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13.1 Z8FHHEH

13.1.1 %% #H /¥

Definition 13.1 (RE&XEK). % D T—BAFERHAGES - wRE D FE—EFH
(z,y) BAE—G T f(z,y) RIHE - A f A8z foy W2 %56 D R f
R &3 (domain) > BT EE f(z,y) 9EBMAA f 81 (range) o

13.1.2 MEHRHFHE N
13.1.3 $&%

13.1.4 %{zm@

13.1.5 EHEHE

13.2 &Ry s

13.2.1 -Fd@ LagARk,
13.2.2 & Sl $ag IRk

Definition 13.2 (R HREAMER). & [ £—BER (z0,y0) HP B L > L Pk
T (@o,yo) THESET KIL > BURAA T K928 > L R—EFH > 25k

lim  f(z,y)=1L

(z,y)—(x0,y0)

HEEREE—E e >0 A 0> 0 BIHE > EFRE

[f(z,y) — Ll <e FFX 0<+/(z—2)2+ (y—y0)2 <6

&
iy
2
<




CHAPTER 13. %% #3&#%

13.2.3 W& KR

Definition 13.3 (MR EEM). wRE—EE (2o,y) WHEM R ¥ & (z,y)
A (l’o,yo) B > ‘fﬁ/’ﬁ]‘
lim  f(z,y) = f(zo, yo)

(z,y)—(z0,y0)

& M 3 M f FEE (19,y0) AR (continuous at a point (xo,yo))’
W R f £ R P9 — B ARG KMk f LMER R LR
(continuous in the open region R)°

Theorem 13.1 (MEFHRGLEREK).

W&k AT EH f A g & (vo,y0) 2 > BITHREHE (20,90) 4 ©
1. %%‘Jl'kf 2. kA5 fg
3. £ frg 4. W:f/g, 9(xo,90) # 0

Theorem 13.2 (& HEaEGFMH). R h £ (v0,y0) EE > £ H g £ h(vo,yo) £ -
R RS (90 h)(z,y) = g(h(a,y)) LA (vo,yo) A o AP

lim  g(h(z,y)) = g(h(xo, yo))

(@,y)—(x0,y0)

13.2.4 =%# Rk

Definition 13.4 (= % #& & & & §&). &« R [ E—EE (v0,y0,20) £EFH
(continuous at a point (r9,Y0,20))> ELHE (x,y,2) A& (xo,Y0,20) B * BH

lim f(z,y,2) = f(z0, Yo, 20)

(z,y,2)—(20,Y0,20)

KMk f £ (vo,y0,20) 28 e wR f £ R P HE—BHEE RMkME f
EHEX R Zi#4%6 (contznuous in the open region R) -

13.3 RERXHK

13.3.1 REHR[HFGRIERH

Definition 13.5 (W% # AR I HH). R 2 = f(v,y) F—EREHEO I B [ H
x Foy 89 FH—BIREE (first partial derivatives) f, %ﬁ fy 8% &5 A&

A — Au) —
fo(@,y) = Alirgof($+ 3322 fz:9) Fa fy(x,y):Alggof(x,er Ay; f(z,y)

(o RABIR 5 JE 038 ) o




13.4. tan

(—Fefa % BB 97e3E) BB 2 = f(z,y) BRERK f, Fo f, BEMRFT

0z

0 0 0
N =Ly =n=g ¥ Sf@y=fE)=2=7

Ay
FARE AT (a,b) HHERLE

0z 0z
= f.(a,b) F= — = f,(a,b
(a,b) % s y(a,b)

oz (ah)

13.3.2  Z{EH ZEA L5 BB GRS %K
13.3.3 &AM mERK

Theorem 13.3 (&R E #9125 X (Equality of mixed partial derivatives)). =&
fRzFey §RKLER [, Fo f, £—EFEE R L& a4 2k R Li9E—F (z,y)
]

fmy(may> = fyz(xvy)

