Calculus Final Exam — Solutions Chl11-Chl4

Calculug — Final Exam
olutions

1. (8%) Coordinate Systems
(a) (4%) Cylindrical to rectangular

Sol. We use the cylindrical-to-rectangular formulas
r =rcosb, y =rsind, z=z.
Here r =2, 0 = 7r/6, and z = 5, so

7 7
xzrcos@chos%:—\/g, yzrsinGzQsin%:—l, z=05.

Thus the rectangular coordinates are

(315 $-ME{a-%

(b) (4%) Rectangular to cylindrical and spherical

Sol. For cylindrical coordinates, use

r =22+ y? tanf = 2.

T

For spherical coordinates, use
z
p=\axt+y?+ 22 cos ¢ = —.
p

Now

r:\/x2+y2=v4+4=2\/§-

Since (x,y) = (—2,2) is in quadrant II,

Thus the cylindrical coordinates are

(2&,%{,2@)_ $£ - A8 §o l’/i](%k% gul>

For spherical coordinates,

2v2 2
p=Vr2+y?+22=V4+4+48=4, cos¢:E:T\/_:§.
P

Hence ¢ = /4, so

474

(127) ] g8-48 40 14 (RY 1=2)
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2. (12%) Vector-Valued Functions
(a) (4%) Evaluate %g% r(t).

Sol. A vector-valued limit is evaluated component by component:

2
limr(t) = <hme2t lim sin(2¢) ,lim 3>

t—0 t—0 t—0 t 7150

Using continuity of the exponential function and the standard limit lim, osinu/u = 1,

in(2t in(2t
lime* =1, hmw:ﬂimmzz

t—0 t—0 t t—0 2t

Therefore

limr(t) = (1,2,3). {f% - 4@ i | ;}

t—0

(b) (4%) Smoothness intervals for g(t)

Sol. A vector-valued curve is smooth on an interval if g’(¢) exists, has continuous com-
ponents, and g'(t) # 0 on that interval. Here

g(t) = (e ' (t+2)%0, (t + 2)%).

= (—t(t+2)e™",0,3(t+2)*). 7 ;) |
The derivative is continuous for all real ¢, and g'(f) = 0 only when ¢t = —2. Hence the
curve is smooth on

(=00, —2) U (=2,00).| | /%

(¢) (4%) Dot-product derivative

Sol. We use the dot product first and then differentiate. Equivalently, this is the product
rule for dot products:

d
dt
In this problem it is simpler to expand the dot product:

—(r-g)=r"-g+r-g.

r(t) - g(t) = et (t+2)> + 3(t +2)° = e'(t + 2)> + 3(t + 2)°.
Since r(t) contains sin(2¢)/t, this derivative is taken on the domain ¢ # 0. Thus

%(r(t) -g(t)) = e'(t+2)* +2e'(t +2) + 9(t +2)%,

or

~
/

—(x(t)-gt)) =€t +2)(t+4) +9(t+2)?  t#£0.|

3. (12%) Multivariable Limits
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2

4 Ii -
(a) (4%) (e0)>(0,0) 72 +y?

Sol. We use the path test: if two paths approaching the same point give different limiting
values, then the two-variable limit does not exist. Along y = 0,

2 2

x2+y2_m2_ : 7
Along x =0,
.732 O s
—=—=0. 2
:B2+y2 yz 7

The two path limits are different. Therefore

> ~
\the limit does not exist.‘ ﬁ,; ?mﬂ :fg v ) Y

(b) (4%) lim )x%os(L)

(2,9)—(0,0 2?2 + y?

Sol. We use the Squeeze Theorem. Since |cosu| < 1 for all real u,

’~

1 d3zV
xQCos(m)’§x2§x2+y2—>O. L@)ff 2 p

By the Squeeze Theorem,

T
Sty
v

1
li 2 =0.
)00 (sv? + y2) p

_ sin(z? + y?)
4 1 _—
(€) (4%) @00 a2+ y?

Sol. Let
u=x*+y°
As (z,y) — (0,0), we have u — 0. Then
sin(z? +y*)  sinu

x? + g2 A

Using the standard one-variable limit lim, ,osinu/u = 1, we get

. sin(z? + y?) ~ b sinu 1B
(z,y)—(0,0) 2+ y? u—0t U

4. (22%) Ch13 Differential Block

(a) (6%) Partials, differential, and linear approximation

Sol. We use
dz = fu(a,b)dz + fy(a,b)dy

3
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and the linear approximation formula

fla+ Az, b+ Ay) = f(a,b) + fo(a,b)Azx + f,(a,b)Ay.

