
1. (12%) Let 𝒓(t) =  
1

√𝑡+1
𝐢 +

sin(2𝑡)

𝑡
𝐣 +

1

𝑡
𝐤, 𝒈(t) =  √1 + 𝑡𝐢 + 𝑡𝐣 +

𝑡

𝑡−2
𝐤: 

(a) Evaluate the limit lim
𝑡→0

𝒓(𝑡) 

(b) Find the intervals on which the curve given by 𝒈(𝑡) is smooth 

(c) Compute 
d

dt
[𝒓(𝑡) ∙ 𝒈(𝑡)] 

Ans:  

(a) Compute the limit component-wise: 

lim
𝑡→0

1

√𝑡+1
= 1,  lim

𝑡→0

sin ( 2𝑡)

𝑡
=(L'Hospital rule) lim

𝑡→0

2cos (2𝑡)

1
= 2,  lim

𝑡→0

1

𝑡
 diverges. 

The original limit does not exist, because lim
𝑡→0

1

𝑡
= ±∞ does not exist. 

(Its norm ∥𝑟(𝑡)∥tends to ±∞ but we don’t write lim
𝑡→0

𝐫(t) = ±∞. Since ±∞ 

is not a vector.) 

(b) 𝒈′(𝑡) =
1

2√1+𝑡
𝐢 + 𝐣 +

−2

(𝑡−2)2
𝐤 

Smoothness requires that every component derivative be continuous and that 

the derivatives are not all zero simultaneously. 

For 𝒈′(𝑡), the continuity holds in its domain when t + 1 > 0 and t ≠ 2. 

Since the components function of 𝒈′(𝑡) can not be all zeros. 

The function is smooth on (-1,2) and (2,∞) 

(c) 
d

dt
[𝒓(𝑡) ∙ 𝒈(𝑡)] =

d

dt
[

1

√𝑡+1
√1 + 𝑡 +

sin(2𝑡)

𝑡
𝑡 +

1

𝑡

𝑡

𝑡−2
] =

d

dt
[1 + sin(2𝑡) +

1

𝑡−2
] = 2 𝑐𝑜𝑠(2𝑡) −

1

(𝑡−2)2
  

[Optional: where t is in (-1,0), (0,2) and(2,∞) (Since when t = 0, 𝒓(𝑡) is 

undefined and when 𝑡 = 2, 𝒈(𝑡) is undefined)] 

 

2. (8%) Find the following limits: 

(a) lim
(𝑥,𝑦)→(0,0)

2𝑥

𝑥2−𝑦2 

(b) lim
(𝑥,𝑦)→(0,0)

(𝑥2+𝑦2)

4
∙ ln(𝑥2 + 𝑦2) 

Ans:  

(a) Take two different approaches to (0,0): 

Along the 𝑥-axis (𝑦 = 0) 



lim
(𝑥,𝑦)→(0,0)

2𝑥

𝑥2 − 𝑦2
= lim

(𝑥,0)→(0,0)

2𝑥

𝑥2
= lim

𝑥→0

2

𝑥
= ±∞ 

Along the 𝑦-axis (𝑥 = 0) 

lim
(𝑥,𝑦)→(0,0)

2𝑥

𝑥2 − 𝑦2
= lim

(0,𝑦)→(0,0)

0

−𝑦2
= 0 

Because the function approaches different (or unbounded) values along different 

approaches to (0,0), the limit does not exist. 

(b) Let 𝑥 = 𝑟𝑐𝑜𝑠(𝜃), 𝑦 = 𝑟𝑠𝑖𝑛(𝜃) → 𝑟2 = 𝑥2 + 𝑦2 

lim
(𝑥,𝑦)→(0,0)

(𝑥2 + 𝑦2)

4
∙ ln(𝑥2 + 𝑦2) = lim

𝑟→0

𝑟2

4
ln 𝑟2 =

1

2
lim
𝑟→0

ln 𝑟

𝑟−2

= (L′Hospital rule)
1

2
lim
𝑟→0

𝑟−1

−2𝑟−3
=

1

2
lim
𝑟→0

𝑟2

−2
= 0 

3.  (15%)  

(a) Let  𝑓(𝑥, 𝑦) = {
𝑥2𝑦

𝑥4+𝑦2   when (𝑥, 𝑦) ≠ (0,0)

0     when (𝑥, 𝑦) = (0,0)
, compute 𝑓𝑥(0,0) and 𝑓𝑦(0,0). 

