1. Find the following limit. (If the limit does not exist or has an infinite limit, you
should point it out. In addition, also remember the definition of definite integral).
(20%)

@) lim 52 xz(sin(f B-VDat
xo0+ 12 (tan S~V

(b),}l%h tan(x) In(sin?(x))
(©) lim (x— 1™

(@) lim (e* - x2)

Ans:

@ lim f;cz(sin(\/—) voydt — lim (sin(VaZ)—VaZ)2x
x—>0+f (tan(\/_) Vodt T x—0* (tan(Vx2)—Vx2)2x

(Fundamental theorem of

calculus and chain rule)

(sin(Vx2)—Vx2)2x — lim (sin(x)-x)2x __ 1i cos(x)—1
x—0+ (tan(Vx2)—Vx2)2x - x—0t (tan(x)—x)2x - xl)0+ sec?(x)—-1

(L' Hopital' s rule)=

—sin(x) , , -1 . sin(x) _ -1
x>0+t 2sec?(x)tan(x) (L HOpltal S mle)_ ,}L%L 2sec?(x) xllfgh tan(x) T2
Zsm(x)cos(x)
. . 2 5. In(sin?(x)) . sinZx , ,
(b) ,}L%L tan(x) In(sin“(x)) = ,}L%L o ,}L%L — (L' Hopital' s

rule) = lim —2sin(x) cos(x) =0
x—07t
— i _ Inx
(€) y= lim (x — 1)

— : _ Inx _ |3 _ Inx _ 5 _ —
Iny =1In xlg{l)f(x 1) xll_>r{1+ In(x — 1) xll)l’%_ In(x) In(x — 1)

_ 2
lim 20D _ lim s2=—(L' Hopital's rule)= lim, (nn)” _
e In(x) [(lnx ] x-1 x
. —lenx , a1y .
lim (L" Hopital” s rule) = lim —2xInx =0
x—-1% 2 x—-1%

Since Iny = 0 Therefore, y =1

(@) Jim (¥~ x?) = lim x*( ~ 1)

= lim x? lim (— -1)

X—00 X—>00

= oo x| lim () - lim @] =0 x| lim () - 1] (L' Hopital' s rule)



= o0 x [lim (5) - 1| (L' Hépital's rule)
x—00 2

= 0

2. Solve the following problems (10%):
(@) Show that f(x) = [ 1x V1 + t2dt has an inverse function
(b) Find (f71)'(0)

Ans:

(@) Note that f'(x) =vV1+x2 >0 forall x » f is strictly increasing
therefore is one to one and has an inverse function.

(b) Let y=f"1(0) > f(y)=0->y=1
1

1
= - -1y = —_ =

3. Evaluate the following integrals. (Hint: Try to use change of variables for all the
problems) (15%)

@ [, (4 — x)6* " dx

(b) [Vef —3 dt

1 dx
© )y s

Ans:
4 4— 2 _ -1 0 _ 2 _
@ [, (4-x)6“ ) dx = — J; 6¥du (Let u= (4 —x)? du = —2(4 — x)dx)

—-6“10 -1 5
~2Iné6 1_21n6(1_6) ~2In6

(b) [Vet =3 dt= | 2 1y (Let u=+vVet —3 > u?+3 = e, 2udu = e'dt,

u2+3

2udu
uz+3

= dt)

1 Lu
=J2du—J6u2+3du=2u—2\/§tan 1E+C

et —3

= 2/et —3 —2v/3tan"?! +C



(C) fl dx _f\/f 2udu
0 2v3—xvx+1 J1 2Va—uZu

V3 —x =V4—u?)

