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9.1 #7]
9.1.1 #7|
9.1.2 ¥ HER

Definition 9.1 (&7 #&R). & {a,} £—MEA&KF L Z—1EFHK - = RETFT—1M
e >0 ZREKREI M > 0 #F n > M TREH |a, — L| < > ErIst#HEEK ] {a,}
894ER (limit) £ L » &4

lim a, = L

n—oo

UL BAERGET] > L THERME] L 698 Z| > X2 B#HBKs (converges) T ; 4=
RE |69 15IR I & Lot A5 B 594 (diverges) o

Theorem 9.1 (¥ 5|844&R).
C ik [ £ v — oo AR L FREP

lim f(z) =L

r—00

& f(n) =a,, n ZEXE > HHF {a,} TR L BIEIR

lim a, =L

n—oo

Theorem 9.2 (¥ 7|#&ReGHH).
&4 lim,, oo ay, = L #2 lim, oo b, = K > B &
1. lim, o (a, £b,) =L+ K 2. lim, .ca, =cL, c REZETEK
3. lim,, .o (anb,) = LK 4. limy, oo 92 = £, b, 0 FBF K #0

FHGBEF A BERa>0Fb>15 8]

Inn <n*<b" <n!

XYt a, <b, &F lim, o g2 =0




CHAPTER 9. #3545 #

Theorem 9.3 (¥ 5| & # €& (Squeeze Theorem for sequences)). &%

lim a, = L = lim b,

it HGLE—EZE N #/FREn>N> FTFRXa,<c,<b, Rz A

lim ¢, = L

n—oo

Theorem 9.4 (31 ¥ (Absolute Value Theorem)). #=R&

lim |a,| =0 =B lim a, =0

n—o0 n—o0

9.1.3 ER&IGHRE

9.1.4 FAKI|F=A FEI

Definition 9.2 (£## 7| (Monotonic sequence)). %R —E& 7| {a,} 89&AXEH
)

ap <ax<az3<---<a

e n

ap > Q32 G3 2 -+ 2 Gp = -+
A M13# {a,} £FH (monotonic)F| -

Definition 9.3 (A f#7%| (Bounded sequence)).
(a) wRA—MEETH M > 27K {a,} FHFE—FHHLE a, < M > tHEKF {a,}

A LR (bounded above) > #w# M £ {a,} 89—1MELF (upper bound) o

(b) mRAE—METH N > #FKF] {a,} FHE—FAPHRLE a, > N > tHEKF] {a,}
A T (bounded below) > m# N &£ {a,} 89— T 5} (lower bound) -

(c) %eR&Z| {a,} FBAHLFATF  #4H {a,} £FHF (bounded)& | -

Theorem 9.5 (34 F# 7| (Bounded monotonic sequences)). %R {a,} £—14
EHAFeG#T] > A {a,} —HK# o




9.2. BHEHFI At 4

9.2 &I ALK

9.2.1 #REZHK

Definition 9.4 (& #K AKX HEHK). X S, = a1 +as+ - +a, RAFLEHK YT a
85 n A (nth partial sum) o = REF {S,} K&H S > MgH > > a, K
(converges) > # B S B E A (sum of the series)# T &

S=a+a+--+a,+-- ﬂZS:Zan

R {S,} #E#& > 8> > a, ## (diverges) »

Ooa# > (G -an) = G -2) G —5) H (- 5) + - A EATHE AR AR s
(telescoplng series) » Aw—AARKE S MO KB I HEHERGZES > AT HH
AEA

(by — b2) + (by — by) + (by — ba) + (b — bs) +
E RS BN > by Kk bR ZEM > by HEEE > WA 0 BES AR

Sp = b1 — bpy1
PR BAR R BB Z oL BAER T n— 00 B » b, AR o 3L » BEGFZT

S == b1 — lim bn+1

9.2.2 %ATHEK

Theorem 9.6 (%1474 B Gk A B 8). wREAMTEHE (geometric series)ty s &
roF | >1 B BREK; REO<|r| <1 B> ZRE# HFE

