1. (12%) Let r(t) = ﬁi +sm<2t>

i+-k g = VI+ti+tji+k

(a) Evaluate the limit ltirr(} r(t)
(b) Find the intervals on which the curve given by g(t) is smooth

(c) Compute <-[r(t) - g(£)]

Ans:
(a) Compute the limit component-wise:

sin(2t) 2cos(2t)

hm— =1, ltlrr(} =(L'Hospital rule) l im=—=

1 .
= 2, lim- diverges.
t—0 Vt+1 t>0t g

The original limit does not exist, because ltin&% = too does not exist.

(Itsnorm || r(t) || tends to +oo but we don’t write ltmg r(t) = . Since +o

is not a Vector.)

’ _ -2
(b) g (t) 2\/? +] (t Z)Zk

Smoothness requires that every component derivative be continuous and that
the derivatives are not all zero simultaneously.

For g'(t), the continuity holds in its domain when t+ 1 > 0 and t # 2.
Since the components function of g’(t) can not be all zeros.

The function is smooth on (-1,2) and (2, )

© 5 - 9] = 5| A VTFe+ =2t + 2| = 2 [1 +sin(20) +

tt-2

—] = 2 cos(2t) — = 2)2

[Optional: where t isin (-1,0), (0,2) and(2, ) (Since when t = 0,7r(t) is
undefined and when t = 2, g(t) is undefined)]

2. (8%) Find the following limits:

(a)

. 2x
lim ——
(x,¥)—(0,0) X*~Y

(x2+y?) | 2 2
®) ey & YY)
Ans:
(a) Take two different approaches to (0,0):

Along the x-axis (y = 0)



3.

(@) Let f(x,y) = {x*+?

) 2x ] 2x 2
lim ———= lim — =lim
(xy)=(0,0) x4 —y (x,0)-(0,0) X x—0 X
Along the y-axis (x = 0)
) 2x ] 0
lim ) = lim ) =0
xy)—»(0,0) x4 —y 0,y)-(0,0) =y
Because the function approaches different (or unbounded) values along different
approaches to (0,0), the limit does not exist.

(b) Let x = rcos(8),y = rsin(0) -» r? = x? + y?

(x%+y?) 2 ) o r? , 1. Inr
(x,y)lir(lo,o) T ln(x Ty ) B }‘l—rgzlnr B E}‘I—r)%ﬁ
1 r-1 1. 7r?

= (L'Hospital rule)ilrl_r)ré mr ek E}}—r;%—_z =0

(15%)

x%y

when (x,y) # (0,0)

, compute f,(0,0) and £,(0,0).
0 when (x,y) = (0,0)

In addition, decide whether f differentiable at (0,0)

(b) Given the equation xz? — ysin(z) = 0, find the first-order partial derivatives

o’ 9y USIng implicit differentiation.

(c) Considering the level surface defined by z° + (sin(x))z® + yz = 4. Find an

equation of the tangent plane at the point (0,3,1)

Ans:

(@) For (x,y) = (0,0):
_ o fO+A50)-f(00) _ 0-01 0 _
S y) = [im, Ax = A B0t ax a0
_ i f(0,0+A4y) —f(0,0) ” 0-01
fxy) = lim Ay = 50 (Ay)Zhy
2 . x2%y . x’mx? . m
On the other hand, let y = mx*, lim =lim———=1lim

(xy)—-(0,0) x*+y% x50 x*+m2x* x50 14m2

which means that if we follow the trajectory of different line y = mx? to
approach (0,0) we will get different value for different m, therefore, the limit
does not exist. So f(x,y) is not continuous at (0,0). Therefore, it is not
differentiable at (0,0).

b)Let F(x,y,z) = xz? — ysin(z) = 0
y y



0z —F —z?

ox E  2xz-— ycos(z)

7
oz -—FE, sin(z)
a_y - E, = 2%z — ycos(z)
(o) Let F(x,y,2z) = z° + (sin(x))z3 + yz — 4
VF = cos(x) z3i + zj + (5z* + 3(sin(x))z% + y)k
VF(0,3,1) = 1i + 1j + 8k
x—0+@y-3)+8(z—1)=0
x+y+8z=11

4. (10%) Let f(x,y) = e *cos(y)
(a) Compute the directional derivative of f at (1,0) in the direction from P(1,0)
to Q(6,12)
(b) Find the direction in which f has minimum increase at (1,0). What is the
minimum rate of increase?
Ans:

(a)
Vf =—e*cos(y)i— e *sin(y)j

PQ = (6,12) — (1,0) = 5i + 12j. u=—i+=j. Duf(1,0) = Vf(1,0)-u =

(—e~1,0) - (i E) -5

13713/ ~ 13e

(b) V£(1,0) = —e~ti+ 0j = —éi

1 1
V£ (1,0)] = m =

The direction that has minimum increase —Vf(1,0) = éi (or i) and the

minimum rate of increase is —||Vf(1,0)|| = _?1

5. (10%) Let f(x,y) =x3+y3—3xy
(a) Find the critical points of f
(b) Classify each critical point as a local maximum, local minimum or saddle

point



Ans:

(@) fr =3x*—=3y, f, =3y*—3x.

Let f, =0 and f, =0,

From f, =0 weknow x = y®. Subsittue into f, = 0, we get 3y* — 3y =
0-3y(y—1)=0.

