
1. (20%) Find the following limit. (If the limit does not exist or has an infinite limit, 

you should point it out.) 

(a) lim
(x,y)→(0,0)

arccos⁡(
x3+y3

x2+y2
) 

(b) lim
(𝑥,𝑦)→(0,0)

𝑥𝑦3

𝑥2+𝑦6
 

(c) lim
(𝑥,𝑦,𝑧)→(0,0,0)

𝑒𝑥𝑦𝑧−1

𝑥2+𝑦2+𝑧2
 

(d) lim
(𝑥,𝑦)→(0,0)

𝑥𝑦2

𝑥2+𝑦2
 

 

Ans:  

(a) Let 𝑥 = 𝑟𝑐𝑜𝑠(𝜃), 𝑦 = 𝑟𝑠𝑖𝑛(𝜃) 𝑙𝑖𝑚
(𝑥,𝑦)→(0,0)

arccos⁡(
𝑥3+𝑦3

𝑥2+𝑦2
) =

𝑙𝑖𝑚
𝑟→0

arccos⁡(
𝑟3(𝑐𝑜𝑠3𝜃+𝑠𝑖𝑛3𝜃)

𝑟2
) =

𝜋

2
 

(b) Let 𝑦 = 𝑚𝑥
1

3, 𝑙𝑖𝑚
𝑥→0

𝑥𝑚3𝑥

𝑥2−𝑚6𝑥2
= 𝑙𝑖𝑚

𝑥→0

𝑚3

1+𝑚6 =
𝑚3

1+𝑚6. which means that if we follow 

the trajectory of different line 𝑦 = 𝑚𝑥
1

3 to approach (0,0) we will get different 

value for different 𝑚, therefore, the limit does not exist. 

(c) Let 𝑥 = 𝜌 𝑠𝑖𝑛(𝛷)cos⁡(𝜃) , 𝑦 = 𝜌 𝑠𝑖𝑛(𝛷) 𝑠𝑖𝑛(𝜃) , 𝑧 = 𝜌 𝑐𝑜𝑠(𝛷) 

lim
(𝑥,𝑦,𝑧)→(0,0,0)

𝑒𝑥𝑦𝑧 − 1

𝑥2 + 𝑦2 + 𝑧2
= lim

𝜌+→0
(
𝑒𝜌

3𝑠𝑖𝑛2(𝛷)cos(𝜃) 𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝛷) − 1

𝜌2
) = 

(L′Hôpital′s⁡ rule) lim
𝜌+→0

(
𝑒𝜌

3𝜇3𝜌2𝜇

2𝜌
) = lim

𝜌+→0
𝜌 (

𝑒𝜌
3𝜇3𝜇

2
) =0 

Where 𝜇 = 𝑠𝑖𝑛2(𝛷)𝑐𝑜𝑠⁡(𝜃) 𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝛷). 

(d) Since |
𝑥𝑦2

𝑥2+𝑦2
| = |

𝑦2

𝑥2+𝑦2
| |𝑥| ≤ |𝑥|. Therefore, 0 ≤ |

𝑥𝑦2

𝑥2+𝑦2
| ≤ |𝑥|. Furthermore, we 

know that lim
(𝑥,𝑦)→(0,0)

|𝑥| = 0. By the squeeze theorem, lim
(𝑥,𝑦)→(0,0)

|
𝑥𝑦2

𝑥2+𝑦2
| = 0. It 

follows that lim
(𝑥,𝑦)→(0,0)

𝑥𝑦2

𝑥2+𝑦2
= 0. 

 

 

 

 

 



2. (12%)  

(a) Let  𝑓(𝑥, 𝑦) = {

𝑥𝑦

𝑥2+𝑦2
⁡ ⁡ when⁡ (𝑥, 𝑦) ≠ (0,0)

0⁡ ⁡ ⁡ ⁡ ⁡ when⁡ (𝑥, 𝑦) = (0,0)
,⁡ evaluate 𝑓𝑥(0,0) and 𝑓𝑥𝑦(0,0) 

(b) Given the equation w−√𝑥 − 𝑦 − √𝑦 − 𝑧 = 0, differentiate implicitly to find the 

three first partial derivatives of w⁡ (
∂w

∂x
,
∂w

∂y
,
∂w

∂z
) 

(c) Find a set of parametric equations for the tangent line to the curve of intersection 

of the surface 𝑥2 + 𝑦2 + 𝑧2 = 4 and (𝑥 − 1)2 + 𝑦2 = 1 at the point (1, 1, √2). 