13.4

13.4.1 ¥Fisy

Definition 13.6 (&#%"). % 2= f(z,y) BB Az Fo Ay & o Fo y 098 % > PB4
# x Fvy 895 (differentials) &

de =Az A= dy=Ay

KMT RREHR 2 94y (total differential) dz +=F

dz = %dm + 3_ydy = fo(@,y)dz + fy(z,y) dy

13.4.2 “TigaHE

Definition 13.7 (FT#&). 4R 2 = f(x,y) £F (xo,y0) HIES Az, Ay RIEXEZ PTIF
8938 2 7T AR AR

Az = fo(w0,y0) A + fy(To,Y0)Ay + 61A7 + €Ay
EF e Ao ey FHEF (Ax, Ay) — (0,0) f RBF AL 00 RB f(x,y) B BE (20, y0) TH

(differentiable) - =R f EEMR R ET# (differentiable in a region R) > #f& f
£ R ETH o

Theorem 13.4 (THEFHMER). B [ AAEH o &y WIH Wk [, & f, EHE
MR Li## > Bl f £ R ETHo




CHAPTER 13. %% #%# 3

13.4.3 VAR s

Theorem 13.5 (7T #[E 224 (Differentiability implies continuity)). 4% —18
x Aoy 8RB fE (v0,y0) TH > Bl f b fE (w0, y0) BEF o

13.5 ZHBHBALHF
13.5.1 % HFaGEHE

Theorem 13.6 (@%ﬁﬁf : — B8 2 8 #4915 (Chain Rule: one independent variable
Bt w=f(z,y) £z Fy 9THRIE > v =g(t) F#y=h(t) E ¢t §THRIE Bl w £

t BT HGRE > B H ; o o
w w dx w dy _
— =% v fE (13.
A or dt oy dt il [13.1

W
~—
~—

.

Figure 13.1: 128%F : w & x o y 9 RE > RERLZFFE ¢ 9% ARREA w #8948
F ¥ o

Theorem 13.7 (32444 : REE L% #4915 (Chain Rule: two independent variables)).
B3 w= f(r,y) £ x Foy THIE > v =g(s,t) F7 y = h(s,t) & s Fo t 69 HFHT

Ov 0r Oufo OV Rlapfifec B 00 Ao 00 MG BB 0T RS

ow  Ow dz | G ow 8y 4o ow  Ow dz , Gw ow 5’y
s Oz Os dy ds ot Oz ot dy ot

13.5.2 [ () #o

Theorem 13.8 (i#44% : [£ XM (implicit differentiation)). wRFEX F(z,y) =
0 % H—18 o 8 THIEHE y - 2

dy  Fy(z,y)

a_ F?J(x)y)’

Fy(‘ray) 7& 0

e RAREN F(r,y,2) =0 RE—E z F= y 6§ THIEREK 2> A

0z Fi(z,y,2) 0z Fy(z,y, z)

a. " oo/ N = Fz yJ 0
O F,(z,y,2) w dy F,(z,y,2)’ (#:9,2) #




13.6. @ REFtE @&

13.6 7 @E#IHE@E

13.6.1 #&HEH

Definition 13.8 (7 &% %), B& [ AREHK o = y 89X % > u=cosfi+sinbdj =—1&
FALEF o doRABR

Duf(z.y) = PI% f(x+tcos€,y—{—ttsm9) — f(z,y)

B> RIMERAERE [ 8 u A r e E8 o vk D, f &

Theorem 13.9 (7 & % # (Directional derivative)). 4o& f & x fo y 65T X > 2
e u=cosfi+sindj gz e EHL

Dyuf(z,y) = fu(z,y)cosl + f,(x,y)sind

13.6.2 MEHRAHABGHEZDE

Definition 13.9 (REHJIFYHE A E). BE 2 = f(r,y) £ o, y 9JIKLH f, F f,
ARG BlEE
Vi@, y) = folz,y)i+ fy(2,9)]

