Continuity, Derivatives and Differentiability
Let f:R? — R.

Def.: 1°. Let (z0,10) € R%. f is continuous at (xq, o) if lim  f(
(z,y)—(z0,y0)

2°.The partial derivatives of f with respect to x and y are defined by

A - A _
fx($, y) = Al;ltfgo f(.T + xfi f(xay) and fy('fa y) = Alzllgo f(:pay + Ay; f(x,y)

x, y) = f(x()v yO)

respectively if the limits exist.
3°. Let u = (a,b) be a unit vector. The directional derivative of f in the direction u is defined

by

. flx+ta,y+1tb) — f(z,y
D f(z,y) = lim ( " . iC1)
if the limit exists.

4°. f is differentiable at (x,y) if Je1,eo satisfying e1,e9 — 0 as Az, Ay — 0 s.t.
flx+Az,y+ Ay) = f(z,y) + folz,y) Az + fy(z,y) Ay + e1Az + e2Ay.
Examples:
1. Continuous # f,, f, exist.
Let f(z,y) = |z| = f is continuous at (0,0) but f,(0,0) does not exist.

2. fz, fy exist # Continuous.
xy .
2 .2 4
Let f(z,y)=q 2" TY
0

0—-0
- f2(0,0) dim . Aim —— 0 and, similarly, f,(0,0) =0

Along the line y = ma:
mx m m

f(ﬂfay)zf(fcaml'): (1_’_m2)$2 = 1 4+ m?2 - 1+ m2

oo lim f(z,y) does not exist = f is not continuous at (0,0).
(z,9)—(0,0)

2

as (z,y) — (0,0).

3. fz, fy exist # Dy f(z,y) exists for all unit vector w.
xy ,
o o 9 if z,y # 070
Let f(z,y) =< 2% +y? (z.9) # (0.0) :
0 , if (z,y) = (0,0)

. f2(0,0) = £,(0,0) = 0.
Let w = (a,b) with [[u|| =1 and ab # 0.

f(ta, tb) — £(0,0) -0
t

__t%ab b

. t2(a2+b2 . a .

— lim 2@ & does not exist.
t—0 t t—0 t

~. D3(0,0) = lim



4. fu, fy exist # Differentiable.

Let f(z,y) = xzxifyz , if (z,y) # (0,0)

0 il (ey) = (0,0)
. f2(0,0) = f,(0,0) = 0 and f is not continuous at (0,0) = f is not differentiable at (0,0).

5. D=f(x,y) exists for all unit vector u % Differentiable.
23
—_— if 0,0
vt oy~ | T i@ 2 00)
0, if (z,y) =(0,0)

Let u = (a,b) with |[u] = 1.

f(ta,tb) — f(0,0)
t

_tla®
. (a2

= lim 2@
t—0 t

Assume that f is differentiable at (0,0) = a® = D3 £(0,0) = £,(0,0)a + £,(0,0)b = a. —+.
)

- D2£(0,0) = lim =a’= £,(0,0)=1& f,(0,0) = 0.

(Note that f is continuous at (0, 0).
6. Do f(z,y) exists for all unit vector u % Continuous.
x2y
I i
Let f(l', y) _ 21','4 + y2 Y 1 (x7 y) # (O’ O) .
0 , if (z,y) = (0,0)

Let u = (a,b) with |[u] = 1.

t3a2b 0 a2 )
. D=f(0,0) = lim L) = SO0 EEwm T ) b A0
R ) t—0 t t—0 t 0 ifb:().

© lim  f(=z,y) does not exist = f is not continuous.
(z,y)—(0,0)

7. Differentiable = Continuity and f;, f,, Dy f exist.

8. fz, fy exist and continuous = Differentiable.

9. Differentiable # f,, f, exist and continuous.
(2% + y?)sin

1 .
Let f(z,y) = N if (2,9) # (0,0)
0 ) lf (ZE,y) = (070)

(Ax)?sin

1
_ |Az|
- J2(0,0) Al Az Az—0 |Az|

and for (z,y) # (0,0),




1

oS ————
g(ﬂf ) = 2ysin ! —y Vol ty?
. . f .

. lim ——(x,y)and lim ——(z,y) do not exist.

(y)—(0,0) 55"V (y)—(0,0) 8y( v)

af 1 x 1

" ==(2,0) = 2z sin — — — cos —

( O lz| x| ||

ox

—f(ac, y) oscillates and does not exist when the limit is taken along x—axis.)

. of f :
- %(x,y) and %(x,y) are not continuous at (0,0).
1 1
Let e = Axsin and €9 = Aysin .
(Az)? + (Ay)? V(Ar)? + (Ay)?

= €1,E9 — 0 as AI,Ay — 0.

= f(Az,Ay) = ((Az)* + (Ay)?) sin !

(Az)? + (Ay)?
= £(0,0) + £2(0,0)A% + £,(0,0)Ay + 51 A% + 25Ay.
.. f is differentiable at (0,0).