In addition, decide whether 𝑓 differentiable at (0,0) 

(b) Given the equation 𝑥𝑧2 − 𝑦𝑠𝑖𝑛(𝑧) = 0, find the first–order partial derivatives 

∂z

∂x
,
∂z

∂y
 using implicit differentiation. 

(c) Considering the level surface defined by 𝑧5 + (𝑠𝑖𝑛(𝑥))𝑧3 + 𝑦𝑧 = 4. Find an 

equation of the tangent plane at the point (0,3,1) 

Ans: 

(a) For (𝑥, 𝑦) = (0,0): 

𝑓𝑥(𝑥, 𝑦) = 𝑙𝑖𝑚
∆𝑥→0

𝑓(0 + ∆𝑥, 0) − 𝑓(0,0)

∆𝑥
= 𝑙𝑖𝑚

∆𝑥→0

0 − 0

(∆𝑥)4

1

∆𝑥
= 𝑙𝑖𝑚

∆𝑥→0

0

(∆𝑥)5
= 0 

 𝑓𝑦(𝑥, 𝑦) = 𝑙𝑖𝑚
∆𝑦→0

𝑓(0,0 + ∆𝑦) − 𝑓(0,0)

∆𝑦
= 𝑙𝑖𝑚

∆𝑦→0

0 − 0

(∆𝑦)2

1

∆𝑦
= 0 

 

On the other hand, let 𝑦 = 𝑚𝑥2, lim
(𝑥,𝑦)→(0,0)

𝑥2𝑦

𝑥4+𝑦2
= lim

x→0

𝑥2𝑚𝑥2

𝑥4+𝑚2𝑥4
= 𝑙𝑖𝑚

𝑥→0

𝑚

1+𝑚2
 . 

which means that if we follow the trajectory of different line 𝑦 = 𝑚𝑥2 to 

approach (0,0) we will get different value for different 𝑚, therefore, the limit 

does not exist. So 𝑓(𝑥, 𝑦) is not continuous at (0,0). Therefore, it is not 

differentiable at (0,0). 

 

(b) Let 𝐹(𝑥, 𝑦, 𝑧) = 𝑥𝑧2 − 𝑦𝑠𝑖𝑛(𝑧) = 0 



∂z

∂x
=

−𝐹𝑥
𝐹𝑧

=
−𝑧2

2𝑥𝑧 − 𝑦cos (𝑧)
 

∂z

∂y
=

−𝐹𝑦

𝐹𝑧
=

sin (𝑧)

2𝑥𝑧 − 𝑦cos (𝑧)
 

 

(c) Let 𝐹(𝑥, 𝑦, 𝑧) = 𝑧5 + (𝑠𝑖𝑛(𝑥))𝑧3 + 𝑦𝑧 − 4 

𝛻𝐹 = 𝑐𝑜𝑠(𝑥) 𝑧3𝒊 + 𝑧𝒋 + (5𝑧4 + 3(𝑠𝑖𝑛(𝑥))𝑧2 + 𝑦)𝒌 

𝛻𝐹(0,3,1) = 1𝒊 + 1𝒋 + 8𝒌 

(𝑥 − 0) + (𝑦 − 3) + 8(𝑧 − 1) = 0 

𝑥 + 𝑦 + 8𝑧 = 11 

 

4. (10%) Let 𝑓(𝑥, 𝑦) = 𝑒−𝑥cos (𝑦) 

(a) Compute the directional derivative of 𝑓 at (1,0) in the direction from 𝑃(1,0) 

to 𝑄(6,12) 

(b) Find the direction in which 𝑓 has minimum increase at (1,0). What is the 

minimum rate of increase? 

