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13.1 2% &XEEH

13.1.1 %% R

Definition 13.1 (REHRXK). X D R—MEAAFTHHGS & o wRH D FHE—1EFH
(z,y) BAE—QG TR f(v,y) BIHE > B [ ABE—ME s Foy GRE /& D |
R KB (domain) » FTHER f(x,y) L BEE [ 4R (range) o

13.1.2 HREHIRHFGHEH

13.1.3 %35%
13.1.4 %45
13.1.5 EKEH

13.2 T IRdris s

13.2.1 “F@ L egARsk
13.2.2 HmEHRIHKLHG R

Definition 13.2 (REH XK TIR). & [ Z—MEEL (2o, y0) Bty THE - THEHT
(vo,v0) > BIRMA R ZGREK > L Z—1ETH Rl

lim  f(z,y) =1L

(z,y)=(z0,90)

9 BRET—MEec>0 1EA—0>0 BIHE  RIFRE

Ifxy)—Ll<e FFX 0<V(x—m)2+{y—y)?> <6

A o




CHAPTER 13. % ##®#

13.2.3 WmEHJFHBEH

Definition 13.3 (REH ARG RGN, #RE—MEE (z0,y0) ¥ E R ¥ % (z,y)
AL (2o, y0) B > 1EH
lim f(z,y) = f(0,%0)

(z,y)—(z0,30)
& 11 % A/ f EB (vo,y) £ (continuous at a point (z¢,y)) ’
o R f £ R P8 & — B2 > RKMMAMH [ £ EHRZEGH

(continuous in the open region R) o

Theorem 13.1 (REHRYEHERE).
Kk REH EH [ Fog £ (vo,y0) £ > BITH R E (10,y0) EH o
1. FRAE kf 2. Feth : fg
3. fmE:f+tyg 4. B :flg, 9(xo,y0) #0

Theorem 13.2 (&R XEeGRGH). R h £ (vo,y0) 24 > #H g £ h(vo,yo) £ >
RlerB# (9o h)(z,y) = g(h(z,y)) & (20,y0) &  TFFF

lim  g(h(z,y)) = g(h(zo,y0))

(x,y)ﬂ(xo 7y0)

13.2.4 =2 IJHFHBEH

Definition 13.4 (= & & % & & §&). # R [ £E—1ME (vo,y0,20) ZEEFH
(continuous at a point (ro,Yo,20)) > £BE (v,y,2) BZ& (xo,y0,20) B > EH

lim f(x,y, Z) = f(ﬂfo,yo,ZO)

(2,y,2)—(20,%0,20)

KT #HE f ﬁ (%0, Y0,20) 28 o R [ £ R P — R & > KTzt [
% BB R ZiE&H (contznuous in the open region R) o
13.3 mEREK

13.3.1 WmEHIFGRTIE

Definition 13.5 (REHJAKGMERIK). &R 2 = f(v,y) E—ERERGRE > 2] f
# o Aoy 895 —BwmEH (first partial derivatives) f, F= f, 897 &9 52

Ar,y) — Ay) — f(z
foloy) = Jim JEEELNZIED g gy ) = g L0 2 S0 2 T00)

(4o ~ IR A A HG3E) o




13.4. 2

(—BRmEREKNGRIR) FZK 2= f(r,y) WRERK [, & [, §EHERE LT

0z 0z

0 0
%f(x,y)zfx(x,y):zag:% i a_yf(x7y):fy(x7y>:zy:8_y

TSR AES (0,) BRI E

2 = fi(a,b) e 0z = f,(a,b)

ox (@)

13.3.2 =X AR EEEHJIEKGmE R
13.3.3 ESPBmERK

Theorem 13.3 (R&mEHHNEF X (Equality of mixed partial derivatives)). 4=
RfRc Py gRZKEH [, 7 [, £—1 B4R ELEARS > Ak R LGHE—Z
(z,y) &

foy(,Y) = fye(,y)

13.4 a

13.4.1 3¥ 2 4

Definition 13.6 (& %2°). #R 2= f(x,y) #H Az F# Ay £ x Foy 6938 > 2F =
K x oy 8§ 5 (differentials) &

de =Ax # dy=Ay

RFIEXBER 2 8942 % (total differential) dz 4=TF

0z 0z
dz = %dx 4 a_ydy = fa(z,y)dz + fy(z,y) dy

13.4.2 T 45K

Definition 13.7 (T ). #R&ZFK > = f(z,y) £F (vo,y0) HEHRL Az, Ay F1EE AT
176938 T RAE R,

