If the limit does not exist or has an infinite limit, you should point it out. In addition,
do not use the L'Hpital's rule to solve the limit problem.
1. (20%) Determine the following limit

(a) lim— (— + —)

x—-3x-3

(b) lim Vx+2-2

x—>2 x—2

|x+3]|
3 x2+x—6

(©) Jim
) lim —*

x——00 2X2+x+C0SX

L .2
(e) xlggl+ sin(x) sm(x—z)

Ans:

1 (1 1) 1 [ x-5+x—1 .1 [ 2(x-3) —
(a) hn;x 3( _1+x—5) - }Cllgx 3((x 1)(x 5)) }Cligx_3 ((x_l)(x_s))
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3 G-DG-5) | 2
(b)
i <VX+ —2> . (\/x+2 2)(\/x+ +2) — lim x—2
im(————— | =lim
x=2\ X =2 =2 (x—2)(Vx +2+2) %2 (x —2)(Vx + 2+ 2)
Y 1 1
=lim———=-
=2(Vx+2+2) 4
. [x+3] .. x+3 T 1 -1
(C) xL_3+ xX24x—-6  xo>—3+ (x+3)(x=2) xl}gﬁ (x-2) 5
lx+3] -(x+3) -1

1
S ] B — _Z
Xt x—6 o3 (x+3)(x—2) x>3-(x—2) 5
Therefore, the limit does not exist.

4x2 . 4
(d) h oo 2X2+x+COSX ;1_)1’?0 2+1+C°5(x) =2
(e) To find the limit when approach 0, we consider the interval (—r, 1)

Forany x > 0,—1 < sin(xiz) < 1= —sin(x) < sin(x) sin(xz—z) < sin(x) °
In addition, lim —sin(x) = 0 = lim_sin(x)
x-0% x—-0%

According to Squeeze theorem > lim, sin(x) sin(xiz) =0
x—0



4
2. (8%) Assume f(x) = {a’; b xxill is a differentiable function, what is the

value of a and b?
Ans:
Since differentiable implies continuous, we have f(x) =1 =a + b.
Since the function is differentiable, considering the alternative form of derivative:

_f-f o x*-1 P+ DE+DE-1)
lim —————==lim = lim
x—-1* x—1 x-1t x — 1 x-1* x—1

=limx?+1D(x+1)=4
x—-1t

 f-f1) | ax+b-(a+b) . alx-1)

lim —————==lIlim = lim ———=

x—>1" x—1 x—>1" x—1 x-1- x—1
Wegeta=4and 4+b=1->b=-3.

a

3. (8%) For each of the following functions, first determine whether the Mean Value
Theorem can be applied on the given closed interval [a, b]. If applicable, find all
values of ¢ in the open interval (a, b) that satisfy the conclusion of the Mean
Value Theorem.

(@) (4%) f(x) = |4 — x| on the interval [3,5]

(b) (4%) f(x) = x — cos(x) on the interval [_TR,S]

Ans:

(@) The Mean Value Theorem cannot be applied. f is not differentiable at x = 4 in
[3,5].

(b) The function f are continuous everywhere on R, including the closed interval

[-,5] and differentiable everywhere on R, including the open interval [—=,].

Therefore, the hypotheses of the Mean Value Theorem are satisfied.

—T[_—T[ 7T_7T
f(T)_T’f(E)_E

In addition, f'(x) = 1 + sin(x)

By MVT, we have f'(c) = %

=1->1+sin(c)=1-c=0
2~ (%)



4. (15%) Remember that you can solve the derivative using the definition or the
differentiation rule for the following question.
(@) (5%) Given f(x) = cos(x) — 3tan(x) find f'(x) and f"'(x)

x(x=1)(x—2)(x-3)
(x+1)(x+2)(x+3)

(b) (5%) Given f(x) =

, what is the value of f'(1)?

(€) (5%) Let (x+y)® = x>+ y3, find Z—z by implicit differentiation. Then find the

slope of the graph at (—1,1).