B f A (B 8) A Vi(ry) T Vf F#ldel f1 > 5—1A% AR
gradf(z,y) > £8 [13.4 ¥ > 2 & AHE—EB (z,y) M2 HEKE Vi(e,y) HE—
BT @0 F (FIEEMEE) o

—_— N

(x, y, f(x, )

X

Figure 13.2: f 89 E & &2 xy-Fd Lég@ = o

Theorem 13.10 (5 6§ #8 AAHAK). B3k [ & o & y OTHIE  MEEEHE u
SRSl P Aok & e
Dllf(x7y> :Vf<x7y) -u




CHAPTER 13. %% #3&#%

13.6.3 #E @8 ER

Theorem 13.11 (#E@BGHH). T f AR (x,y) TH o
1. R Vf(r,y)=0> BHMAZE umz > E7EaEH Dyf(r,y) =00
2. A f REERGFEE V(n,y) ie 0 FiAFeSHGEREL |VS(z,y) -
3. & f BEFROFOL —Vf(r,y) BHE > FAFES#EGRAEE — |Vf(z,y)| o

Theorem 13.12 (#E @M ERF SR EH). Toe [ £ (20,1y0) THER Vf(xo,10) # 0
A1V f(z0,y0) $83& (20, yo) HFHRAE (20,y0) ZAAEME ©

13.6.4 =A% &R

Definition 13.10 (ZE%#a 5 @G #fMHE G F). B3R [ L 2, y = 2 9 2% L—
R AL EF R > BELEOFT u=0ait+bj+ck

Duf(z,y,2) = afe(z,y, 2) + bfy(z,y, 2) + cf2(2,y, 2)
f W (gradient) &% A
Vi@ y 2) = folz,y,2) i+ fy(@,y,2)j + fa(z, 9, 2) k
HARBBEE 4 F
1. Dyf(z,y,2) = Vf(x,y,2) u
2. 4R Vi(x,y,z) =0 B#HAEY v, Dof(z,y,2) =00
3. Vf(z,y,2) & f HRKEHRF G > f 95 @ EHK Dof(x,y, 2) BRAME
IVf(z,y,2)|
4. =V f(r,y,2) & f 89k 1iEETE > [ 97 OEHK Dy f(z,y,2) 9% AMEZ

- HVf(ZE,y,Z)H

13.7 1 F@feikig

13.7.1 wh@m&gbr-Famfikig

Definition 13.11 (7 F@Ak4). Car BN F(r,y,2) =0 £ E—Eehd S o 4R K E
F(r,y,2) 5 E—B Plzy,yo, z0) TH + 8K VF(r0,0,20) £0 &ML S £ P 2
EORZE TR br s B

1. S &£ P &y ¥ @ (tangent plane)i#h A& P 2@k VF(xo,yo,20) Fik@ =g+
&@ o

2. S & P B6yk4 (normal line)sh A8 P BfmA VF(xg,y0,20) 7 @& E 69 E 4 o




13.8. w4 Bk A Ml

Theorem 13.13 (nF@ 72 X). »R F £ (v0,%0,20) T EE (z0,v0,20) £
F(x,y,2z) =0 FiR degeham L > Blskeh @£ (2o, Yo, 20) W F@HEZXE

Fz(l"o, Yo, Zo)(ﬂf — 950) + Fy(l’myo, Zo)(y - Z/o) + Fz(mo,?Jo, Zo)(z —2) =0

13.7.2 -Fwmiastey A

13.7.3 #E&E Vf(xr,y) ¥ VF(z,y,2) 89

Theorem 13.14 (#E @z FlodmEH). wR F £ (vo,y0,20) T &> & AH
VF (20,40, 20) # 0> 8l VF (20,0, 20) FR& (20, Y0, 20) HFI2@EE o

13.8 W& KA ARMA

13.8.1 &% Ao afiail

Theorem 13.15 (#&fE T ® (Extreme Value Theorem)). 4 f £ & & zy-F&@F—
BAFGPARER R LagREHE g > A