Az = fo(z0,y0) Az + f, (20, Y0) Ay + e1Az + e2Ay
At e Fey THF (Ar, Ay) — (0,0) fFeAELEA 0> ZK f(r,y) tAEBE (20, 10)

7 (differentiable) - =R [ £EH R ET 4 (differentiable in a region R) >
#Hf £ RET o

Theorem 13.4 (T & A>EH). BKX [ THREHK v oy 92K > R [, # f, &
E¥ R Li#4 B f £#R _ET o




CHAPTER 13. % ##®# 5

13.4.3 & HRK&AEME

Theorem 13.5 (T H#[E 4@ 4 M (Differentiability implies continuity)). 4&—1§
x Fory B9RE [ £ (vo,y0) T > B f bk (x,y0) 24 -

13.5 2B R[FyEHFE
13.5.1 3% JFHBHER

Theorem 13.6 (&4 : —EH L HH M (Chain Rule: one independent variable)).
BZw=f(r,y) £z Py T ZRE r=qglt) Fy=nH{t) X2t 8T R > Blw
At 8T R EA

dw Owdxr OJw dy
— 5 (13.1
i mdataga TEILS

Figure 13.1: #4i% cw R o foy HRK > MERZRAFLL t R > AAREZ w H 1t &
FRHK

Theorem 13.7 (£ 444 : HEH L E KN A (Chain Rule: two independent variables)).
BEw=f(r,y) Bz fry 8T HK 1 =g(s,t) Foy=h(st) XEs F2t HHEH
R Gr 00U g2 W Rk g o B OU Fm 00 9,774 o G B F RS

ow  OJw 8_95 ow Oy . ow Ow dxr Ow @

95 05 0s Oy Os ot oz ot oy ot

13.5.2 E(R) 2

Theorem 13.8 (& 4 % :[ER/H 4% (implicit differentiation)). 4= R 7 # KX
Flz,y) =0 € h— M x 89T [EZ¥y - A

dr Fy(z,y)’

Fy(l’,y) 7é 0
e RGBEA F(r,y,2) =0 RE—M@ o oy 97T R2¥ 2 Al

9z Fwa2) # Gz e, 2)

a—— a — Fz yJ) O
Ox F.(x,y,2) dy F.(z,y,2) (#:9,2) #




13.6. @ EHFHER 6

13.6 7@EHHEG

13.6.1 > &HEH

Definition 13.8 (7 & & #). &KX [f LHREHK ¢ Foy 9 /F >u = cosfi+sinfj £—
BELid o 4R TR

t cos tsin @) —
Duf@ay>:;n%fﬂt+-cosyy-z sin6) — f(z,y)

Gl BT TIRE [ B u m@atizeEs - X D, f 275 o

Theorem 13.9 (7 & £ # (Directional derivative)). &% f £ x f#y 87T RK -
B&7E u=cosOi+sinlj 657 e EHKZ

Dy f(z,y) = fo(x,y) cos0 + fy(x,y)sinb

13.6.2 REHRRIRBGHEG

Definition 13.9 (REXKJABGHE® ). BX 2= f(v,y) £ v,y YREEA [, # [,
g4 > BlEg

Vi@, y) = folz,y) i+ fy(z,y)]
HE f BHEM )R Nf(ry) A5 oVf F#cldel f | > F—1EFHeGE35~2
gradf(z,y) o £8 132 F >z ZHE—M@E (v,y) s> HEEG (v,y) =E - #
B Nf(v,y) #Z—M@-Fa@é (mHFEE & )e

_—

(x, ¥, f(x, ¥))

Figure 13.2: f 844 E " & vy-Fa Légd o

Theorem 13.10 (F @ EHYRABAAXN). BX f £ o oy 8T R PEEMEE u
7 6] 89 7 6y E K
Duf<x7y) = Vf(m,y) -u




CHAPTER 13. % ##®#

13.6.3 #HE® &ER

Theorem 13.11 (#E® &HH). C& [ A8 (v,y) T o
(a) wR Vf(r,y) =0 MHHAFE u fd > A5 e E# Dof(z,y) =00
(b) 4 f BHRME TG NV f(x,y) 89756 > A ERGRAEE |V (r,y)| e