Therefore, the critical points are (0,0), (1,1)

(b)

Since fix = 6X, fyy = fyx = =3, fy = 6Y.
(x, y) fx fry fyy d
(0,0) 0 -3 0 -9 Saddle point
(1,1) 6 -3 6 27 local minimum

6. (15%) Evaluate the following expressions

@ J; JzsinG) dydx

(b) foz f(;/mcos(,/x2 + y2) dydx

ONK f06 f06_rrz dzdrd6

Ans:

4 .2 | x o2y ox 2 xyz_
(a‘) fo L/}Sln(;) dydx - fo fo Sln(;) dxdy - fo —yCOS(;)l 0 dy -

2
f02 —ycos(y) + ydy = —ysin(y) |(2) + foz sin(y) dy + y?l g =3 —2sin(2) —

cos(2)
Note that we use integration by parts and let u =y and dv = cos(y)dy —
du = dy,v = sin(y).

b R={(y0<x<20<y<Vi-22}={ro)fo<r<20<0<T]

2 Va—xZ Z (2
f f sin(y/x? + y?) dydx = f f cos(r)rdrdf
o Jo o Jo
s s

:f:

- %(2 sin(2) + cos(2) — 1)

[rsin(r) + cos(r)]3do = f72sin(2) + cos(2) —1d6
0

Note that we use integration by parts and let u =r and dv = cos(r)dr - du =
dr,v = sin(r).



(66 6 -r 61
© [3[5 S rz dzdrdg = f e o drdf = [* [P (r3 — 12r% +

27T

36r)drdd = [#1[o-— 4r® + 181215 d6 = f4—(108)d9 =

7. (10%) Find the area of the surface givenby z = f(x,y) = %yz that lies above

the region R where R is a square with vertices (0,0),(3,0),(0,3),(3,3)
Ans:
fr =0, fy =

(L) =Ty
3 3 3 3 3
S:fo fow/l+y2dxdy=j; [\/1+y2x]ody=j;3\/1+y2dy

Let y = tan(0),dy = sec?(0)d0

f«/l + y2dy = fwll + tan?(0)sec?(0)do = Jsec3(9)d9
Let u = sec(0),dv = sec?(8) — du = sec(0) tan(0) d8, v = tan(0)

jsec3(9)d0 = sec(0) tan(0) — j sec(8) tan?(0) do
= sec(0) tan(0) — j sec(8) (sec?(6) — 1) do
= sec(0) tan(0) — j sec3(0) do + f sec(6) do

-2 j sec3(0)d6 = sec(9) tan(8) + f sec(6) do
= sec(@) tan(0) + In|sec(f) + tan(8) | + C

j“/l + y2dy = sec(9) tan(6) + In|sec(8) + tan(6) || + E

1 C
=§[\/1+y2y+ln|w/1+y2+y|]+§

3
s=3f \/1+y2dy=;[\/1+y2y+ln|\/1+y2+y|]g
0

==[3V10 + In [vV10 + 3]

le



8. (10%) Find the volume of the solid bounded above by x? + y? + z? = 36 and

below by z = {/x? + y?

Ans: Use cylindrical coordinates
Note that 72 = x? + y?> > z =1,z = V36 — 12
Find the intersection of z =7 and z =V36 —12 - r = 3+/2

2 (3V2 +[36—(x2+y?) 2w (3V2 V36-12
f f f rdzdrdf = J J J rdzdr do
0 0 r

x2+y

21 3V2
= f f r(v36 —r2 —r)drd6
0 0
2
= f (72 — 18V2) — 18V2 db = 72n(2 —V2)
0

Or use spherical coordinates
Intersection of sphere and cone: z% = x2 + y2 > x2 +y2 +2z2 =222 =36 >

z = 3/2. Since x? 4+ y? + 22 = 36 - p = 6.(Since by definition p > 0)
And z = pcos(®) - 3V2 = 6cos(®) > @ = % (Since by definition m >
¢ > 0)

2m T 6 am 7
= ] J j p?sin(®)dpd ®d6 = f J 72sin(®) dodo
o Jo Jo o Jo

2T \ﬁz
=f 72—727d9=72n(2—\/§)
0

9. (10%) Use the change of variables to find the volume of the solid region lying
below the surface z = f(x,y) = In(x%y + x) and above the plane region R
wher R isaregion bounded by xy = 1,xy =3,x =1,x =e.

Ans:

Let u=xy,v=x

d(x,y) 0xdy 0xdy -1

d(w,v) Odudv OJvou v




J.f In(x?y + x) dA
R
ers 1 ¢ BIn(u+1)+1Inv
=f f ln(uv+v)—dudv=ff dudv =
1 J1 v 1 71 v

= fe[(u+1)ln(u+1)—u)]§l+(3—1)ln—vdv=
1 v v

-1

=Ine[3+1)In(3+1)—3—-2In2+1] + >

(Ine)?
=8ln2—-4—-2In2+2+1=6In2-1

Note that we let v’ =In(u+1) and dv' =du—-du' = ﬁdu, vi=u

1
fln(u+1)du=uln(u+1)—juu du

+1 u+1
=uln(u+1)—u+nu+1)=wW+Dn(u+1)—u

du=uln(u+1)—f1—