I fEYE R ERE—BAED (R) 4 o

2. fEYE R ERE—BHAER (TK)4h o

Definition 13.12 (fa#HEif). f AR AELE (10,50) H—AES R L9 % o
1 R E—EA (10,y0) HMEEL - BN (v,y) HA
f(@,y) > f(z0,90)
RI# £ & (2o,10) A (relative minimum) -
0. R fE—1a4 (ro,y0) HMEMELE - HAAME (2,y) 154
[z y) < fzo,90)

A% f £ (z0,y0) AAEEK (relative mazimum) -

Definition 13.13 (Ea7%5). & f & KRAE—E2 (20,y0) WHAERE » R TFTXEL PR
30 SHAREE (z0,90) & f 9—EEER2 (critical point) -

1. fo(®o,y0) =0 F=  fy(x0,90) =0¢
2. fa}(mO)yO) ’6&‘ fy(-CEanO) Z:ﬁj—';- °

Theorem 13.16 (ta¥ 45— #H4 LERE). G f EHER R E—F (10,y) A%
Mo MESAREAERAE > B (20,90) & f 89— (BB o




CHAPTER 13. %% #3&#%

13.8.2 —MEpEHkT

Theorem 13.17 (=F1mE#4 T (Second Partials Test)). BE X & f £A— MBS %
(a,b) WFERER K> B2 BRI > LHA (a,b) WL

fo(a,b)=0 #  fy(a,b)=0
ZR—EVAL (a,b) ) =FEmE R HeyE
d = frx(a,b) fyy(a,b) = [fuy(a,b)]”
1. %R d>03#8 fi(a,b) >0 Bl f £ (a,b) HA8EE] (relative minimum) o

2. R d>0 EH f.(a,0) <0 Bl f £ (a,b) AAAHEK (relative marimum) -

3. R d<0 8l (a,b, f(a,b)) £—1B%#%E (saddle point) -

4. R d=0> AEELEEH o

13.9 =& SR BARAE 6 e R
13.9.1 AEALFRE8g e

13.9.2 & FH%

Theorem 13.18 (kR A-Fr @A), & {(v1,v1), (22,92), (£3,93), -+, (Tn,Yn)}
83 P @8R (least squares regression line) 7 2 XZ f(r) = ar +b £ F
Sy = Z?:l Li, Sy = Z?:l Yi, Saz = Z?:l ZL’?, Sxy = Z?:1 ZiYi,

NSzy — 529y _ > i (T — %)(Z/z - %) and £ b Sy — @,
NSy — 53 >y (s — 22)? n

n

a =

13.10 FAAABARTH (FHATH)

13.10.1 4% B Tk

Theorem 13.19 (4:4581 B € 3 (Lagrange’s Theorem)). &4 &$ f #= g FTAHG—1%
R B BAERFRE > BARBAEFREGR g(r,y) = c Latnnd o ¥ [ AT (20, yo) A&
o 4R Vg(xo,y0) # 0 Bk ETH N 4245

V f(xo,90) = AVg(zo, vo)




13.10. A& ART % (FMATE) 10

12491 B & T % (Method of Lagrange Multipliers) &# f #= g HRTE +
1ite Bl B R ER > 2B f ARBEH g(z,y) = ¢ EABRME o KimEGFEE

1. B n N Vf(r,y) = A\Vg(z,y) # g(x,y) = c TREP
fx(xay) = )\gx(l'ay) fy(xay) = )\gy<£L‘,y) g('xay) =

893k KA AR IME o

13.10.2 R #UEH T 8 E{uil 2
13.10.3 S ERFUEH T 942480 B o -F%
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INDEX

alternative form % —7# =,
of the directional derivative 7 vy #,

Chain Rule % 44Z
implicit differentiation [& & M5, H
one independent variable — {875 5 4 3,

