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Figure 14.1: 45#& K -F B 453 o

Definition 14.1 (-F @ &6 @4x).

1. R RBasrEX a<z<b g(z) <y < gz

Eegie g R A R @A FAT 2

b rga(z)
= / / dy dx
a g1(x)

2. R RABLAFN c<y<dF My <
LegE g > B R & @ARF AT 245

d prha(y)
= / / dx dy
c Jhi(y)

8 [LTTa] (435 F47)

r < hy(y) &> XNF hy F2 hy £ [c,d]

(kT EaT)
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14.2 —FHE5 iRt

14.2.1 —FH5 AL Be98EAR

Definition 14.2 (=Z4%). & f AT &KE vy-TEOF AR ER R L6 HE > 4o

R AER
//Rf(x y)dA = ”g”rnozf o

Hie o KM f &£ R LAY (integrable) > A [[. f(z,y) dA RiERAE > #HA f
#£ R Ety=—F 45 (double integral) -

S EHMEMA (Volume of a solid region) 4=X f(z,
Mo BRALERZE £ f HEABITHLIHERBHE

z//Rf(fc,y)dA

y)>0> BAEFEER R LT

14.2.2 —EFMH59HE

Theorem 14.1 (;’@’fﬁi’\ Ti’}: (Properties of double integrals)). 4 f #= g A% F&@
F—EARHARER R LG RE > c T—EAFE B f A g HE R ETHLEAATIH

bieig
" o

N

- Jfpef@,y)dA=c [[, f(z,y)dA

S Rl (@ y) £ g(z,y)]dA = [[, f(z,y)dA % [[,g(z,y)dA
% fla,y) >0 B [f. fx,y)dA >0

% f(x,y) > glz,y) > B [[, flx,y)dA> [[pg(z,y)dA

% R mrﬁﬂaﬂ'\ﬁ B Ry o By €B% 0 B [f, f(z,y)dA = [[, f(z,y)dA+
ffR (z,y)dA

SR S e

14.2.3 EF=—FHy

Theorem 14.2 (g AE ¥ (Fubini’s Theorem)). &4 f AF@ER R Lid4 o

1. wR REABIFRFXN a <z <), gi(z) <y<gr) &k > EF g F g0 #4 [a,b]

L Al
//fxydA // f(z,y)dy dx

2. wR RABMEITEN c<y<d, hi(y) <az<hyy) ©& > LF hy F= hy #4 [c,d]

Lidsg o A
d prho(y)
// f(fv,y)dAz/ / f(z,y)drdy
R c hi(y)
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14.2.4 Ha89-F 344

Definition 14.3 (R AEXEFH4). R f(r,y) £BHX R L4508l f 2 R £

. ; J], y (] £ l

XF A= R @R -

14.3 AR 1R

14.3.1 7AEEIZ2Z ,1— Dn

Theorem 14.3 (& EAER ) EHEHR). B R EEERAFUABLITFX 0<g9(0) <
r<gf),a<i<pfrRE EZFOS(B—a) <2714k g, go £ [a, 8] L& R f(z,y)

£ R &g Al
B rg2(0)
/ f(z,y)dA :/ / f(rcos@,rsin@)rdrdd
R a Jgi1(0)

Y (r, 0)
(x, )
r i
b
6 |
Pole \ ! .
— ? Polar axis
(Origin)  x (x-axis)

14.4 HofelEMEE (RAEE)

14.4.1 H=

Deﬁnition 14.4 (3EH A KR T @RHE] 3\';’%35;’_) BRHEN—FmER R 698 ELEES
HAH—BERE p TR > RIVA—ERSEREEGEE m 4T :

m:// p(z,y) dA. FHARE
R
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14.4.2 HiEAH O

Definition 14.5 (F¥H 9 FEF@RERGH T Q). BAHEA—F@ R HE
AREIRE D — LG R p AR AIA—EH o TGS ¢ sy 04

(moments of mass) 4%\ &

sz//Ryp(x,y) dA A My://Rxp(x,y)dA

2o m ARERGEE > BILE S (center of mass) #2425

@0 = ()