Ans: 

(a) 𝑓𝑥(0,0) = 𝑙𝑖𝑚
∆𝑥→0

𝑓(0+∆𝑥,0)−𝑓(0,0)

∆𝑥
= 𝑙𝑖𝑚

∆𝑥→0

∆𝑥×0

∆𝑥2
−0

∆𝑥
= 0 

𝑓𝑥(𝑥, 𝑦) =
−𝑥2𝑦+𝑦3

(𝑥2+𝑦2)2
⁡ when (𝑥, 𝑦) ≠ (0,0) 

𝑓𝑥𝑦(0,0) = 𝑙𝑖𝑚
∆𝑦→0

𝑓𝑥(0,0 + ∆𝑦) − 𝑓𝑥(0,0)

∆𝑦
= 𝑙𝑖𝑚

∆𝑦→0

(∆𝑦)3

(∆𝑦)4
− 0

∆𝑦
= 𝑙𝑖𝑚

∆𝑦→0

1

(∆𝑦)2
= ∞ 

 

(b) 𝐹(𝑥, 𝑦, 𝑧, 𝑤) = 𝑤 − √𝑥 − 𝑦 − √𝑦 − 𝑧 = 0 

∂w

∂x
=
−𝐹𝑥
𝐹𝑤

=
1

2

(𝑥 − 𝑦)
−1
2

1
=

1

2√𝑥 − 𝑦
 

∂w

∂y
=
−𝐹𝑦

𝐹𝑤
=
−1

2
(𝑥 − 𝑦)

−1
2 +

1

2
(𝑦 − 𝑧)

−1
2 =

−1

2√𝑥 − 𝑦
+

1

2√𝑦 − 𝑧
 

∂w

∂z
=
−𝐹𝑧
𝐹𝑤

=
−1

2√𝑦 − 𝑧
 

(c) Begin by finding the gradients to both surfaces at (1, 1, √2) 

Let 𝐹 = 𝑥2 + 𝑦2 + 𝑧2 − 4, 𝐺 = (𝑥 − 1)2 + 𝑦2 − 1 

𝛻𝐹 = 2𝑥𝒊 + 2𝑦𝒋 + 2𝑧𝒌,⁡ 𝛻𝐹(1,1, √2) = 2𝒊 + 2𝒋 + 2√2𝒌 

𝛻𝐺 = (2𝑥 − 2)𝒊 + 2𝑦𝒋,⁡ 𝛻𝐺(1,1, √2) = 2𝒋 

The cross product of these two gradients is a vector that is tangent to both surfaces 

at (1, 1, √2) 

𝛻𝐹 × 𝛻𝐺 = −4√2𝒊 + 4𝒌 

So the parametric equation can be written as: 

𝑥 = −√2𝑡 + 1, 𝑦 = 1, 𝑧 = 𝑡 + √2 

 

 

 



3. (10%) Given 𝑓(𝑥, 𝑦) = 𝑦2 + sin⁡(𝑥𝑦). Find the directions at the point (0,1) where 

the directional derivative of 𝑓(𝑥, 𝑦) in that direction is 1. Express your result as 

unit vector. 

Ans: 

 

𝛻𝑓 = 𝑦𝑐𝑜𝑠(𝑥𝑦)𝒊 + (2𝑦 + 𝑥𝑐𝑜𝑠(𝑥𝑦))𝒋 

𝛻𝑓(0,1) = 𝒊 + 2𝒋 

Let the unit vector be 𝑢 = 𝑝𝒊 + 𝑞𝒋 where 𝑝2 + 𝑞2 = 1 

𝐷𝑢𝑓 = ∇𝑓 ∙ (𝑝, 𝑞) = 𝑝 + 2𝑞 = 1 

Solve the above equations we get 𝑝 = 1, 𝑞 = 0 or 𝑝 =
−3

5
, 𝑞 =

4

5
  

So 𝑢 = 𝒊 or u =
−3

5
𝒊 +

4

5
𝒋 

 

4. (15%)  Let 𝑓(𝑥, 𝑦) = 𝑥4 − 2𝑥2 − 2𝑥𝑦2 − 𝑦2 

(a) Find the critical points of 𝑓(𝑥, 𝑦) 

(b) Determine whether they are local maximum, local minimum or saddle points 

 

Ans: 

(a) 𝑓𝑥 = 4𝑥3 − 4𝑥 − 2𝑦2 = 4(𝑥3 − 𝑥) − 2𝑦2, 𝑓𝑦 = −(4𝑥 + 2)𝑦. 

Let 𝑓𝑥 = 0 and 𝑓𝑦 = 0, 

From 𝑓𝑦 = 0 we know 𝑥 =
−1

2
 or 𝑦 = 0. If 𝑥 =

−1

2
, 𝑦 = ±

√3

2
. When 𝑦 =

0, 𝑥 = 0, ±1 

Therefore, the critical points are (0,0), (1,0), (−1,0), (
−1

2
,
√3

2
) , (

−1

2
,
−√3

2
) 

(b) 

Since 𝑓𝑥𝑥 = 4(3𝑥2 − 1), 𝑓𝑥𝑦 = 𝑓𝑦𝑥 = −4𝑦, 𝑓𝑦𝑦 = −(4𝑥 + 2).⁡   

(𝑥, 𝑦) 𝑓𝑥𝑥 𝑓𝑥𝑦 𝑓𝑦𝑦 d  

(0,0) -4 0 -2 8 Local maximum 

(1,0) 8 0 -6 -48 Saddle point 

(−1,0) 8 0 2 16 Local minimum 

(
−1

2
,
√3

2
) 

