1. (20%) Find the following limit. (If the limit does not exist or has an infinite limit,
you should point it out)

@ (5%) lim (e* — 1) cotx
x—-0%

(b) (5%) lim (e* + x)
x—0t

. 1—x—2
(c) (5%) lim —=
\/_
d) (5%) hmf L+idr
Ans:
(a) hm L (e¥ — 1) cotx = 11I(I)l+ o—m )(L Hopital' s rule)= 11 im, secz(x) =1
1
(b) y = lim (e* + x)*
x—0t
, x 1 : x 1
Iny =1In xll)rgl+(e +x)x = xll,r(?+ In(e* + x)x
1 e*+1
llm —ln(e + x) (L' Hépital’ s rule) = 11%1 exil—x =
x—
=2
Since Iny = 2 Therefore, y = e?
-1
. ’ ’ 2yx—2 _ ~1
(© xllg} = (L Hopital” s rule) = xll,r}% T
f Vit+t4at 1+x% xi4+1

2 — (L'Hopital’s rule) = lim = lim

1
(d) l X—00 3x2 X—00 3 - 5



2. (15%) Solve the following problems

sin3(x)
3 2+cos(x)

(a) Evaluate f

<MFmdgg2L¢[2]

14-
n

© [°,VI—x?dx

Ans:
in3
(@) Note that let f(x) = M, we have f(—x) = —f(—x). Itis an odd function,
2+cos(x)
3 sin3(x) _

therefore, [~ 37500500 X = 0

(0) lim |2+ 5+ et = P dr = (1 + 20| = In()
n-oo +1 +2 +3 +o|n 0 1+x 0

(c) It is the region below a quarter of a circle center at zero with radius 3 , thus

f_°3v9 —x2dx = in32 = zn

3. (9%) Let f(x) =[] \/%d

(@) (3%) Show that f(x) has an inverse function

(b) (3%) What is the value of f~1(x) when x =0
(c) (3%) What is the value of (f~1)'(x) when x = 0
Ans:

(@) Note that f'(x) = ﬁ > 0 forall x - f is strictly increasing therefore is one

to one and has an inverse function.
(b) Because f(3) = 0, we know that f~1(0) = 3

© F') = s

Because f is differentiable and has an inverse function, we have

(=90 = =10

1
f'(3)



4. (10%) Compute the derivative.
(@) (5%) f(x) =53 +sin"1(e™) +logs x
x\/—

(b)(5%) f(x) =In(Inx?) + log,
Ans:

(@ f'(x) =3(n5)5% —

e™* 1
Vi-e=2%¥ ' In(3)x

(b) f(x) = In(Inx?) + log, x + %logz(x -1D-1

2x 1 1 1

f1e) :lenx2+m ;+2(x—1))

5. (30%) Evaluate the following integral.

(@) (5%) [] 7% + 2*dx

(5) (5%) [ sec(x) (an(x) - sec(x)dx
(©) (5%) [ Sy dx

(d) (5%) [ do

sin(8)cos(0) 9
1+sin*6

©) (5% [ —romie

1
B (5%) [ G
Ans:

(a)f 7F 4+ 2%dx = [ln7 an]] 0 1n7 In2

(b) fE sec(x)(tan(x) — sec(x))dx = fg sec(x) tan(x) — seci?(x)dx = sec(x) —

T

tan(x)|2 = 2 —ﬁ—%

6
) u=e*™* +e™, du=4(e*™ - e *™)dx

e4x + e—4x

fe4x_e4xd —fd”—ll €= 2In(e®™ — =) 4 C
X = 4u—4n|u| —4n(e e ™)



(d)Let u=3+1In0,du=-df

f@d@ = fsin(u)du = —cos(u) + C = —cos(3+1n6h) +C
(e) Let u =sin(8),du = cos(6)d6
f sin(8) cos(60) dg = J u

= d
1+ sin*8 1+ u* 4

Let v = u?,dv = 2udu

u 10 1 1 1,
f1+u4du=§f1+v2dv=ztan (v)+C=§tan (wus)+C

1
= Etan‘l(sin2 0)+C

1 1
(f) fmdx—fmdx.uzt u=x+2a=3

x+2
dx = sin?! +C

1
fm 3

6. (6%) Firstly, sketch the region bounded by the graphs of y = x2, y =+x,y =

1 1 .
= —, then find its area.

\/_E’X vz
Ans:
1 N 3 1 3 L N
= 1 2 = 1 - 3—vV2
A =fé[\/?—ledx+ff[«—z‘x2]dx=5x2—§x3|5+%—x?l?=7
> z
2




7. (12%) Find the volume of the solid formed by revolving the region bounded by
the graphs of y =+vx + 1, x =1 and the y = 1 about the following lines:
(a) About y — axis (by the disk/washer method)
(b) About x —axis (by the shell method)

Ans:

The intersection between y =+/x +1 and y = 1 is at (0,1) and the intersection
between y =+vx +1 and x =1 isat (1,2).

We also rewrite y =+vx +1 as x = (y — 1)?

@) V= [/[17 = (7 = D*?ldy = [[{ 1= (7 - D)*dy| = [y - 2] |2 =
4-?71'
(b) V=2 [ y[1 - (v — D?dy = 2n| [ 2y? — y3dy| = 2m |2y —-y]l

6

2
8. (6%) Find the arc length of the graph y = x: —Invx ontheinterval 1 <x <e.

Ans:

X 1
Y =r e 146 = G

s—j /(— —)de_j +—dx—— —ln|x||1 e’ t1

2

9. (7%) Find the area of the surface generated by revolving the curve y = x? +4

on the interval 0 < x < 2 about the y-axis.
Ans:
y =x1+@")?=1+x?
2
S=2T[f Xy 1+ x%dx
0
Let u=1+ x2,du = 2xdx

S_ZT[ij/l-dex_T[J\/_du_— =—(5\/_—1)