First,
fo = 22e™ + 22ye™, fy = z3e™.
At (1,0), 7 ¥
f2(1,0) =2, fy(1,0) =1, f(1,0) =
Thus

‘dz =2dz + dy.‘ 279
For (1.02,—0.01), Az = 0.02 and Ay = —0.01, so

f(1.02,-0.01) &~ 1+ 2(0.02) — 0.01 =[1.03]. 2 /5

(b) (6%) Chain Rule
Sol. For w = w(x,y, z) with x = x(r,0), y = y(r,0), and z = z(r,d), the Chain Rule
gives
Wy = WzXy + WyYyr + W, 2,
Wy = Wz Ty + WylYp + W, 2.
First compute
Wy =Y + 2, Wy =T + 2, w, =Y+ .

Atr=1and 0 =,

SO
W, = T, wy =7 —1, w, = —1.
Also,
x,=cos =—1, y,=sinf =0, z =2rf=2r,
rg=—rsinf =0, yg=rcos=—1, zg=r>=1.

Therefore

5w ~

5, = Walr + wyy, + W,z = w(—1) + (7 — 1)(0) + (—1)(27) = m, 2%
and

ow

Bg = Wels + wyyp + wszg = 7(0) + (7 — 1)(=1) + (=1)(1) =[—7| 3%

(¢) (6%) Tangent plane and normal line

Sol. For a level surface F(x,y,z) = ¢, the gradient VF(P) is normal to the surface at
P. The tangent plane formula is

VF(P)-{(x —xo,y — Yo,z — 20) =0,

and a normal line is

(,y,2) = P+ AVF(P).

4
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Let F' = 22 + 2y? + 322, Then P
> 7
VF = (22,4y,62),  VF(1,2.1) = (2,8,6).

The tangent plane is
2 —1)+8(y—2)+6(2—1) =0,

or

’x—|—4y+3z:12.‘ > %

A normal line is

(z,y,2) = (1,2,1) + \(2,8,6), AeR| >/

(d) (4%) Partial derivative by definition
Sol. By the definition of partial derivative with respect to v,

fy(ma y) = ,?_{%

fl@,y+h) = fz.y) > ¥ .
h ' Zf’x‘ 2 p

For f(z,y) = x*y* — xy?°,

flay+h) — fey) 2@+ —y) —a(y+h)° —y°)

h h

Thus
h

= 22(2y + h) — z(3y* + 3yh + h?).

Taking h — 0 gives

~

fylw.y) = 2%y = 3wy’ | 2 % 2%

5. (10%) Gradient and Directional Derivative

(a) (7%) Gradient and directional derivative

Sol. The gradient is
Vf(l’, y) = <f90(x7 y)7 fy<‘r7 y)>

The directional derivative in a unit direction u is

Dyf(P) =V f(P)-u.

Here 7 ;
Vf(z,y) = (e, ve’ + 2y), Vf(2,0)=(1,2).
Thus
V£(2,0)=(1,2).| 2%
Therefore

~

N

55 5

Duf(2,0):<1,2>-<3 4>: Uy
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(b) (3%) Steepest decrease

Sol. The theorem for steepest change says that the direction of steepest increase is

Vf(P)/|IVf(P)|, while the direction of steepest decrease is

_ Vf(270> _ <_17_2> 275
IV£(2,0)] Vb 7
The rate of steepest decrease is
—IV/2,0)=-v5] 1

6. (8%) Critical Point Classification

Sol. Critical points occur where f, = f, = 0. Then we use the second derivative test:
g2

- > Ll ~
D=fuly—Un)i 5 XG5 3015

If D> 0 and f,, > 0, the point is a relative minimum. If D > 0 and f,, < 0, the point is a
relative maximum. If D < 0, the point is a saddle point. If D = 0, the test is inconclusive.

Now compute the first partial derivatives:
fe=2r+y—3, fy=a+2y—3.
Set f, = f, =0:
2r +y =3, T+ 2y =3,

so (z,y) = (1,1). Also
fSCCC:27 fyy:2, fxyzl
Thus
D:fxxfyy_(fxy>2:2'2_1:3>0; fx:}c>0

Therefore

(1,1) is a relative minimum.| > 7

There are no relative maximum points and no saddle points. % P
7. (20%) Double Integrals
(a) (5%) Reverse the order and evaluate

Sol. The original integral is ’E*‘E’Eﬁ,_}( ng_”@ﬁ‘ z% -

/01 /xl(x+y) dydz.

From the order dydz, we read the region as

0<z<1, r<y<l.

30

This is the triangular region above the line y = x and below y = 1 in the first quadrant.
To reverse the order, let y be the outer variable. The smallest and largest values of y
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are 0 and 1. For a fixed y with 0 < y < 1, the variable x runs from the y-axis to the
line x = y:

Hence

/Ol/xl(ery)dydw:/Ol/oy(ery)dxdy.