> a
"—— 0< <1
Sarn=— o<yl

n=0

Theorem 9.7 (£ FHBHMWH). 2R > ° a,=A, > ", by=B>fmcZ—MEFH>
BIF 7] 4% & K 8% B F H A5 698 o

(a) >0° ca, =cA
(b) >nii(an +bn)=A+ B
<C> Z;L.O:1(an - bn) S A — B

9.2.3 FIA—ARARBREHK
Theorem 9.8 (’&&ﬁﬁ"ﬁi%ﬁ%ﬁ&)- Fr R Zzozl Qp ko /B’] hmn—>oo an = 0

Theorem 9.9 (F|A—#&ARBERK). #R lim, ca, #0> 8 > a, #EHK-




CHAPTER 9. #3545 # 5

9.3 LZEEBTH p B

9.3.1 My KZT

Theorem 9.10 (# 4 # % (Integral Test)). 4R f £ (1,00 L2 —1EFF Aoy ~ &4 it
HBEKGHE > 4 a,= f(n) A

ian o /100f(x)dx

FIBbicAE o 3, FBE B o

9.3.2 p-HEAAFEK

O] EAZFHAZF > KMBHARF—B%E > LAZHEL T IR

[e.o]

1—1+1+1+
np 1P 2p 3

n=1

B p ¥ (p-series) HF p £—EEE > FIB p EEROGKKHEFFHE > LTE
ZE9.11|eE p=18> *&&

S,
n:ln— 2 3

#% B AF % EK (harmonic series) °

[ Hde y W B KkAAFEE (general harmonic series) ©

XA FE v (C) (Euler-Mascheroni constant v (C))
http://en.wikipedia.org/wiki/Euler’E2%80%93Mascheroni_constant

1
v = lim (Z . lnn) ~ 0.5772156649

k=1

REFFHET EBEITREABTARL



http://en.wikipedia.org/wiki/Euler%E2%80%93Mascheroni_constant

9.4. HBAHEK

% ( %% (Riemann zeta function ((s))
http://en.wikipedia.org/wiki/Riemann zeta function
F—HE s REEIMG >1mA:

CHRTARARYE X :
(=1 | oy
° CT(s) Jy em—1 v
AEMR s:Re(s)>1 L bR BBBUBEE—2bRE o (EXF Re R FHENGET
) o RALE 1740 XK@ s BEFHGHR > BRI TRIBREH s > 1o KBAER

B a3 1 ¢ FHT VAR 8 AR AT 6 R IR Bl — B R AR (s, 5 £ 1) LA kAR
C(s) » HURR R MBI A o

Theorem 9.11 (p-8& AR LK), p &K (p-series)

o0

1 1 1 1 1
PRI TR TN T

n=1

(a) & p>1 8 p-aBiseo
(b) & 0<p<l B p-Rdest o

9.4 &HKEHILEK

9.4.1 (E#)ZIKZ

Theorem 9.12 (E# Z i E (Direct Comparison Test)). &4 0 < a, < b, FH74AT
A n AR o

(a) 2R D07 b M R YT an MAL o

(b) 4% X a, B# > B b, B e

9.4.2 BERIILET

Theorem 9.13 (&R Z g E (Limit Comparison Test)). ®#& a, >0, b, > 0 #H

a
B | 2 | =
ningo(b)

At L A —AERGESR > B a, A2 b, FIEHSEE AT B o



http://en.wikipedia.org/wiki/Riemann_zeta_function
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9.5 XEBEK
9.5.1 XEBHEK

Theorem 9.14 (X ## ¥4 E (Alternating Series Test)). 4 a, > 0> X4 H

i(—l)"an and i(—l)”“an
n=1 n=1

REZ %2 T 7| 5
(a) lim, .o a, =0

(b) BAFHH 0, any < a, > XL RIAHAL -

9.5.2 X&ELKEHHRA

Theorem 9.15 (X $4% ##k’8 (Alternating Series Remainder)). 4R —EK 465K
BB AR y1 < a, > BIRHFEA Ry =5 — Sy (98BHIEHL

|S = Sn| = |Rn| < ania

9.5.3 ®H KR

Definition 9.5 (B # M FHlsk).
(a) 4R > |a,| Kk > KFIE D a, BHKE# (absolutely convergent) o
(b) 4= & > a, K & 12 & D>a,| B & > K 1A D a MK

