1. (24%) Determine whether the series converges absolutely or conditionally, or
diverges. In addition, please indicate the test you use.
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Ans:

() Since (ne ™)' = (1 —2n?)e ™ < 0 which is decreasing and lim ne™ =0

n—-oo

(exponential is much faster). Therefore, by the alternating series test

Yo (—1)"*1ne ™ converges.

Z:(—l)"“ne‘"2 = z |ne™" | = Z ne™"
n=1 n=1 n=1
Let f(x) = xe ¥, f'x)=>01- 2x2)e‘x2 <0 for x = 1. f is positive,
continuous and decreasing for x > 1
o) 5 b 5 1 -1
j xe *dx =lim | xe ¥ dx = lim—f etdu
1 b—-oo b—>°02 —p2

1

(Let u = —x?,du = —2xdx) = %e"l which is converge

Therefore, Zf{’zl(—l)”“ne‘”z is absolute converges

(b) 22, 150(n)| g0 sin(m)

nz

(_1)n+

Sm(\f) < ig and Z;’le% is a p-series with p > 1 which is converge.

nz nz nz
. sin(vn) .
By comparison test, Z?lo:l (3 ) 1S converge.
nz

Since

1 sin(Vn)
3

Therefore, Y, (—1)™* is absolute converge.

nz
_ —2n*+12n 2n?

2n? , . _
n3+3) = o313y <0 for n=2, and 111_)1’20 v 0. Therefore, by the

(© (

. 2n?
converges. So is Yoo, (—1)"*1 =0

)n+1 2n?

alternating series test Y p,(—1 =1

(Since finite term does not affect the convergence or divergence)



had 2 ad 2
-5 28
n3+3 n3+3
n=1 n=1
2n2 L
Since lim 252 = 2 and since )., — is a p-series with p < 1 which is
n= 1 p- p

n—ooco =
n

. . . 2n? . .
diverge. By the limit comparison test, Z;‘{;l# is diverge.

2
Therefore, Y5, (—1)"+1 2

-— 1s conditionally converge.
n>+3

d) X, (n+1) =) (nTﬂ)n = e > 1 which is diverge.

2. (16%) Find the interval of convergence of the power series (Be sure to check the

for the convergence at the endpoints of the intervals)

n ()"
(@) 2 Lt @x+1)n

(b) ZOO n'(x+1)

Ans:
(n+1)( )Tl+1
(a) lim | ”+1| = lim | &2 | = - 1| By the ratio test, the series converges
(n+1) 2x+1) x+
for | | <1

2x+1

When — < 1 —>x>_—10r x< —1
2x+1 2

-1 -2
When — > -1 »x>— or x < —
2x+1 3 3

The intersection is x > _?1 and x < —1

When x = —: Zn 1 m (=" is diverge by the n-th term test for divergence

since lim — (=1)" # 0
n-ooo n+1
When x = —1: Y7, % is diverge by the n-th term test for divergence since
lim — # 0
n-ooo n+1

So the interval of convergence is x > _?1 and x < —1



m+1)!(x+1)*1

(b) lim |“22| = lim | —2— | = |x + 1| lim == = oo, which implies that the
n—-oco Un n—-oo .3n n-oo 3

series converges only at the center -1.

3. (10%) Let f(x) =V1+x++1—x, whatis f19(0) =?
Ans:
1. 1 1. 1., 3
A +§(—7)(—7)x3

1
fa)=1+7x+2—r%x 31 + 2 21

2 278 234 = F(0) + £1(0)x + %f”(x)xz T

1/ 1 3 17
00 =2((3)(-9)-()
fERo (2 2/\ 2 2
4. (18%) Evaluate the following expression (Try to use the Basic series of Taylor
series and notice that the power series is a continuous function)

oo 3Tl+1
@ Xno—;

) ————t————+

1x2  2x22  3x23  4x24 7

(C) lim arctan(2x)-sin(2x)

x—0t sinx—x
Ans:
. x o X" x o xt1
(@) Since e* = anoz,xe = Yo ~
b 3n+1
= 3e3
n!
n=0
1 1 1 1 (- [\t 1 3
b) — — + — +...... =y (—) =In(1+-)=In=
()1><2 2x22 | 3x23  4x24 n=0 n41 \2 ( 2) 2

1 1 8

. arctan(2x)—sin(2x . (2x—52x)3+ )= (2x—5(2%)3 ++) -

() lim (, )—SNEY) _ i . o 3 = lim £=8
x—0t sinx—x x>0+ (x—;x3+-~- )—x x=0* =%




5. (12%) Derive the Maclaurin series of f(x) = arccot(2x)

Ans:

(arccot(x)) = — = ———= — 12 (—x2)" = T2 (- )™ x| < 1

1+x2 1—-(—x2)

_1)n+1x2n+1

2n+1

arccot(x) =C + Z (
n=0

Substitute x = 0, we get, C = g

T had 11,20+l
arccot(x) == D)
2 2n+1
T oo (DM g 8x3 32x°
arccot(Zx)—E 1 §—2x+T— z

6. (10%) Find the area of the shaded region bounded by the curves r = 1 + sin(6)
and r = 3sin(0)

Ans:

51

Solve r = 3sin(0) and r = 1 + sin(0) we get 6 = g,?



A= Z%ﬁf[(Bsin(H))z — (1 +sin(0))?]d6 = jj[BsinZH — 1 - 2sin6] do
6 6

70 1— cos(26) .

= f [8—— 1-—- ZSmH] deé
3 2
6

T

= Jj[B — 4 cos(26) — 2sin(6)] d6 = 360 — 2sin(20) + 2cos(0)]g

g 6
=T
7. (10%) Find the area of the surface formed by revolving the polar graph r =
2(1 + sin(6)) about the 6 = g over the interval _7” <6< g
Ans:

2

dr
r2 4 (%) = J4(1 + sin6)? + 4cos26 = 2v2V1 + sinf

T
2

S=2m ]_ _2(1 +sin(6)) cos(6) 2V2V1 + sin6do
2

T

_ 8vZn J_iu + sin(0))2 cos(8) (Let u =1 + sin(8), du

16V2r[ 512 128m
[uz]oz

2 3
= cos(6)do) = 8\/571[ (wzdu = = —
0