V2
=f du = sin‘lz]‘/iz
1 4 —y? 21 1

(Let u=+vVx+1-u? =x+1,2udu = dx,

4. Find the area of the given region bounded by the graph y;,y, and y; (7%)
Y1 = Sinx,y, = c0Sx,y3 = C0SX + sinx

Ans:
T T T T
4 2 4 2
A =f (3 —J’z)dx+jn (ys — yp)dx =J sinx dx+j” cosx dx

0 Z 0 jad

i

s -

= —cosx |4 + sinx 72T= 2 -2
0 3

5. Find the volume of the solid formed by revolving the region bounded by the
graphs of y =Inx,y =0 and x = e about the x-axis. (8%)

Ans:

e
V= nf (Inx)2dx
1

1
dv =dx,u = (Inx)?> > v =x,du = Zglnxdx



f(lmc)zalxzx(lnx)2 —fo%lnxdx =x(lnx)2—2flnxdx
(dv=dx,u=lnx—>v=x,du=§dx
[Inxdx = xlnx—fxidx =xInx — x)
f(lnx)zdx = x(Inx)? —2flnxdx =x(Inx)? — 2xInx + 2x

V= nfe(ln x)%dx = (x(Inx)? — 2xInx + Zx)]i =m(e —2)
1

6. Use the sehll method to find the volume of the solid generated by revolving the

8.

region bounded by the graphs of the equations about the y-axis. (6%)
1
y=;,y=0,x=2,x=5
Ans:

> 1 >1 5 5
V=2T[f x(—z)dx=2nj —dx = 2nln|x|]] = 2nln=
2 \x , X 2 2

Find the arc length of the graph of the function y = In(1 — x?) on the interval

0<x<

Wl

. (9%)

_1 1 2 r__ —ZX
y=In(l-x"),y" = 57

2 = 2 1+x2 2 1 1
Arclength = [3/1+ (y)?dx = 3—dx=f03(—1+m+§)dx=

0 1—x2

=lr12—l

—x +In(1+x) —In(1 — x)] 3

O wlr

Evaluate the following integrals. (25%)
Inx

@) [zdx

(b) [ sin*xcos3xdx

© J

1

e dx




@ J

1+tan(6)

4 1
(E) fl mdx

Ans:

(@) Let u =Inx,dv = x3dx - du =§dx v=—x"?

1
-—X
2

lnxd -1 2 f(—l _2>1d _—1 2 +1f “34
3 dx=—x"Inx X ) =—x lnx+5 X

2
! 2 +1x‘2+ —1lnx 1 L C
Tt AT, 2 x2  4x?

(b) [ sin?(x)cos3(x)dx = [ sin?(x)cos?(x)cos(x)dx = [ sin®(x)[1 —
sin?(x)]cos(x)dx = [u?(1 —u?)du (Let u = sin(x),du = cos(x)dx)

ud  ub sin3(x) sin®(x)
B T
(c) Let x = tan*(0) » dx = 4tan3(0)sec?(6)do
1 4tan3(0)sec?(0)dO
f—dx =f = 4f tan3(0)sec(6)do
J1++x sec(0)

Let u =sec(f) » du = sec(8)tan(6)d6o

4 [ tan3()sec(6)do = 4 [(u? — 1)du = §u3 —4u+C= §S€C39 —

4sec(8) +C =IV1+Vx(1+Vx—3) +C=Z(x =) 1+Vx) +C

(d) Let u = tan(0),du = sec?(8),du = (1 + u?)do

1 1 1—u
——df = du =—- d
fl+tan(9) f(1+u)(1+u2) u 2f1+u+1+u2 ¢
1 1
=§[ln|1+u|—Eln|1+u2|+tan‘1u]+C
1
= E [lnll + tan(0)| — Elnll + tan?(0)| + tan ' tan(0)| + C

[ln|1 + tan(0)| + In|cos(6)| + 6] + C

[In|cos(0) + sin(B) |+ 6]+ C

NI)—\ Nl

4 1 2 1
© J, o dx = [ de + fz o dx lim f dx + lim f dx

c-2~ c-2t 2)2




-1
f—(x—Z)zdx:—(x—2)+C

lim [+ i [t de = lim o]+ lim o

] 4 is diverge