Ans:

(@) f'(x) = —sin(x) — 3sec?(x) - f"(x) = — cos(x) — 6 sec(x) sec(x) tan(x) =
— cos(x) — 6sec?(x)tan(x)

f(x) f(l) 0 x(x=2)(x-3) 1
(x+1)(x+2)(x+3) 7 — — —
() f1(1)= ,lcl_trf x—1 _chzq'(x+1)(x+2)(x+3) 12

(©) (x+y)3=x3+y3—>3(x+y)2(1+3—3;)=3x2+3y22—z—>(x2+2xy+
d d d
yz)(1+d—z)=x2+y2d—z—>(x2+2xy+y2—y2)£=x2—(x2+2xy+

2y L, &y _ Zy@x+y)
y) - dx x(x+2y) °

The slope at (—1,1) is thus —]( ) = -1
1,1

5. (27%) Let f(x) = =

-1

(@) (5%) Find the critical numbers and the possible points of inflection of f(x)

(b) (4%) Find the open intervals on which f is increasing or decreasing

(c) (4%) Find the open intervals of concavity

(d) (5%) Find all the asymptotes (Vertical/horizontal/Slant)

(&) (7%) Sketch the graph of f(x) (Label any intercepts, relative extrema, points of
inflection,and asymptotes)

(F) (2%) What is the domain and range of f(x)?

Ans:

=x+

x2-1
Note that x 1is not define at x = +1, we should not include it in the critical
numbers or possible points of inflection

, 4 X1 xP(x*-3) Ly _ 2x(x2+3)
f (X') =1 (x2—1)2 - (x2-1)2° f (X) - (x2-1)3



The critical numbers are x = ++v/3, 0 (f' = 0)
Possible points of inflection: x =0 (f" = 0)

(b)
(—0,—V3) | (=V3,-1)  (-1,0) (0,1) (1,V3) (V3,0)
HIEE -2 3 1 1 3 2
2 2 2 2
[NIE& + - - - - +
i
f'HNIE& - - + - + +
i
&ham e = I N L I 7 = S L1 N9 = 7 = N 1) W (= R = A =T o 42 VA =1
=[] M M M

Increasing on (—o, —/3) and (v/3,) since f'(x) > 0, Decreasing on

(—@,—1),(—1,1) and (1, \/§) since f'(x) <O0.

(c) f is concave downward on (—o0, —1) and (0, 1) since f"(x) < 0, f is concave
upward on (—1,0) and (1, o) since f''(x) > 0.

(d) x = £1 are the vertical asymptote. since lirflf (x) = oo . A vertical asymptote
X—>x

occurs where the denominator is zero.

There is no horizontal asymptote since limf(x) = o and lim f(x) = —oo.
X—00 X—>—00
= x + = theref =X is the slant tot
== — > therefore y = x is the slant asymptote.
(e)

Graph of fix) = ?X_—l

2
— =g
——- y=x (Slant Asymptote)

7.5 Vertical Asymptotes x = +1

Relative Max (—V3, —3v3/2)

Relative Min (+3,3vV372)
Inflection Point (0, 0)

5.0 4

0.0 4

-10.0

T T
2 4

(f) Domain are all real number except x = +1 and range is all real number.



6. (9%)
(@) (3%) Find the equation of the tangent line to the curve y = 3x — x? at x =
a.
(b) (2%) Determine the x and y intercept of the tangent line found in (a)
(c) (4%) Find the minimum area of the triangle formed by the tangent line in (a),

along with the x-axis and y-axis, restricted to the first quadrant.

Ans:

(@) y' =3 — 2x. The tangent lineof y=3x—x? at x =a is y— (3a —a?) =
3-2a)(x—a)

(b) The x intercept is obtain by setting y equals to 0, we have 0 — (3a — a?) =

2
B-2a)(x—a)->x= 22—_3 The y intercept is obtain by setting x equals to 0,

we have y — (3a —a?) = (3—2a)(0 —a) - x = a?

a?

2(2a-3)’

(c) The area of the triangle is given by A =

__3a3%(a-2) _

A = a3 =0—->a=2or a=0.

a = 2 1is the feasible solution, using the first derivative test we can confirm it is a

local minimum. Therefore, we have A(2) = 8 which is the smallest triangle.

7. (5%) Use Newton’s Method with the initial approximation x; = 1 to find x3,
the third approximation to the solution of the equation x3 —3x? +3 =0
Ans:
Newton’s Method iteratively improves an estimate x,, of a root of a function

f(x) using the formula:

f(xn)

xn+1 = x'l’l _f/(x )
n

f'(x) =3x% —6x

n Xn fGn) | f(xn) f(xn) ACC))
f'(xn) D
1 1 1 -3 -1 4
3 3

2 4 1 -8 -1 97

3 27 3 72 72
3 97

72




8. (8%) Use differential to approximate (3.02)>.

Ans: 3.02 is 3 +0.02. Let f(x) = x>, f'(x) = 5x*
flx+Ax) = f(x) + f'(x)dx = x> + 5x*dx
Choosing x = 3 and dx = 0.2
(3.02)° = f(x+ Ax) = 243 + 5 x 81(0.02) = 243 + 5 x 1.62 = 251.1



