1. (20%) Find the following limit. (If the limit does not exist or has an infinite limit,
you should point it out)

(&) (5%) lim =~ 2

-1t x-1 Inx
1
(b) (5%) lim cos(x)+*
X

x+e—x

(©) (5%)lim =——
X—co €7 —

) (5%) lim &
x—oo X

Ans:

(@) lim — * _ 2 = lim M(L Hopital' s rule)= 2 lim ln’; 7 (L

x-1tx-1 Inx x-1* (x-1lnx x—-1% Inx+

1

Hopital' s rule)= 2 11m 1+L =1

1
(b) y = lim cos(x)»?
x—0

1 1
Iny =1In llm cos(x)x? = llm In cos(x)** =

—sin(x)

lim izln cos(x) (L' Hopital’ s rule) = lim <2%(L' Hopital' s rule)=
x-0X x-0 2Xx

li —sec’(x) _ -1

x—0 2

_ -1
Since Iny = 71 Therefore, y =e 2

l e™* li 1+e~ 2%
C lm = 11m
( ) X_eg—X X—00 1_e—2x

=1

Since lime™2* =0

X—00

(d) llrn —(L’Hopltal s rule) = lim e*

X—00



2. (15%) Solve the following problems
(a) Evaluate f_zz xe " dx
. . 1 1
(b) Find lim 37, = L+_ﬁ
2
5
(© [,(5—Ix—5])dx

Ans:
(@) Note that let f(x) = xe *" we have f(=x) = —f(—x). Itis an odd function,

therefore, f_zzxe_"4 dx =0

. 1 1 1 1 |1 101 _ -1 1_ =
(b) lim 1+%+ +%+ %+ + +%n_f0 —dx = tan (x)|0—4
n n n

(c) It is the region below, thus f05(5 —|x—=5])dx = %5 X5 = 22—5

Triangle

3. (9%) Let f(x) = [, VI+t*dt

(@) (3%) Show that f(x) has an inverse function

(b) (3%) What is the value of f~(x) when x =0

(c) (3%) What is the value of (f~1)'(x) when x = 0

Ans:
(a) Note that by the fundamental theorem of calculus f'(x) = V1 +x* > 0 for all

x — f is strictly increasing therefore is one to one and has an inverse function.
(b) Because f(1) = 0, we know that f~1(0) =1
© f'(x)=V1+x*

Because f is differentiable and has an inverse function, we have

1

“1)1(0) = o = =
FO =55 =75



4. (10%) Compute the derivative.

(@) (5%) f(x) = log, 22

(b) (5%) f(x) = eSn® 4 cos(e?*) — 2V*
Ans:

(8) f(x) = logy x +-log; (x — 1)

1 1

F'0) = T 2= Din(n)

(b) f'(x) = cos(x) SN — 2¢2% sin(e?¥) — Zﬁln(Z)%

5. (25%) Evaluate the following integral.
@ 5%) J, 7arm
cos(l -ln6)dé

() (5%) [

(©) (5%) , 3°°+2*(x + 1)dx
@) (%) [ “%;@dx

(&) (5%) fjf —o - dx

3 sin(x) ,sm2 (x) -

Ans:
V2 2udu 2
()fOZ\/ﬂ\/F fl Ty (Let u=vx+1-u®=x+12udu =dx,
V3 —x =V4—u?)
V2o du u
:J =Sin—1_]‘/§=E_E=£
L VA—u2 211 T4 6 12

(b) u=(1-1n6), du==do

f cos(1 —1n6B)do

5 = f —cos(u)du = —sin(u) + C = —sin(1 —1n ) + C



(c) Let u = x% + 2x,du = 2(x + 1)dx

f13x2+2x +1)d —f33u1d S VT L

. @A Dde= ) 3 du = 33" 2m3 T in3
_ -1 X _ 2

(d) Let u=tan (5),du—4+x2dx

2

4tan‘1(£) x
J.—zdx = qudu =u’+C= (tan‘l(i)) +C

4+ x2

(e) Let u = sin(x),du = cos(x)dx
1
cos(x
) = 2sec” 1 2|u| |V3

2 d (' du
f *= fﬁ 1 —
3 sin(x)_[sin?(x) — 5 2 u_|u?— ) 2

= 2sec” 12—25ec"1\/§

6. (7%) Find the area of the given region bounded by the graphs of x = cos(y) and

X = % on the interval — < y < i
Ans:
511' 77T 51‘[ 7_71'
A = f = —cos(y)dy + fs,T cos(y) — —dy ==— sm(y)] + sin(y) — —] o =
3 3 ?
~+2v3

7. (7%) Find the volume of the solid formed by revolving the region bounded by the

graphs of the equations y = xi y =0,x=2,x =15 about the y-axis.

27

Ans:

> 1 51 5 5
V=2nf x—dx =21 f —dx| =2nin|x||] =2nln=
5 X 5 X 2 2



3

8. (7%) Find the area of the surface generated by revolving the curve y = 916—8 on

the interval 3 < x < 6 abouty the x-axis.

Ans:

,  x? , (36+x4)
Y ==1+@¢) ==+

36 + x*
S=2m f /( x) \/36+x x3dx

Let u= 36+ x* du = 4x3dx
1332

T T 3 31332
S=—1 + 4y3dx = — =
54.[ 36 + x*x°dx 16 Vudu 324u|117

117

s
2— 2
= 555 (13322 1172)