(conditionally convergent) o

Theorem 9.16 (£%#hlk g (Absolute convergence)). % R& &K > |a,| Kat > A&k &
Soa, EERSL o

9.5.4 HEHEY
9.6 BIERXRT

9.6.1 ABIKT

Theorem 9.17 (u#l# % (Ratio Test)). 4 > a, E—MW—#KBALE (0 9% K -

(a) 4R lim, o |22 <1 B> a, BHEKS -

an

(b) =R lim,, oo || > 1 & lim, .

an

2 =00 B Y a, B e

(€) o lim,_o || =1 A i tddh o

an




9.7. £#) 5 AXFHMAE

9.6.2 HRAKZT

Theorem 9.18 (#X#% % (Root Test)). 4 > a, £—fA% % -
(a) #& lim, o /]a.| <1 B> a, LI o
(b) #& lim, o0 V/an] > 1 & lim, .o {/]an] =00 B Y a, & -
(c) %R lim, oo V]an| =1 > REBZHRLEH -

9.6.3 H®THR%
B BB B 258 R B
[0 RE—RALTHE 02 R ALNGE > BRBEHK o
[ ZRERBARINGHR-STRE - p-tadk - LAMARRRTSRE?
[ KR - bl SRR E AL ?
[ AFH— 8% 6 8 b BT AR E A 2

9.7 HZ¥ %A FA UL

9.7.1 R KXKF#Ey %aAXAEHM
9.7.2 A¥PHE F B LEX

Definition 9.6 (n k& HL5H$AX). &R f £ c A n BERKA
f"(e) ()

21 n!

Pal@) = £(0) + F(e)@ = &)+ 10D (g = o o 4 D (g
B [ £ c B n BE#H%AX (nth Taylor polynomial for f atc) > R c= 0>

A
ﬂm2fw>3”¥ﬁ@ﬁ

BB [ L c 89 n BEEEFHEAX (nth Maclaurin polynomial for [ at c) e

9.7.3 H¥%AXNKAE

Theorem 9.19 (& # % # (Taylor’s Theorem)). %R f £—MHé & c YEH [ ET
BEMD> n+1 K> BIHE—ME] P4 o> BEHE v P c IMHELE—F 2 #14F

"(c () (¢
f@) =10+ FOa-9+ L ooy L0

(x — )"+ R, (x)

AP
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9.8 F&H

9.8.1 F&X

Definition 9.7 (& #). KX v AF—MHAEK > B THiLEEH

(o]

n 2 3 n
E a,r" = a9+ ax + ax” +azx” +---+ax + -
n=0

HE—MAHFEH (power series) o —MARFH » R v —c R v > FFEIH K4 T 69 F 8
#

Zan(x—c)”:ao+a1(:1:—c)~|—a2(a:—0)2+a3(35—c)3+---+an(:v—c)”+---
n=0

HE—MBL c BFCHREGHE (power series centered at c) > c HEFK o

9.8.2 ke F ks E M

Theorem 9.20 (FEEG&HBME). — B c B CHHFLE > LHRTH=ZHZ— o
(a) BB RE c MKt o

(b) GE—1MEFH R >0 #FERE |v—c| < R HEHKH > Ff |v—c| >R ¥
o

() HAFAH v > B BREIHS o

R # B F & 9K F1E (radius of convergence) > 4o RE K R £ ¢ Kat > K
B R=0; o RGEHAAEE v #lst > Bt FE R =0 EAUKEH
(interval of convergence)zt Z1E b F L BB £ ©v 25 o