(c) & f BER K 582 —V[(ry) K75k > FHH b $HGRE R
— Vi, y)ll -

Theorem 13.12 (R ™ RFSHREH). EH [ £ (vo,y0) T £H V[f(20,90) #0 >
a) Vf(l’o,yo) $2 37 18 (xo,yo) 5 F 2 4 i (5507y0) Z AaE g o

13.6.4 ={A2E MK

Definition 13.10 (ZAZ &G 7 EE&FHEE ). BRI [ £ o,y 72 892K > H—
BlrmERAREGEZEK > BELEE u=ai+bj+ck

Dyf(z,y,2) = af.(z,y, 2) + bfy(x,y, 2) + cf.(x,y, 2)
f ®#E (gradient)sy A
Vi(z,y,2) = fol@,y,2)i+ fy(z,y,2)j + fo(z,y,2) k
HAaBPEA 4 F :
(a) Duf(z,y,2) =Vf(z,y,2) u
(b) %R Vf(r,y,2) =0 BIHAAE u, Dyf(r,y,2) =0
(c) Vf(z,y,z) £ f 9RAKBEHEH > [ 695 EGF&K Dof(v,y,2) 89RKMHEZ
IV f(z,y,2)|
(d) ~Vf(z,y,2) & f BGRABHEHE > [ 556 E# Dof(2,y,2) 98142

—IVf(z,y,2)]




13.7. - Fd@mpeik g

13.7 wFaAekip
13.7.1 w@edrFafeikiy

Definition 13.11 (- F@#ik4). Sz X F(r,y,z) =0 LE—1M@Eéhd@ S o =R %K
# F(z,y,z) £S5 E—8 P(xo,y0,%0) T > EBH VF(x,y0,20) # 0> EMZ L S £
P Byt Fafaiibf 4T :

(a) S £ P B8 F @ (tangent plane)st £ 8 P BdX VF (vo,yo,20) BEwE 6
Fii o

(b) S & P B 8944 (normal line)st Z8 P Bd X VF(vo,yo,20) B EIE 6E

Theorem 13.13 (- F @5 £ X). =R F £ (v0,90,20) T > #H (v0,90,20) £
F(x,y,2) =0 FIE disgeh i k> Blpbhdrf (o, Yo, 20) 8940 F i 5 F X2

Fy (20, Y0, 20)(x — 20) + Fy (20, Yo, 20)(y — Yo) + F= (20, Yo, 20)(2 — 20) =0

13.7.2 FaH#& e AE
13.7.3 #E®& V/f(r,y) # VF(r,y,2) &

Theorem 13.14 (#E® RFlfa@EhE) #R F £ (vo,y,2) T > #A
VF(%;?JO,ZO) #0482 VF(fl‘oyyano) 7 52 i (950,90720) 8y F 1z i E o

13.8 WEHHELY  fE
13.8.1 #%tfhst 4

Theorem 13.15 (~ {5 # (Extreme Value Theorem)). 4 f X &£ xy-F @ ¥ —
AT ER R L6 EREHZH > A

(a) f 2 R EegE—BF ~ (B o
(b) f EF £ R E6GE—BH ™k (RA ) o

Definition 13.12 (1a% ~44). f 22 AEES (v0,y0) H—MHESK R £ FHEK o
(a) dRA—MEE (10,y0) 5 BAE » HIEKE (v,y) 1EF
f(x,y) > f(zo,%0)
BI#E | £ (v0,y0) A A58~ (relative minimum) -
(b) o RE—MAE (vo,y0) 89 HAEE > HIAMB (v,y) 1B
f(z,y) < f(zo,y0)

B# [ & (xo,y0) AAAH ~ KX (relative maxzimum) »
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Definition 13.13 (EBEf%). & f £ A &E—ME& (vo,y0) £ EHE > wRTFAZI—AK
3z AR (x0,y0) & [ #9—1EEFE (critical point) o

(a) fe(®o,40) =0 F=  f,(z0,%0) =0
(b> fﬂc(x()vy(]) QZ fy(x07y0) ;Fﬁﬁ ®

Theorem 13.16 (A%~ A — T HA ABR). &4 [ £ EX R E—% (v0,y) A8
H T MERAAH T KA B (w0, y0) & [ B9—1AEETRE o