Ans: 

(a)  

𝛻𝑓 = −𝑒−𝑥𝑐𝑜𝑠(𝑦)𝐢 − 𝑒−𝑥𝑠𝑖𝑛(𝑦)𝐣 

𝑃𝑄⃑⃑⃑⃑  ⃑ = (6,12) − (1,0) = 5𝐢 + 12𝐣. u =
5

13
𝐢 +

12

13
𝐣. 𝐷𝑢𝑓(1,0) = 𝛻𝑓(1,0) ∙ 𝑢 =

(−𝑒−1, 0) ∙ (
5

13
,
12

13
) =

−5

13𝑒
 

(b) 𝛻𝑓(1,0) = −𝑒−1𝐢 + 0𝐣 = −
1

𝑒
𝐢 

‖𝛻𝑓(1,0)‖ = √(−
1

𝑒
)2 + 02 =

1

𝑒
 

The direction that has minimum increase −𝛻𝑓(1,0) =
1

𝑒
𝐢 (or 𝐢) and the 

minimum rate of increase is  −‖𝛻𝑓(1,0)‖ =
−1

𝑒
 

 

5. (10%)  Let 𝑓(𝑥, 𝑦) = 𝑥3 + 𝑦3 − 3𝑥𝑦 

(a) Find the critical points of 𝑓 

(b) Classify each critical point as a local maximum, local minimum or saddle 

point 

 



Ans: 

(a) 𝑓𝑥 = 3𝑥2 − 3𝑦, 𝑓𝑦 = 3𝑦2 − 3𝑥. 

Let 𝑓𝑥 = 0 and 𝑓𝑦 = 0, 

From 𝑓𝑦 = 0 we know 𝑥 = 𝑦2. Subsittue into 𝑓𝑥 = 0, we get 3𝑦2 − 3𝑦 =

0 → 3𝑦(𝑦 − 1) = 0. 

Therefore, the critical points are (0,0), (1,1) 

(b) 

Since 𝑓𝑥𝑥 = 6𝑥, 𝑓𝑥𝑦 = 𝑓𝑦𝑥 = −3, 𝑓𝑦𝑦 = 6𝑦.   

(𝑥, 𝑦) 𝑓𝑥𝑥 𝑓𝑥𝑦 𝑓𝑦𝑦 d  

(0,0) 0 -3 0 -9 Saddle point 

(1,1) 6 -3 6 27 local minimum 

 

 

6. (15%) Evaluate the following expressions 

(a) ∫ ∫ sin (
𝑥

𝑦
)

2

√𝑥

4

0
𝑑𝑦𝑑𝑥 

(b) ∫ ∫ cos (√𝑥2 + 𝑦2)
√4−𝑥2

0

2

0
𝑑𝑦𝑑𝑥 

(c) ∫ ∫ ∫ 𝑟𝑧 𝑑𝑧𝑑𝑟𝑑𝜃
6−𝑟

0

6

0

𝜋

4
0

 

Ans: 

(a) ∫ ∫ sin (
𝑥

𝑦
)

2

√𝑥

4

0
𝑑𝑦𝑑𝑥 = ∫ ∫ sin (

𝑥

𝑦
)

𝑦2

0

2

0
𝑑𝑥𝑑𝑦 = ∫ −𝑦𝑐𝑜𝑠(

𝑥

𝑦
)|𝑦

2

0

2

0
𝑑𝑦 =

∫ −𝑦𝑐𝑜𝑠(𝑦) + 𝑦
2

0
𝑑𝑦 = −𝑦𝑠𝑖𝑛(𝑦) |

2
0

+ ∫ sin(𝑦)𝑑𝑦
2

0
+

𝑦2

2
|
2
0

= 3 − 2 sin(2) −

cos (2) 

Note that we use integration by parts and let 𝑢 = 𝑦 and 𝑑𝑣 = 𝑐𝑜𝑠(𝑦)𝑑𝑦 →

𝑑𝑢 = 𝑑𝑦, 𝑣 = sin (𝑦). 

(b) R = {(𝑥, 𝑦)|0 ≤ 𝑥 ≤ 2,0 ≤ 𝑦 ≤ √4 − 𝑥2} = {(𝑟, 𝜃)|0 ≤ 𝑟 ≤ 2,0 ≤ 𝜃 ≤
𝜋

2
} 

∫ ∫ sin (√𝑥2 + 𝑦2)
√4−𝑥2

0

2

0

𝑑𝑦𝑑𝑥 = ∫ ∫ cos(𝑟)
2

0

𝑟

𝜋
2

0

𝑑𝑟𝑑𝜃

= ∫ [𝑟𝑠𝑖𝑛(𝑟) + 𝑐𝑜𝑠(𝑟)]0
2

𝜋
2

0

𝑑𝜃 = ∫ 2sin(2) + cos(2) − 1

𝜋
2

0

𝑑𝜃

=
𝜋

2
(2 sin(2) + cos(2) − 1) 

Note that we use integration by parts and let 𝑢 = 𝑟 and 𝑑𝑣 = 𝑐𝑜𝑠(𝑟)𝑑𝑟 → 𝑑𝑢 =

𝑑𝑟, 𝑣 = sin (𝑟). 



