=12
T—

3. (20%)

4x%y
(8) (6%) Let F(x,y) = {wrs When (y) #(0,0)
0 when (x,y) = (0,0)
fy(0,0). In addition, decide whether f differentiable at (0,0)
(b) 8%) Let w = f(x,y,z) =xy+yz+zx,x =rcos(0),y = rsin(8),z =

, compute f,(0,0) and

rf find Z—Vrv and Z—‘g when r = 2,60 =g (Using chain rule)

(c) (6%) Given the surface x? + 2y? — 3z% = 3, find the tangent plane and the
normal line to the surface at point (2,—1,1)
Ans:

(@) For (x,y) = (0,0):

o) = oy LOTBD OOy, 01
X0 Y)= 2 Ax © ax-0 (Ax)3Ax
_ . fO0+A)—f(00 . 0 1
Bl = i = = =

4x%mx

lim —==Ilim———s=Ilim— .
(x,y)-(0,0) x>+Yy x—0 x3+m3x %0 1+m

On the other hand, let y = mx,

which means that if we follow the trajectory of different line y = mx to
approach (0,0) we will get different value for different m, therefore, the limit
does not exist. So f(x,y) is not continuous at (0,0). Therefore, it is not
differentiable at (0,0).

(b) Using chain rule

ow _dwdx , dwdy |, dw Oz

= T aZar:(y+z)-cos(9)+(x+z)sin(9)+(x+y)9

Atpoint r = 2,0 =g,x= ZCOSG) = 0,y=25in(§) =2,z=2§=

T, COS (g) = (0, sin (g) =1



ow

Hence at point 7 = 2,0 == - = (y+ z)-cos(0) + (x + z) sin(0) +

2

(x+y)9=(2+n)0+(0+n)+(0+2)§=2n

ow _ dwdx , Owdy , dwoz _ . —pi
55 = 9% 30 6y69+6269_(y+z) rsin(0) + (x + z) rcos(6) + (x +

yr

Atpoint r=2,0 =2,x = 2cos(§) = 0,y=251n(§) =2z2=22=

T, COS (g) = 0, sin (g) =1
i3 d

Hence at point r = 2,60 = . % =(y+2z) —rsin(0) + (x + z) rcos(0) +

x+y)r=2+n)(-2)+O0+m)0+(0+2)2 =-2m

(c)Let F(x,y,z) =x2+2y?2—-3z2-3=0
VF = 2xi + 4yj — 6zk
VF(2,—1,1) = 4i — 4j — 6k
The equation for the normal line is

2 +1 1 2 +1 1 x:2+4t
x— z— x— z—
o 2 oy y=-1=4t
4 -4 -6 2 -2 -3

z=1-—6t

The tangnet plane is
4(x —2)—4(y+1)—-6(z—1)=0-2x—2y—3z=3

4. (6%) Let w = f(x,y,z) = eV*+ty+z*
(@) Find the gradient of the function f(x,y,z).
(b) Find the direction in which f has maximum value of the directional
derivative at point (5,0,2) and what is the value?
Ans:

(@)

2
eVX+y+z

eVx+y+z? zeVxty+z?
Vi = i+ j+
2Jx+y+z2  2Jx+y+z2 Jx+y+z2

e3, e3, 2e3 . T
(b) V£(5,0,2) = —i+—j+ Tk — The direction is i+ j + 4k



IV£(5,0,2)| = je—+—+_ _&

5. (8%) Let f(x,y) =9xy —x3—y3
(@) Find the critical points of f
(b) Classify each critical point as a local maximum, local minimum or saddle
point
Ans:
(@) fr =9y —3x% f, = 9x — 3y~
Let f, =0 and f, =0,
We get x* = 9y3 = 9(3x) = 27x - x(x3 — 27) = 0.
Therefore, the critical points are (0,0), (3,3)
(b)
Since fix = —6X, fxy = fyx =9, f, = —6.

(xr y) fxx fxy fyy d

(0,0) 0 9 0 -81 Saddle point

(3,3) -18 9 -18 243 local maximum

6. (18%) Evaluate the following expressions
@ J Ozm fX\/mex2 dxdy (by reversing the order of integration) .
2
(b) Sketch the region R whose region is given by the iterated integral

fOS fox dydx + f: f06_x dydx and evaluate it.

(c) Evaluate the double integral || fR sin(x? + y?)dA, where R is the region in

the first quadrant between the circles with center the origin and radii 2 and 3

(by changing to polar coordinates) .

Ans:
2
f(;/Rerxzdx:folnge”du=e“|l%3=3—1=2

(b)



(3,3)

1 = X
4 rL\

3 rx 6 r6—x 3 6 X23 XZ 6
f fdydx+f f dydx=fxdx+]6—x dx = —| +l6x——l
o Jo o Jo 0 3 20 23

=0.

(© R={(y)2<x*+y?*<3,0<y, 0<sx}={rrO2<sr<30<0<
7 (3 7 (91
ffsin(x2+y2)dA=f j-sin(rz)rdrdﬂzf fzsin(u)dude
0 J2 0 Ja
R

= ff [% (—cos(u))]z do = L%% (cos(4) — cos(9)) db

T
= 7 (cos(4) — cos(9))

7. (8%) Find the area of the surface given by z = f(x,y) = x2 + y + 2 that lies
above the region R where R is a triangular region with vertices
(0,0),(2,0),(2,2)

Ans:

fr=2xf,=1

J1 + (2 + (f)? = V2 + 4x2

2 ,x 2 1 3 1
Szf f\/2+4x2dydx=f x 2+4x2dx=Eu5|128=ﬁ(18\/18—2\/§)
o Jo 0

132
3
Note that we let u = 2 + 4x?

8. (8%) Find the volume of the solid which bounded by the cylinder x2 + y? =1
and the plane z = y,z = 0,x = 0 in the first octant.
Ans:



1 V1-x2 ,y 1 ,V1-x2 1y2
V=J. f f 1 dzdydxzf f ydydx=f —
o Jo 0 0o Jo 0 2

11— x2 1 x3]q1 1
- | dr=|zx -2 |1 =2
0

v1 (; xzdydx

2 2 6|10 3
9. (8%) Find the volume of the solid bounded above by 3x? + 3y? + z? = 27 and
below by the xy-plane

Ans: Use cylindrical coordinates

Z =+/27 — 3r?
2w 3 V27-312 2T (3
\Y% =j f f r dzdrdf =] J r(+/27 — 3r?)drd6
0 0 Y0 0 0

1 (%72 3927
- —uz =18V
j; u|0 df = 18V3m

Note that we let u = 27 — 3r?