Now evaluate the inner integral first:

Y $2 =Y y2
/(w+y)dx=[—+yw} ==+
0 2 =0 2

1 Yy 1 y2 3 1 1
//(x—f—y)dxdy:/ <——|—y2) dy:—/ y2dy:
o Jo 0 \ 2 2 Jo 2

(b) (5%) Volume enclosed by a surface and coordinate planes

Therefore

Sol. We use the volume formula

V= // (top — bottom) d A.
R

Here the top surface is z = 2 + z%ye? and the bottom surface is z = 0. The planes
r==22,y=0, and y = 1 give the rectangular projection

R={(z,y): —2<x<2 0<y<1}
LT 2 2/
Therefore L_'Fﬁ ‘5/-0

2 1
V= / / (2 + 2%ye?) dy du.
—-2J0

Evaluate the y-integral first. Since x is constant with respect to v,

1 1
/ (24 22ye¥) dy = 2 + :1:2/ ye! dy.
0 0

Using integration by parts, or the antiderivative

/yey dy = (y — 1)e’,

we get
1
/ yel dy = [(y — 1)ev]y = 1,
0
so the volume becomes @
2 3 2 //7
v /(2+ ) do = |22+ 2 T e
= s xXr = €T _ = — = —
9 3], 3 3
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(c) (5%) Polar integral over the quarter disk
Sol. Use polar coordinates:

T =rcosb, Yy = 1rsind, 22 4+ =12, dA = rdrdé.
The region R is the first-quadrant quarter disk a2 + y? < 4, so

0<r<2  0<60<

| N

The integrand x2 + y? becomes 2, and the area element contributes another factor of r.

Therefore P @ p )
//(x2+y2)dA:/ /r3drd9:/ 4d9:
R 0 0

™
0

(d) (5%) Volume bounded by a cylinder and planes

Sol. Use cylindrical coordinates:
x =rcosb, Yy = rsind, dV =rdzdrdd.

The first octant gives
0<0<5, 120, =20

The cylinder 22 + y* = 4 becomes r = 2, so

™

OSHSE’ 0<r<2.
The planes z = 0 and y = 2z give
y rsinf
0<z< == .
=F=37 7

Thus @

w/2 2 prsinf/2
V= / / / rdzdrdé.
0 0 0

Evaluate first with respect to z:

rsinf/2 24in
/ r e - S0
0 2

Therefore

>

w/2 2
v
0 0

8. (5%) Surface Area
Sol. For a graph z = g(x,y) over a region R, the surface area formula is

2 o 0 1 71'/2 2 4
TSMY 40 = = /‘ sin 6 df (/ 2dr) =| 2|
2 2\ J, . 3

A.

S:// 1+g:+g;d
R -
Y
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Write the plane as
Then

so the surface area factor is
L+22422=V14

The first-octant projection is the triangle
R={(z,y):2 >0, y=>0, 2z + 3y <6},

with vertices (0,0), (3,0), and (0,2). Its area is

1 —)
B =3
Therefore 5 ®

9. (5%) Volume by Triple Integral
Sol. We use the volume formula

o

0<2<2—y.

The planes z = 0 and y + z = 2 give

Since z > 0, we have y < 2. Together with the cylinder y = 222, the top boundary in the
projection is y = 2. The curves y = 222 and y = 2 intersect when

22% = 2, r = =+1.
Therefore the projection onto the zy-plane is

—-1<r <1, 2% <y < 2.

1 2 2y @
V= / / / dzdydzx.
—1J222 Jo
Evaluating,

o] Lo [ o]

10. (8%) Volume in cylindrical or spherical coordinates

Thus

1 ) A 3927
de = [ (2—42"+22")de =|—|
212 -1 15

Sol. In spherical coordinates,

x = psin¢cosb, y = psin¢sin g, 2 = pcos o,

9
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and
dV = p*sinpdpdede.

The sphere 22 + y? + 22 = 16 becomes p = 4. The cone 32% = 2 + y? is the upper nappe, so

2= —=\/2? + 1>

V3

In spherical coordinates this is
6= —psing
cos p = —=psin ¢,
p \/§p
so tan ¢ = /3 and therefore ¢ = /3. The solid is above the cone and inside the sphere,

hence
0<60<2m, 0

IN

o<g.  0<p<id
Thus ) @

2 w/3 4 1 4 4
V:/ / /pQSingbdpdgzﬁdQ:QW g 1) _jodm)
o Jo 0 2) 3 3

Equivalently, in cylindrical coordinates, @ o) fé %i _ 4@ l //—\] } 9] /‘@ )—’/’;]
4yt =r2 AV =rdzdrdd. B +A 24 bA

The cone gives the lower surface

r
z=—

7

and the sphere gives the upper surface
z =16 — r?

To find the outer radius, solve the intersection:

2

T T
_ = ]_6—']"2 — :]_6—’]"2 — 7’:2\/5
V3 3
Thus ,
0<6 <2, 0<r<2V3, — <2< V16 =12,
V3
and




