
1. (12%) Let 𝒓(t) =  
1

√𝑡+1
𝐢 +

sin( 2𝑡)

𝑡
𝐣 +

1

𝑡
𝐤, 𝒈(t) =  √1 + 𝑡𝐢 + 𝑡𝐣 +

𝑡

𝑡−2
𝐤: 

(a) Evaluate the limit lim
𝑡→0

𝒓(𝑡) 

(b) Find the intervals on which the curve given by 𝒈(𝑡) is smooth 

(c) Compute 
d

dt
[𝒓(𝑡) ∙ 𝒈(𝑡)] 

 

2. (8%) Find the following limits: 

(a) lim
(𝑥,𝑦)→(0,0)

2𝑥

𝑥2−𝑦2 

(b) lim
(𝑥,𝑦)→(0,0)

(𝑥2+𝑦2)

4
∙ ln(𝑥2 + 𝑦2) 

 

 

3. (15%)  

(a) Let  𝑓(𝑥, 𝑦) = {
𝑥2𝑦

𝑥4+𝑦2   when (𝑥, 𝑦) ≠ (0,0)

0     when (𝑥, 𝑦) = (0,0)
, compute 𝑓𝑥(0,0) and 𝑓𝑦(0,0). 

In addition, decide whether 𝑓 differentiable at (0,0) 

(b) Given the equation 𝑥𝑧2 − 𝑦𝑠𝑖𝑛(𝑧) = 0, find the first–order partial derivatives 

∂z

∂x
,

∂z

∂y
 using implicit differentiation. 

(c) Considering the level surface defined by 𝑧5 + (𝑠𝑖𝑛(𝑥))𝑧3 + 𝑦𝑧 = 4. Find an 

equation of the tangent plane at the point (0,3,1) 

 

 

4. (10%) Let 𝑓(𝑥, 𝑦) = 𝑒−𝑥cos (𝑦) 

(a) Compute the directional derivative of 𝑓 at (1,0) in the direction from 𝑃(1,0) 

to 𝑄(6,12) 

(b) Find the direction in which 𝑓 has minimum increase at (1,0). What is the 

minimum rate of increase? 

 

 

5. (10%)  Let 𝑓(𝑥, 𝑦) = 𝑥3 + 𝑦3 − 3𝑥𝑦 

(a) Find the critical points of 𝑓 

(b) Classify each critical point as a local maximum, local minimum or saddle 

point 



6. (15%) Evaluate the following expressions 

(a) ∫ ∫ sin (
𝑥

𝑦
)

2

√𝑥

4

0
𝑑𝑦𝑑𝑥 

(b) ∫ ∫ cos (√𝑥2 + 𝑦2)
√4−𝑥2

0

2

0
𝑑𝑦𝑑𝑥 

(c) ∫ ∫ ∫ 𝑟𝑧 𝑑𝑧𝑑𝑟𝑑𝜃
6−𝑟

0

6

0

𝜋

4
0

 

 

 

7. (10%) Find the area of the surface given by 𝑧 = 𝑓(𝑥, 𝑦) =
1

2
𝑦2 that lies above 

the region 𝑅 where 𝑅 is a square with vertices (0,0), (3,0), (0,3), (3,3) 

 

 

8. (10%) Find the volume of the solid bounded above by 𝑥2 + 𝑦2 + 𝑧2 = 36 and 

below by z = √𝑥2 + 𝑦2 

 

 

 

9. (10%) Use the change of variables to find the volume of the solid region lying 

below the surface 𝑧 = 𝑓(𝑥, 𝑦) = ln(𝑥2𝑦 + 𝑥) and above the plane region 𝑅 

wher 𝑅 is a region bounded by 𝑥𝑦 = 1, 𝑥𝑦 = 3, 𝑥 = 1, 𝑥 = 𝑒. 