ARE—BEMHIK - B (T,7) HB R & L (centroid) - EFAEH p ZF

14.4.3 1EM4E
14.5 W@

14.5.1 W@k

Definition 14.6 (@@ (Surface area)). B3k f #= f 69mIEA AL vy-F @ F 49 P
EM R L% o 2= f(a,y) WEME R I EME R ® S @aAXA

rﬁv@@ﬁfé‘://R dS://R\/1+[fw(x,y)]2+[fy(m,y)]2dA

Definition 14.7 (= i’\) GHAERR Q AHE > B f =54y

-

(triple integral) £ Q BERZT & /a,

' Yy dV: 1 79 zyzAV
//Qf(afyZ) Alrgoi;f(x Yi, %)

AFBRAELE - LB Q ¥ (volume) B

QE A — /// v
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Theorem 14.4 (GTREZ XD ). R [ Z—EERGHERR Q NHJE > B
CLSIL’SZ), h1<ﬂj> §y§h2<l‘>, gl(x7y) SZSg?(Ivy)

HF hy, ho, g1 F7 go B ARG X B

92(37>y)
// f(@,y,2)dV = // / f(z,y,72)dzdydz
hi(z) Jg1(z.y)

14.6.2 H o 4E
14.7 B omLiBeG =FHH

14.7.1 EAELAZG =FH5

Cylindrical coordinates:

Z 2= _,‘.2 +y2
Rectangular y
coordinates: tan 0=~
x=rcoséb Z2=Z
v=rsin#

-; =z X ¥ 2)

() E4:4:4% (cylindrical coordinates) w4E7 694 % X 5

x =rcosf y =rsinf z2=2z

Q={(z,y,2) : (z,y) isin R, hi(z,y) <z < ha(z,y)}
and
R=A{(r, 0):0, <0 <0y, g1(0) <r <gs(0)}.

// flz,y,z)dV

0o ha(r cos,rsin 0)
/ / / f(rcos@,rsind, z)rdzdrdé.
01 (6) Jhi(rcos6,rsinf)
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Spherical coordinates

14.7.2 @\ @R =FH5

O sk BARS AR R IER 09 77 B X B

x = psin ¢ cos 6

y = psin¢sing

Z = pcos¢

Q={0,0) :pr < p=<pa, 6 <0< 0 01 << 9o}

,;EL‘.CP ,01207 92

//Qf(x,y,z)dv

— 0 <2m,and 0 < ¢y < ¢ <1,

b2 o2 prp2
= / / / f(psin¢cos B, psin ¢sin b, pcos ¢)p® sin ¢ dpde df
01 1 Jp1

2%
P

14.8

14.8.1 Tk

S HEST rR4EIE

y #tude v B 0(z,y)/0(u,v) > A
Ozy) _ & &
o(u,v) |5

Definition 14.8 (T ib). 4R z = g(u,v) ¥ y = h(u,v

35 8u ov

) Bl HET b (Jacobian)F x #=

Oou Ov




14.8. SHEH T LIERE

14.8.2 — S0 E T

Theorem 14.5 (Z—FMRy ¥ #¥H). & R £ oy FEOERAEEKKFGES > B4 S £
w-F@EEE KPR ER T A8 S B AB#RE R EHE T(u,v) = (z,y) =
(g(u,v), h(u,v)) > £ F g o h B HEFF—FETHRIK - BT TaE S 09T L9 T
R R o W R [ AL R L&A 9(z,y)/0(u,v) £ S ERFEH > 2

//Rf(x,y)d:cdy://gf(g(u,v)7h(u,v))‘gg:i; du do

1442 ( Polar Coordinates )

A
{w =reost S0 6e0,2m),
y =rsind,
AT P 4B
Je o 90 _ cosf —rsinf
@ @ sinf r cosf
or 06
SHEATFIX
cosf —rsinf
det(Jﬁ) = = T(COS2 6 + sin? «9) =r.
sinf r cosf
A gt

dody = |det(Jis)| drdf = rdrde.

Q

VAN
S
IN

B, g1(0) < r < go(0)

B 92(0)
// flz,y)dxdy = / / f(rcos@, rsin@) rdrdb.
R 0=a Jr=g1(0)
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#2442 ( Cylindrical Coordinates )

A
x =rcosb,
y =rsinb, r>0,0¢cl0,2m), z € R.
z2=2z,
Oxr Ox Oz
or 00 0z cosf —rsinf 0
Ji = @ @ @ = | sinf rcosf 0
or 00 0z
o 0= 0] \ o 0 1
or 00 0z
SHHEATZIX
cos@ —rsinf 0
cosf —rsinf
det(Jﬁ) = [sinf 7rcosf 0= (det )><1:7“.
sinf r cosf
0 0 1
A gt

drdydz = |det(Jg)| drdfdz = rdrdfdz.

