15: Summary

The main results of this chapter are all higher dimensional versions of the Funda-
mental Theorem of Calculus. In each case, we have an integral of a “derivative”
over a region on the left side, and the right side involves the values of the original

function only on the it boundary of the region.

Fundamental Theorem of Calculus. Suppose F'(z) is continuous on [a,b]. Then

/ F'(z)dx = F(b) — F(a).

Fundamental Theorem of Line Integrals. Let C : r(t),a < t < b be a smooth

curve. Let f(x) be a function whose gradient V f(x) is continuous on C. Then

/C Vf-dr = f(r(b) - f(x(a)).
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Figure 1: Fundamental theorem of calculus and line integrals.

Green’s Theorem. Let C be a positively oriented, piecewise smooth, simple closed
curve in the plane and let D be the region bounded by C. If P,(Q) € C’l(D), where

D > D is open, then
// (a_Q_a_P) dA:jfdeQdy.
p \ Oz dy c

Stokes’ Theorem. Let S be an oriented piecewise smooth surface that is bounded
by a simple, closed, piecewise smooth boundary curve C with positive orientation.

Let F be a C* vector field in an open region S O S. Then

//curlF-dS:/F-dr.
s c
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Figure 2: Green’s theorem and Stokes’ theorem.
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The Divergence Theorem. Let E be a simple solid region and let S be the bound-
ary surface of E, given with positive outward orientation. Let F be a C' vector field

in an open region S > E. Then

JJ[axrav = [[F.as

Figure 3: The divergence theorem.
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H—ERE S
(1) % C B, H2HRB r) =20)i+yt)j+ 20k, a <t < b, EH

b
/C f(x,y, ) ds = / FE) (1) dt

= /ab Fl(t),y(t), 2(0)V/ (@' (1))* + (/' (1))? + (2/(t))? dt.
(2) # C RFmihar, Al C AHRSE (1) = 0 Kz iR,
(3) FEAL: Hi#RINR f = 1; EBEE f = p; # (moment) f = xp,yp, zp F; Hilo
(4) ds RIlRZ28 (HLE), AriES AR TIRE R BIRAZ B T HE B,

58 SRR

(1) & C BZEREE, HBERS r(t) = 2(0)i+y)j+ 200k a <t <b; & r(a)
BHEIRE, () BRI T() Bl B, T Py 2) -
P(z,9,2)i+ Q(z,y,2)j + R(z,y,2) k B R® higi R, £

/F-Tds:/F-dr:/bF(r(t))-r’(t)dt:/de+Qdy+Rdz
:/ (P(2(t),y(t), 2(1)2'(t) + Q(z(t), y(t), 2(1))y'(t) + R(x(t),y(t), 2())~'(t)) dt.

(2) # ¢ BREHE, B C TRBHR () = 0 HZRHH.
(3) FEF: 3 (work done by the force F); ZEJi & (circulation),

(4) dr BRI, FRLUBES Ay FIREE LIRS BIARA f e B S B Ry S BUA,
(x) % C BFHEE, AHGERARS F Nl C REAERR n IREES

/CF-nds:/C(F-n)|r’(t)|dt:/ab—de+de.

S —JHH TR >

(1) 3% S Bihm, 2288 r(u,v) = 2(u,v)i+y(u,v)j+ 2(u,v) k, HF D =
{(u,v)la <u<bc<v<d}, EE

//5 fw,y,2)d5 = //D fr(u,v))fry > r,| dA.

(2) # 5 BAEES, Bl S RSB E 2(u,0) = 0 K.
(3) VER: ghEERE f = 1; HEEE f = p; 8 (moment) f = xzp,yp, zp F; Hilro
(4) dA BHEITZH (HIE), FrAES A TIRE FRAAIRAZ2E e TRE AR,
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5 S

(1) & S BEE, £BHRB r(u.v) = 2(u,0)i+ y(u,0)j+ 2(u,0)k, Hh D =
{(wo)la < u < be < v < d}o & Flo,y,2) = Pla,y,2)i+ Qla,y,2)j +
R(z,y, =)k B R3 e, 3%

//gF'ndSZ// S = // - (ry x 1) (u,v) dA.

(2) # 5 BEEES, 8 5 WHBSR 2(u,v) = 0 W
(3) FEF: ER (flux integral),

(4) dS = ndS B, FABAERR n LETREHEE

(5) BUEEBAHTE, AR n A4 FEEPES, KR n SR ERZATF R,

WRDEAEH: BB (EM) KSR (Tais) R

o ) de = 70) - fla)e MRS LA
%) /C Vi-dr = fx(b) — f(x(a). SRS AT
3) / /S cwrlF - dS — fc F - dr. Green, Stoke B (1)
2 //[Edide\/://SFdSo W (HEEE)

FREE LA EAZE (MEABRRE, LIERRE. BFERRE)
(1) HEANFHEERZ Green EH (VIRIERAE):

//curlF-de:// (a—Q—a—P)dAG':T‘%de—l—Qdy:%F-dr.
D p\9dx Oy c &

(2) HEANFHEERZ Green EH (ERIERAE):

//dldeA // (a—P+a—Q)dAG_Tj§ de+de_j§F nds.
3) //ScurlF~dS://curlF nds = //VXF -dS = //VXF -nds.
4) ///EdideV://EV-FdV.
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R BlR 1A &5
(1) #% F SEFAES (conservative vector field): RS f #8 VS = F,
(2) MHE:
o BFEBEBNFESEAE, B curl F = curl (Vf) = 0.
o HRTES> B AAR R
o HFAMR L2 HET R

(3) FEM: MR EAEHE Stoke EHAILIGH: HliH S HEHRE C (FE), A

//ScurlF.dS:ng. drzjéVf. dr = f(r(b)) — f(r(a)) = 0.

(4) #IE F RARSFRAESZN TG BE curlF = 0, UAEXET, AR

0q _or
or Oy’
OR 0Q 0P OR 0Q 0P

F—PitQj+ Rk °oB_0€ 0P OR 00 0P
* Qi oy 02 0z 0z or oy

(5) BEBEEET (simply connected), H curl F = 0, fll F SRk~

e F=Pit+Qj:

A EHE
(1) EFmihARFEEPAMAR, AlEE M — i iR 5P, AT Green EH,

(2) BZeRIMRIERPAAR, TTEE R L —REZETHE, Lt H R 2 R,
fER] F Stoke EH,

(3) HErTFEE PARE, P E R b R EERER, Fr AR EE.

(4) FHEYS F ERTAES, IRAZHEIRTHES F, 5 F =F, + F,, AliHE
D Fy B8 A DR R E A H

FTEAR. MEESEE N BEE. HEBEX r(t), r(u,v)
(1) /F dr—/bF(r(t))~r’(t)dt.

@ [[F-as = [ Betwo) - rxr) o) an
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