13.8.2 —BrEHEEKT

Theorem 13.17 (=$mEHMHR T (Second Partials Test)). BX HE f £— &%
(a,b) 89 EHEREX A& -—BmEK > £HE (a,b) HE

fao(a,b) =0 # f,(a,b)=0
HE— L (a,b) 89 —BlwE T HEH
d = fr(a,b) fyy(a,b) = [fay(a, b))’
(a) 2R d>0 #H fo.(a,b) >0 8 f & (a,b) H4H "4 (relative minimum,)
(

(c
(d

%R d<0 2 (a,b, f(a,b)) £—1E#E (saddle point) o

)

b) 4R d>0 #H f,.(a,0) <0 B f & (a,b) AAH ~ X (relative mazimum) -
)
)

W d =0 KB RLEH

13.9 HREHE R EHER
13.9.1 ZAfurE R ER

13.9.2 &IFH*

Theorem 13.18 (KA1 F A @& AL). EHE {(v1,v1), (22,92), (x3,93), -+, (Tn,Yn)}
69 F 7 B8 (least squares regression line)z B A Z f(x) = av +b £ F
Sa: = 2?21 Ty, Sy = Z?zl Yi, Szx = Z?zl ([;?) Sa:y = Z?zl TilYi,

Sy = S5y PR 8, = @i,

NSy — S2 n




13.10. #2481 B F T 10

13.10 =AW BRT*
13.10.1 FA&ABBFETF*

Theorem 13.19 (3i44 81 B & # (Lagrange’s Theorem)). &% %#  f2 g i 5—F
G RARREG R AIRFLETF B8R g(v,y) = c Ltan > JK [ £B (v0,90) A
THE o 4R Vg(xg,yo) #£0 0 BlbBEFER )\ 47

V f(wo,90) = AVg(zo, vo)

#4988 & T (Method of Lagrange Multipliers) &#& f f» g #HRAZE 1319 ¥F
FARBREOBE - A f ARFEH g(x,y) =c LA Mo R HRE :

(a) BB HEX Vf(r,y) = A\Vy(z,y) F g(z,y) = c > A

f:r(x>y) = )‘gx(l'ay) fy(mvy) - Agy(l'ay) g(:v,y) =c

(b) HFE (o) FAGBRERA fr,y) F > LEAPALE [ ARBESE g(r,y) = ¢ 2
T8 KA M o

13.10.2 TR #H4&4TF 69 5% 4L ] =8
13.10.3 #HERFEH TGI8 £ T%
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INDEX

alternative form % —® X
of the directional derivative 7 ¥ & &, 6

Chain Rule i 54
implicit differentiation & &% £, 5
one independent variable — 18 % sz 8 ¥,
5%
two independent variables /8% s 4 ¥,
5%
composite function &~ % &
continuity of 4, 3
continuity i# 4%
of a composite function & sk % &
of two variables B &, 3
continuous i 4
at a point £—%, 3
function of two variables w4 $ /9 % ¥,
3
in the open region R &£ E3k R, 3
critical point(s) B %2k
of a function of two variables v % #89%
#,9
relative extrema occur only at 48% ~ {4

GHEA £,

derivative(s) $#&
Chain Rule i 84
implicit differentiation & &% 4,5
one independent variable — % . & #,
)
two independent variables —%% s % #,
5%
directional # ¥, 6, [T
differentiability T %~
implies continuity (&2 &M, 5
sufficient condition for #4154, 4
differentiable function T H#&
in aregion R £E3& R, 4
of two variables rR{E% &, 4
differentiation %
implicit [&

chain rule & 44 5
directional derivative 7 @ %%, 6
alternative form of % —®& X, 6
of a function in three variables =% ##9
R, 7
domain & &%
of a function #¥&
of two variables M{E% &, 2

equality of mixed partial derivatives %41
EHayEFEX, 4
equation(s) & # X,
of tangent plane ¥7-F @, 8
Extreme Value Theorem ~ 4% 3,

first partial derivatives —$54 % &
notation for 3%, 4
first partial derivatives % —$mEH, 3
function(s) ¥
of x and y x = y, 2
of three variables =% #
continuity of ¥4, 13
directional derivative of 7 & % ¥, [T
gradient of BB, [T
of two variables M{BA% &, 2
continuity of &4, [3
critical point of &%, 9
differentiability implies continuity T
AR5 X £ W)
differentiable ¥ 4
domain of & &3k, 2
gradient of &, 6
limit of ~ &, 2
partial derivative of &%, 13
range of 4%, 2
relative maximum of #8% ~ K44, 8, 9
relative minimum of A%~ JME, 8, 9
total differential of & 4,4
relative maximum of 48%F ~ K4&, 8
relative minimum of A8% ~ A, 8
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gradient R