HZHRER Qb

th <0 <0y gi(0) < 7r < gaf), h(r,y) < 2 < ho(w,y)

///Q flz,y,2)dV

02  rg2(0) pha(rcosf,rsinf)
= / / / f(rcos@,rsind, z)rdzdrdé.
01 Jg h )

1(0) 1(rcos@,rsin@

e, o Al

(% RHAD KT RRH 2 An > B r Ay REH O D )
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#4412 ( Spherical Coordinates )

A
x = p sin ¢ cosb,
y = p sin¢ sin b, p>0,¢ecl0,n], 0€l0,2m).
Z = p cos ¢,

AP

Ll p BigesEdk ;
() ¢ BARA (HE 2z e T2 0 88 [0,7]);
0 BHif (£ oy F@ byt £ [0,27))e

FEARARE T HLAE R
Jxr Ox O
6_,0 a9 00 sing cosf p cos¢ cosf) — psing sinf
oy oy oy | | . . . . .
Jy = 9y 96 90|~ sing sinf p cos¢ sinf  psing cosd
0: 02 0z \ ews  —psmo 0
dp 0¢ 00
R Bt HAT 7]
det(Jﬁg) = p? sin ¢.
A 3t

dz dy dz = |det(Jy)| dpde df = p* sin¢ dp de d6.

4

Q={(0,0):pr <p=<ps 6 <0< 0 01 << 9o}

X

HZHBRERZRQ B

e, o Al

///Qf(x,y,z)dv

b2 rd2 rp2
:/ / / f(psin¢cos B, psin ¢sin b, pcos ¢)p?® sin ¢ dp dep df
01 1 Jp1

FIR TR E R RS K7 AL HNEY L TIR o
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INDEX

area @Ax
of the surface S ¢t S, H

average value of a function & ##y-F 3514
over a region R £—E# R, @

centroid .o
of a simple region ¥ &R 3%, B
change of variables & #t4 4%
for double integrals —F# 4,
to polar form A4,
using a Jacobian T kb,

double integral =& /4, B
change of variables for 4 # 4 ¥, E
of fover R f £E3% R,
properties of 1'H

evaluation 3+
by iterated integrals & X455, B

Fubini’s Theorem & b € B
for a triple integral =E4A%,
function(s) ¥
average value of 3944, @
density % &,

integrable function =T #& ¥k, a
integral(s) # %
double =%
triple =%, E
iterated integral %X A& %
evaluation by #+3, B

Jacobian T, H

mass B &

moments of H 4, B
of a planar lamina of variable density 3F
8 F @ik,
moment(s) #74E

of mass H &,

properties MH

£ A\
7&15],5

region in the plane “F @ [ 3%,
area of ##,

of double integrals =&

surface area W @Ax
of a solid = %%, B

triple integral =& 44", B

volume of a solid region %54 B 3k f444, B
volume of a solid region = 828444,

ZEFHM4 triple integral, B
=—F#4% double integral,
f E£EB3 R of f over R,
MH properties of, E
% 3% ¥ change of variables for, E

¥ function(s)
% & density,
F 3544 average value of, @
% # 89-F 34E average value of a function
f£—E 3 R over a region R,
7748 moment(s)
"% of mass,
[ # % # integrable function,
g e R Fubini’s Theorem,
ZE M4 for a triple integral,
F@ & 3% region in the plane
&A% area of,
S centroid
B4 3% of a simple region, B

MH properties

—##4% of double integrals, B
W) @ @A surface area

.48 of a solid,

A% integral(s)
= triple,
=% double,
388 B R84 volume of a solid region, a
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S 8884 volume of a solid region, B

A evaluation
% RS by iterated integrals, B
% $ 4% ¥ change of variables
—## 4% for double integrals,
&4 4% to polar form,
T b using a Jacobian,
H ¥ mass
H #£ moments of, B
Y Fa@R B of a planar lamina of
variable density,

%X A% iterated integral
3 evaluation by,
He<T . Jacobian,
®WAE area
@@ S of the surface S, H
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