 

(c) ∫ ∫ ∫ 𝑟𝑧 𝑑𝑧𝑑𝑟𝑑𝜃
6−𝑟

0

6

0

𝜋

4
0

= ∫ ∫
𝑟𝑧2

2
|
6 − 𝑟

0
6

0

𝜋

4
0

𝑑𝑟𝑑𝜃 = ∫ ∫
1

2
(𝑟3 − 12𝑟2 +

6

0

𝜋

4
0

36𝑟) 𝑑𝑟𝑑𝜃 = ∫
1

2
[
𝑟4

4
− 4𝑟3 + 18𝑟2]0

6
𝜋

4
0

𝑑𝜃 = ∫
1

2
(108)𝑑𝜃

𝜋

4
0

=
27𝜋

2
 

 

 

7. (10%) Find the area of the surface given by 𝑧 = 𝑓(𝑥, 𝑦) =
1

2
𝑦2 that lies above 

the region 𝑅 where 𝑅 is a square with vertices (0,0), (3,0), (0,3), (3,3) 

Ans:   

𝑓𝑥 = 0, 𝑓𝑦 = 𝑦 

√1 + (𝑓𝑥)2 + (𝑓𝑦)2 = √1 + 𝑦2 

S = ∫ ∫ √1 + 𝑦2
3

0

𝑑𝑥𝑑𝑦
3

0

= ∫ [√1 + 𝑦2𝑥]
0

3

𝑑𝑦
3

0

= ∫ 3√1 + 𝑦2𝑑𝑦
3

0

 

Let 𝑦 = 𝑡𝑎𝑛(𝜃) , 𝑑𝑦 = 𝑠𝑒𝑐2(𝜃)𝑑𝜃 

∫√1 + 𝑦2𝑑𝑦 = ∫√1 + 𝑡𝑎𝑛2(𝜃)𝑠𝑒𝑐2(θ)𝑑𝜃 = ∫𝑠𝑒𝑐3(𝜃)𝑑𝜃 

Let 𝑢 = sec(𝜃) , dv = 𝑠𝑒𝑐2(𝜃) → 𝑑𝑢 = sec(𝜃) tan(𝜃) 𝑑𝜃, 𝑣 = tan (𝜃) 

∫𝑠𝑒𝑐3(𝜃)𝑑𝜃 = sec(𝜃) tan(𝜃) − ∫sec(𝜃) 𝑡𝑎𝑛2(𝜃) 𝑑𝜃

= sec(𝜃) tan(𝜃) − ∫sec(𝜃) (𝑠𝑒𝑐2(𝜃) − 1) 𝑑𝜃

= sec(𝜃) tan(𝜃) − ∫𝑠𝑒𝑐3(𝜃) 𝑑𝜃 + ∫𝑠𝑒𝑐(𝜃) 𝑑𝜃 

→ 2∫𝑠𝑒𝑐3(𝜃)𝑑𝜃 = sec(𝜃) tan(𝜃) + ∫𝑠𝑒𝑐(𝜃) 𝑑𝜃

= sec(𝜃) tan(𝜃) + ln | sec(𝜃) + tan(𝜃) | + 𝐶 

∫√1 + 𝑦2𝑑𝑦 =
1

2
[sec(𝜃) tan(𝜃) + ln | sec(𝜃) + tan(𝜃) |] +

𝐶

2

=
1

2
[√1 + 𝑦2y + ln |√1 + 𝑦2 + y|] +

𝐶

2
 

S = 3∫ √1 + 𝑦2𝑑𝑦
3

0

=
3

2
[√1 + 𝑦2y + ln |√1 + 𝑦2 + y|]

3
0

 

=
3

2
[3√10 + ln |√10 + 3|] 

 



8. (10%) Find the volume of the solid bounded above by 𝑥2 + 𝑦2 + 𝑧2 = 36 and 

below by z = √𝑥2 + 𝑦2 

 