two independent variables {8 5 4 #,

composite function &% #K

continuity of i% 4% ,ﬁé
continuity i 4

of a composite function &%

of two variables ™ {E% #, E

continuous i 4

at a point f£—%, E

function of two variables w4 $ 49 & B

in the open region R Z£ME R,
critical point(s) Bz 725

of a function of two variables 4 $49 %

# B
relative extrema occur only at A8%f 4544

e, N

derivative(s) ##
Chain Rule i# 444
implicit differentiation [& & M4,
one independent variable — % . 4 #, H
two independent variables =% s 4 $,

directional 7 ), B, H
differentiability T #% %~

implies continuity [&-&i& M, B

sufficient condition for 74154
differentiable function =T #%:% 2

in a region R Z£E3X R, @

of two variables w{8% 2k,
differentiation # %

implicit [%

chain rule & #4842 B

directional derivative 7 &% 3, B

!

alternative form of % —R =X, B
of f in the direction of u £ u 7 #®# f,

Y

of a function in three variables =% &
23, [
domain & &%
of a function & #
of two variables 1B % #, E

equality of mixed partial derivatives &1
G, [
equation(s) 72X,
of tangent plane +7-F @, E
Extreme Value Theorem #%f# € 32, B

first partial derivatives — %1% #
notation for @3k,
first partial derivatives %—Ffm$ #, a
function(s) & #
ofxandyxiﬁy,g
of three variables =4 #
continuity of % 4%,
directional derivative of 7 %) #, H
gradient of 4%,
of two variables M 8% #,
continuity of i# 4, g
critical point of E&J%5,
differentiability implies continuity =T f#&
TEIE AR ML,
differentiable =T &,
domain of & &%
gradient of &, E
limit of &%,
partial derivative of & &, B
range of 13X,
relative maximum of #B%ﬂikﬁi,g,g
relative minimum of AA¥H4%- A, 8,
total differential of &%,
relative maximum of AA¥F A& K 44,
relative minimum of A8 4%/ 4,
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gradient # 5
normal to level curves & 7% 34, H
normal to level surfaces & & #4542 dh @,

of a function of three variables =4 &9

w4, [l
of a funétion of two variables w4 69 %
7,

properties of 1'H H
implicit differentiation [& & # M5, B
Chain Rule i# 44,

Lagrange’s Theorem 424& 81 B & 3%, @
least squares 3% ~F 7
regression i §
line # 4%,
level curve % 4%
gradient is normal to 4% & & #, H
level surface %1% dh @
gradient is normal to #/% & &7, B
limit(s) HER
of a function of two variables v {8 % # &
#, [
line(s) & 4
least squares regression # /N 7 ¥ & E
normal 7%,

Method of 7%
Lagrange multipliers 424& 81 B T, @
mixed partial derivatives &1 %
equality of 125 X,

normal line 4%, H
notation Ik
for first partial derivatives —F% 1<% ¢, @

open region R FEk R
continuous in 4,

partial derivatives &< #
first % —,
mixed &4
equality of 1245 X, @
notation for éﬂ?fi,@
of a function of two variables w84 &
# B
plane F@
tangent 47, B
equation of 7 #2X,, E
properties MH
of the gradient # /%, H

range of a function 2 #4983
of two variables 1B % #,
region R B3 R
differentiable function in T % %, @
open F
continuous in 24, a
regression, least squares &~ F 7 & 8 g
relative extrema #8¥H5{4
occur only at critical points {£ % 4 LBz
g,

Second Partials Test for =& 1m ¥ ## <,

relative minimum A8#4%/ M4
of a function ##, K, E
Second Partials Test for =& fm % ## T,

saddle point ¥, E

Second Partials Test =% /% #dk <, Q

sufficient condition for differentiability T f%
ottt [l

tangent plane 7@, B
equation of 7 #2X,,
Theorem & 32
Extreme Value #ﬁzﬁi,g
total differential 2% %,

vector(s) @€
zero K,

—I% M E # first partial derivatives
3T3% notation for,
4R E #ak © Second Partials Test, @