-1 -2√3 0 -12 Saddle point 

(
−1

2
,
−√3

2
) 

-1 2√3 0 -12 Saddle point 

 

 



5. (15%) Evaluate the following expression 

(a) ∫ ∫ 𝑒𝑦
31

√𝑥

1

0
𝑑𝑦𝑑𝑥 

(b) ∫ ∫
1

√𝑥2+𝑦2

𝑥

0

3

1
𝑑𝑦𝑑𝑥 

(c) ∫ ∫ ∫ 𝑟𝑧⁡ 𝑑𝑧𝑑𝑟𝑑𝜃
6−𝑟

0

6

0

𝜋

4
0

 

Ans: 

(a) ∫ ∫ 𝑒𝑦
31

√𝑥

1

0
𝑑𝑦𝑑𝑥 = ∫ ∫ 𝑒𝑦

3𝑦2

0

1

0
𝑑𝑥𝑑𝑦 = ∫ [𝑥𝑒𝑦

3
]
0

𝑦21

0
𝑑𝑦 = ∫ 𝑦2𝑒𝑦

31

0
𝑑𝑦 =

1

3
𝑒𝑦

3
|
1
0
=

1

3
(𝑒 − 1) 

(b) 𝑅 = {(𝑥, 𝑦)|1 ≤ 𝑥 ≤ 3,0 ≤ 𝑦 ≤ 𝑥} = {(𝑟, 𝜃)|
1

cos⁡(𝜃)
≤ 𝑟 ≤

3

cos⁡(𝜃)
, 0 ≤ 𝜃 ≤

𝜋

4
} 

∫ ∫
1

√𝑥2 + 𝑦2

𝑥

0

3

1

𝑑𝑦𝑑𝑥 = ∫ ∫
1

𝑟

3
cos⁡(𝜃)

1
cos⁡(𝜃)

𝑟

𝜋
4

0

𝑑𝑟𝑑𝜃 = ∫
3

cos⁡(𝜃)
−

1

cos⁡(𝜃)

𝜋
4

0

𝑑𝜃

= ∫ 2sec(𝜃)

𝜋
4

0

𝑑𝜃 = 2 ln | sec(𝜃) + tan⁡(𝜃)|

𝜋

4
0
= 2 ln(√2 + 1) 

(c) ∫ ∫ ∫ 𝑟𝑧⁡ 𝑑𝑧𝑑𝑟𝑑𝜃
6−𝑟

0

6

0

𝜋

4
0

= ∫ ∫
𝑟𝑧2

2
|
6 − 𝑟
0

6

0

𝜋

4
0

𝑑𝑟𝑑𝜃 = ∫ ∫
1

2
(𝑟3 − 12𝑟2 +

6

0

𝜋

4
0

36𝑟) 𝑑𝑟𝑑𝜃 = ∫
1

2
[
𝑟4

4
− 4𝑟3 + 18𝑟2]0

6
𝜋

4
0

𝑑𝜃 = ∫
1

2
(108)𝑑𝜃

𝜋

4
0

=
27𝜋

2
 

 

 

6. (10%) Find the area of the surface given by 𝑧 = 𝑓(𝑥, 𝑦) = 𝑥𝑦 that lies above the 

region 𝑅 where 𝑅 = {(𝑥, 𝑦): 𝑥2 + 𝑦2 ≤ 9} 

Ans:   

𝑓𝑥 = 𝑦, 𝑓𝑦 = 𝑥 

√1 + (𝑓𝑥)2 + (𝑓𝑦)2 = √1 + 𝑥2 + 𝑦2 

S = ∫ ∫ √1 + 𝑟2
3

0

𝑟𝑑𝑟𝑑𝜃
2𝜋

0

=
1

2
∫ ∫ √𝑢

10

1

𝑑𝑢𝑑𝜃
2𝜋

0

=
1

3
∫ (10√10 − 1)𝑑𝜃

2𝜋

0

=
2𝜋

3
(10√10 − 1) 

 

 



7. (15%) Evaluate the triple integral ∫∫∫ 𝑥2 + 𝑦2𝑑𝑉
𝑄

⁡ where 𝑄 = {−1 ≤ x ≤

1, −√1 − 𝑥2 ≤ y ≤ √1 − 𝑥2, √𝑥2 + 𝑦2 ≤ z ≤ 1} 

Ans:  

Use cylindrical coordinates 

∫∫∫ 𝑥2 + 𝑦2⁡ 𝑑𝑉
𝑄

= ∫ ∫ ∫ 𝑥2 + 𝑦2⁡ 𝑑𝑧𝑑𝑦𝑑𝑥

1

√𝑥2+𝑦2

√1−𝑥2

−√1−𝑥2

1

−1

= ∫ ∫ ∫𝑟2𝑟⁡ 𝑑𝑧𝑑𝑟𝑑𝜃

1

𝑟

1

0

2𝜋

0

= 2𝜋∫ 𝑟3(1 − 𝑟)⁡ 𝑑𝑟
1

0

=
1

10
π 

 