normal to level curves & A% &%, 7

normal to level surfaces & & #A %42 dh @,
8

of a function of three variables =% ##9
R, T

of a function of two variables /% # %
#,6

properties of &, 7

2,5

implicit differentiation [& & #
Chain Rule & 854, 5

Lagrange’s Theorem 424481 B & 32, 10
least squares & »NF 7
regression ¥ 5
line A &,9
level curve % &4
gradient is normal to #E &H A, 7
level surface %1% ¢h @
gradient is normal to A& & & 7, 8
limit(s) ~ IR
of a function of two variables W 18% # %
#, 12
line(s) B &
least squares regression #& -~ F # ® &, 9
normal %, 8

Method of 7 %
Lagrange multipliers 34488 B -7, [10
mixed partial derivatives &% &
equality of 125 X, 4

normal line &, 8
notation 3%
for first partial derivatives —$4m % #, 4

open region R B3k R
continuous in ¥ 4. 3

partial derivatives ¥ #
first %—,13
mixed R4
equality of 2% X, 4
notation for 3%, 4
of a function of two variables v {8 % # &
#. 3
plane ¥ @&
tangent 47, 8
equation of F# X, 8
properties #H
of the gradient &, [T

range of a function % ¥ #9483k
of two variables rR{EI& &, 2
region R B3k R
differentiable function in =T
open
continuous in ¥ 4, 3
regression, least squares 3 N FF ®&, 9
relative extrema A8%# = 44
occur only at critical points G# 4 £ B
FE9
Second Partials Test for —pipE &L,
9
relative minimum A8%~ /MA
of a function H#, 8,9
Second Partials Test for —BmE Eik <,
9

&% U

saddle point ¥ 9
Second Partials Test —BmE &M E, 9
sufficient condition for differentiability =T

TR, A

tangent plane ¥7-F @, 8
equation of Z# X, 8
Theorem & &
Extreme Value ~ 4, 8
total differential & %, 4

vector(s) ¥
zero &, 9

Y1+ @ tangent plane, |8
## equation of, ]
7# @ B ¥ directional derivative, 6
=8 R of a function in three vari-
ables, |7
H—AH KX alternative form of, |6
7 i Method of
34589 B & F Lagrange multipliers, 10
7 # X, equation(s)
t1-F @ of tangent plane, I8
—BmEH first partial derivatives
3¢3% notation for, 4
=B E HH T Second Partials Test, [9
7T 4 differentiability
¥4 sufficient condition for, 4
&2 4 H implies continuity, 5
T 28 454 sufficient condition for dif-
ferentiability, 4
T &K differentiable function
ZE3 R in a region R, 4
1B # of two variables, 4
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A —MX alternative form
7 w1 & # of the directional derivative, |6
@ plane
47 tangent, 8
## X equation of, R
4 % total differential, 4
% vector(s)
& zero, 9
4% ¥ composite function
# % continuity of, 3
FH# function(s)
x F2 y of x and y, 2
=% 3 of three variables
# %1% ¥ directional derivative of, 7
# & gradient of, 7
# % continuity of, 3
1B # of two variables, 2
¥ differentiable, 4
T OHEAE&H differentiability im-
plies continuity, 5
4 % total differential of, |4
% &3 domain of, 2
#aH = K4 relative maximum of, 8, 9
¥~ MA relative minimum of, 8, 9
183% range of, 2
1% % # partial derivative of, 3
# . gradient of, [6
# % continuity of, 3
T IR limit of, 2
B& 25 critical point of, 9
#a# ~ K44 relative maximum of, [8
A ¥~ ME relative minimum of, 8
% B #483% range of a function
B & # of two variables, 2
& 32 Theorem
~ 44 Extreme Value, 8
& & ¥ domain
H# of a function
R 1B & # of two variables, 2
MH properties
# . of the gradient, [7
34480 B & ¥ Lagrange’s Theorem, 10
% normal line, 8
A& line(s)
% normal, 8
s NP & 8ER least squares regression, 9
A%~ ME relative minimum
—$B1mE EH T Second Partials Test for,
9
F ¥ of a function, 8, 9

¥~ 44 relative extrema
=B E HH T Second Partials Test for,
9
G#4 B % occur only at critical
points, 9
1% ¥ partial derivatives
B R of a function of two vari-
ables, 13
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