Ans: Use cylindrical coordinates 

Note that 𝑟2 = 𝑥2 + 𝑦2 → 𝑧 = 𝑟, z = √36 − 𝑟2 

Find the intersection of 𝑧 = 𝑟 and z = √36 − 𝑟2 → 𝑟 = 3√2 

V = ∫ ∫ ∫ 𝑟𝑑𝑧𝑑
√36−(𝑥2+𝑦2)

√𝑥2+𝑦2

3√2

0

𝑟
2𝜋

0

𝑑𝜃 = ∫ ∫ ∫ 𝑟𝑑𝑧𝑑
√36−𝑟2

𝑟

3√2

0

𝑟
2𝜋

0

𝑑𝜃

= ∫ ∫ 𝑟(√36 − 𝑟2 − 𝑟)
3√2

0

2𝜋

0

𝑑𝑟𝑑𝜃

= ∫ (72 − 18√2
2𝜋

0

) − 18√2 𝑑𝜃 = 72𝜋(2 − √2) 

Or use spherical coordinates 

Intersection of sphere and cone: 𝑧2 = 𝑥2 + 𝑦2 → 𝑥2 + 𝑦2 + 𝑧2 = 2𝑧2 = 36 →

𝑧 = 3√2. Since 𝑥2 + 𝑦2 + 𝑧2 = 36 → 𝜌 = 6. (Since by definition 𝜌 ≥ 0) 

And z = 𝜌 cos(𝛷) → 3√2 = 6 cos(𝛷) → 𝛷 =
𝜋

4
 (Since by definition π ≥

𝛷 ≥ 0) 

V = ∫ ∫ ∫ 𝜌2sin (𝛷)𝑑𝜌𝑑
6

0

𝜋
4

0

2𝜋

0

𝛷𝑑𝜃 = ∫ ∫ 72sin (𝛷)

𝜋
4

0

2𝜋

0

𝑑𝛷𝑑𝜃

= ∫ 72 − 72
√2

2

2𝜋

0

𝑑𝜃 = 72𝜋(2 − √2) 

 

 

 

9. (10%) Use the change of variables to find the volume of the solid region lying 

below the surface 𝑧 = 𝑓(𝑥, 𝑦) = ln(𝑥2𝑦 + 𝑥) and above the plane region 𝑅 

wher 𝑅 is a region bounded by 𝑥𝑦 = 1, 𝑥𝑦 = 3, 𝑥 = 1, 𝑥 = 𝑒. 

Ans:  

Let 𝑢 = 𝑥𝑦, 𝑣 = 𝑥 

𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
=

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣
−

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑢
=

−1

𝑣
 



∫∫ ln(𝑥2𝑦 + 𝑥)  dA
𝑅

= ∫ ∫ ln(𝑢𝑣 + 𝑣)
1

𝑣
𝑑𝑢𝑑𝑣 =

3

1

𝑒

1

∫ ∫
ln(𝑢 + 1) + ln 𝑣

𝑣
𝑑𝑢𝑑𝑣 =

3

1

𝑒

1

= ∫ [(𝑢 + 1) ln(𝑢 + 1) − 𝑢)]1
3
1

𝑣

𝑒

1

+ (3 − 1)
ln 𝑣

𝑣
𝑑𝑣 =

= ln 𝑒 [(3 + 1) ln(3 + 1) − 3 − 2 ln 2 + 1] +
(3 − 1)

2
(ln 𝑒)2

= 8 ln 2 − 4 − 2 ln 2 + 2 + 1 = 6 ln 2 − 1 

Note that we let 𝑢′ = ln(𝑢 + 1)  𝑎𝑛𝑑 𝑑𝑣′ = du → d𝑢′ =
1

𝑢+1
𝑑𝑢, 𝑣′ = 𝑢 

∫𝑙𝑛(𝑢 + 1) 𝑑𝑢 = 𝑢𝑙𝑛(𝑢 + 1) − ∫
𝑢

𝑢 + 1
𝑑𝑢 = 𝑢𝑙𝑛(𝑢 + 1) − ∫1 −

1

𝑢 + 1
𝑑𝑢

= 𝑢𝑙𝑛(𝑢 + 1) − 𝑢 + 𝑙𝑛(𝑢 + 1) = (𝑢 + 1) 𝑙𝑛(𝑢 + 1) − 𝑢 