1% B partial derivatives
B % # Rk K of a function of two vari-
ables,
s mixed
2% X, equality of, @
% — first, é
3T9% notation for, @
2445 total differential,
& # function(s)
xfﬁyofxandy,a
Z %3 of three variables
7 & & # directional derivative of, B
#JE gradient of,
# % continuity of,
MBS K of two variables,
f&.3% range of,
1 3 partial derivative of, B
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A4 total differential of, @
=T % differentiable, @
TS Ak 4 differentiability im-
plies continuity,
% &3 domain of
# & gradient of, E
IR limit of, P
AA#E AR KA relative maximum of, g,g
AR ¥ A% MA relative minimum of, §,
B2 %25 critical point of,
24 continuity of,
A AE KA relative maximum of,g
AR MA relative minimum of,
% $ a9 48 3%, range of a function
™ B % #L of two variables, E
Y1°F @ tangent plane,
7 #2 X, equation of,
E 3% R region R
Ttk 8 differentiable function in, @
Bl open
i# 4% continuous in, a
A —AH KX alternative form
7 & & # of the directional derivative, B
=T %% # differentiable function
v B % # of two variables @
B R in a region R, Q
7T fs- differentiability
R4+ sufficient condition for, @
[543 4 implies continuity,
T 89 4454+ sufficient condition for dif-
ferentiability,
&k B composite function
i % continuity of,
1 E vector(s
& zero, g
% 3 Theorem
#&4E Extreme Value, B
T &% domain
F ¥ of a function
MBI # of two variables, E
H e derivative(s)
7 @) directional, B, H
i# 484 Chain Rule
— ¥ 52 % #& one independent variable, H
=35 s % # two independent variables,

1.2 $ch 4 implicit differentiation,
‘F@ plane
47 tangent,
7 #23, equation of, E

# 4~ differentiation
Ig implicit

#4542 chain rule, B

MH properties
. of the gradient, H
34491 B £ 3 Lagrange’s Theorem, Q
7 %2 # directional derivative,
= # a9 X of a function in three vari-
ables,
A —A X alternative form of, E
£ u 7@y fof fin the direction of u,

7 % Method of
F24% 80 B kT Lagrange multipliers,
7 #2 X, equation(s)
Y1F @ of tangent plane, E
w1 F 7 least squares
1 $% regression
B line,
NP7 @8 regression, least squares, @
¥ E gradient
=8 #6092 % of a function of three vari-
ables,
& 69 R # of a function of two vari-
ables,
&8 7512w @ normal to level surfaces,

8 A5 54 normal to level curves, B
MH properties of,
#Al € 32 Extreme Value Theorem, B
&R limit(s)
B % Bk of a function of two vari-
ables,
%% normal line,
A% 3 mixed partial derivatives
124 X, equality of, @
AR EHAIEF X equality of mixed partial
derivatives,

A %% line(s)
s F 7 6 least squares regression, g
7% normal, ﬁ

AR relative extrema
=4 % #Ax ® Second Partials Test for,

{£ %4 B2 occur only at critical points,

AR#E AR ME relative minimum
=& 4 & Second Partials Test for,
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F# of a function, E, g
% — w3 K first partial derivatives, E
FAizw @ level surface

# g # B # gradient is normal to, E
%34 level curve

¥ g & B # gradient is normal to, H

B2 -2k critical point(s)
v & ey % 2 of a function of two vari-
ables,
A ARAEE A4 relative extrema occur
only at,
3T3% notation
— % # for first partial derivatives, @

124 continuity
&3 of a composite function
W E% 2 of two variables,
i 4 continuous
% B ed Z 3 function of two variables, B
f£—% at a point,
ZHMEM R in the open region R, B
i# 454% Chain Rule
— 8% s % # one independent variable,

1B 45 -2 & # two independent variables,

[% & %4~ implicit differentiation, B
B3k R open region R

o st : . f

24 continuous in, B
[% %k 8 5- implicit differentiation, B

12444 Chain Rule,
#2325 saddle point,
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