9.9. XFHHATFRHE 10

9.8.3 EREB &K
9.8.4 FBEMHWHYFAEY

Theorem 9.21 (AHREH T RIBGNBRE). TOZ—ERAFLBELATHIEK f(2)

[e.9]

fl@)=) anlz—o)"

n=0

=ag+a1(x—c)+ag(z—c)? +az(x—c)®+---

BERKFIER>0 PEEH (c— R, c+R) E f TH(EA®#EE) f 5FEZHFKE
ERTXE RS AT :

(a) fl(x) =302 nap(z —c)" ' =a1 4+ 2a2(z — ¢) + 3az(x — c)* + - - -

(b) [f(@)de=C+ X2 0an L = C+aglz — ¢) + a1 L + a5 ..

R ERKXIASf (1) k&AM TSI 0 BRH > MM FEA [ () —HME R o 12
RAMAE M THABE O LRBHITEREER o

9.9 UERHZEEBEETREK
9.9.1 ZfTH&H

% AT ¥ (geometric series) Y 00 (a" = = FHEX |z] <1e

9.9.2 FHFHERF

FmH g EFRA A f(2) =3 ana” A2 g(x) = S bya™ > B
(a) f(kz) =3 02y ank"a"

(b) f(@V) =320, ana™

(c) f(z) £g(z) =327 (an + by)a"

9.10 Z##HxH5HhE#
9.10.1 H#$FHALFHREEK

Theorem 9.22 (K #F & KA KX (The form of a convergent power series)). 4%
FEH D a(x—o)" £—EE c GHER [ ERRZK |- FHHTA 1 F65 « 1&F
f(@) = au(z —c)" Bl a, = f™(c)/n! > A

f"(e)
2!

flx)=fle)+ fl(c)(x —c) + (;p—c)2_|_..._|_
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Definition 9.8 (2 #$FHAFHERK). wRIK [ £r=c BEXTH  BKXTFHETF
£ 3

S ) (¢
Zf_ (z =) f(c)+f/(c)(37—6)+"'+fn!()(aj—c)”_|_...

ERH%¥ (Taylor series); # R ¢ = 0> kB R ELHE [ HELTHEXK

(Maclaurin series) o

Theorem 9.23 (¥ ¥ s #tt). wRHEH [ PA AL v 44 lim,, R, =0 &)
[ RHBRETR A ARBMEFH f(x) >

if

n

(x —c)"
n=0
KRB F 935 ER A
(a) BB f(z) ETRE > Aor=c REBEEFH -
f@), fio, f'e), "0, ... [P,

EETERBALE o
(b) wA4E¥ a, = fO(c)/n! & T &Pk

FO+FE@—+ 52 @=af 4+ + T =) +
FREKKER o
(c) AKRKERT > RZH—FHETETREE f(x) e
9.10.2 = A&#
9.10.3 RALPsER
AARKHFEHK
F s B B
é:1—@—1yux—UQ—@—1ﬁ+@F4f—~~+@4w@—1w+~- 0<z<?
! =l-a+2? -+t -2+ (1) - —-l<z<1
1+=x
R C el M C it VR G ()" (z—1)"
Inx=(x—1) 5 + 3 1 +- 4 - + 0<z<2
x> 2 xt oAb "
6—1+l’+§+§+$+g+ +m+"' — < r<x
LS A ) i it BN
T T TH] (2n +1)! oS i
33'2 5174 $6 1}8 (—1)”1’2”'
cost=1— —+———+——---+ + - —00 < x <00

2l 4l 6l 8l (2n)!



9.10. £HFHrrhgk

12

arctanx:x_x_3+x_5_x_7+x_9_...+w+...
3 5 7 9 2n+1
o 3 1-32°  1-3-527 (2n) !zt
e =t 3ty s T a6 T @aen 1 1)

k(b= 1)2? | k(b= 1)(k = 22" | k(k—1)(k = 2)(k = 3)a"

+

k _
1+x)=1+kx+ 51 3l

4!

—1<zx<1

—1<x<1

—1<J:<1E|
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