1. Find the following limit. (If the limit does not exist or has an infinite limit, you
should point it out. In addition, also remember the definition of definite integral).
(20%)

. 1 1 1
(a) Al—glo V2n1-12 + V2n-2-22 Tt V2nn-n?
(b) Tim 2Ll ©O%

xX—a xX—a

In(sinx)

(©)

x—071 In(tanx)

i 34 5y
(d) lim(1+2+3)

© lim (55 - =)

Ans:
, 1 1 1 1 1
(@) Al_rgo Van-1-12 + Van-2-22 o V2nn-nz 7111_r>£lo \/g_(l)z + \/1_(3)2 o
n n n n
1 1. n 1 1
2 n., ;_rlll—{lgo =15 G, n_
=G Pl G
11 gy =t 1 dx = —sin—1(1 1_=n
b = =1, e dx =—sinm (A -0]y =7
¥ F(tadt *F(Dadt )
(b) lim xf“xf—(a) = lim M (L' Hopital' s rule and fundamental theorem
X—a - X—a

of calculus) = af(a)

Ccosx

. In(sinx) . i VTTA e 1t
(©) ,}L%L T r—— ,}L%L% (L' Hopital' s rule)
tanx

) tanx - cosx )
= lim —————= lim — = 1
x—-0t Sinx - sec<x x-0%t-sec4x

. 5.5
() y = lim (1 +2+2)*

Iny =In lim (1+%+xiz)x= lim ln(1+%+xiz)x= limxln(l +z+

X—00 X—00 X— 00
1 -3 10
5 . ln(1+%+i2) . 1+%+iz("2 x3) .
—2) = lim —%~ = lim —*————(L' Hopital' s rule)
X X—00 ; X—00 x—z



y 1 3 10) ;
1+=+= X

Therefore, y = e3
. 1 1 T 1-e 2X—2x
(e) }cl—r}(l) (Z - 1—e‘2x) - }cl—r}(l) (Zx(l—e‘zx))

= lim ( 2e ¥2 ) (L' Hopital' s rule)

x>0 \2(1—e~2X)+4xe 2%

— lim (&)

x—0 \1—e 2X42xe—2X

_9p—2X
= lim (Ze—) (L' Hopital' s rule)

x50 \4e 2X—4xe=2X
-1
2

2. Let f(x) =3+x+e* (9%)
(@) What is the value of f~!(x) when x = 4
(b) What is the value of (f~1)'(x) when x = 4
(c) What is the value of (f~1)"'(x) when x = 4
Ans:
(a) Note that f is strictly increasing and therefore has an inverse function (f' = 1 +
e* > 0)
Because f(x) =4 when x = 0, we know that f~1(4) =0
(b) f/(x) =1+e"
Because f is differentiable and has an inverse function, we have
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© f"'(x) =e*
Let g(x) = f1(x) > x=g(y) » 1 =g'(f(x)f'(x) (differentiate both side
with respect to x)

0= g"(f(x))(f'(x))2 + g'(f(x))f"(x) (differentiate both side with respect to

x again!)

Now substitute x =0,y = f(x) = 4, we get
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0=g"W(f'(®) +g' @f"(©0) =g"®)2* +5-1
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a. (Hunt: use the theorem in the interval (0, a)) (8%)
Ans:
When a = 0, the equality holds!

When a > 0, let f(x) =tan™1x - f'(x) =

1+x2

According to the mean value theorem, we know that there exist ¢ € (0,a) such that
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Note that since f'(x) =
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<f'(c) < =1 (f'(x) is strictly decreasing due to f"'(x) =
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4. Evaluate the following integral. (Hint: Try to use change of variables for all the
problems) (15%)
(@) [ x-10*"dx
(b) [ V1 + eZ*dx

( )fsm(x)cos(x)

1+sin#(x)

Ans:
@) [x-10dx = [x-e**"10gx Let u=x%In10 — du = 2xIn 10 dx

x - eXIn10gy — ! etdu = ! e“+C = ! 10°° +C
2In10 2In10 2In10

(b) Let u=vV1+e?*, u? =1+e* - 2udu = 2e**dx

2
f\/1+e2xdx—fu—du fuzu_ldu:f1+u2_1du
=u+lj ! — ! du=u+lln|u—1|—lln|u+1|+(]
2Ju—1 u+1
=u+llnM+C= 1+ezx+—ln L+e - ‘ +C
2 Ju+1] Vi+e?® +1

(c) Let u = sin?(x) — du = 2sin(x)cos(x)dx

sin(x)cos(x) 1 du 1
]

_ 1
1T sin* () X =3 = —tan 1u+C=Etan Ysin?(x) + C

1+u2 2



5. Find the equation of the tangent line tan™1(xy) = sin"*(x + y) at (0,0). (8%)
Ans:

1 1

— sty = 1
1+ (xy)? J1=(x+y)?
At (0,0), wehave 0 =14+y -y =-1

The tangent line is y = —x

6. Evaluate the following integral. (16%)
@) J
(b) [ In(x? + 1) dx

(c) J; tan*@sec?6df

1
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Ans:
(@) Let u=Inx,dv =d—f—> du =ldx,v =1
X X X

Inx -1 1 -1 1
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x2 X x2 x x
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(b) Let u = In(x +1),dv—dx—>du—x2+1dx,v—x
jln(x2+1)dx—xln(x2+1)—fx- 2x dx
- x%+1
) 2
=xln(x“+1) — 2—x2+1dx

=xIn(x?+1)—2x+2tan"'x +C
1
2 2 -1 1 T[
fln(x + 1) dx =xIn(x“+1) —2x + 2tan x]021n2—2+§
0

(c) Let u = tanf — du = sec?6d0
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f tan30sec?6do =f
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(d) Let x = 2tan 8 — dx = 2sec?0d6



J‘ 1 4 _f 2sec’0df 1j‘ sect 46 = 1j‘ Dcotd do
x2Vx2 + 4 *= | %tan?0 - 2seco ~ 4 ) tanze ™ " 1)

-1 04cC= x*+4
=g csc = yp
_ —8x2-7x+3
7. Let f(x) = (x+1)(x+2)(x2+1) (%)
(@) Solve [ f(x)dx
(b) Solve [° f(x)dx
Ans:
@) —8x%2-7x+3 A | B | Cx+D

(x+1)(x+2)(x2+1) - x+1  x+2  x2+1

We have —8x2 —7x +3 =A(x +2)(x> + 1) + B(x + 1)(x* + 1) + (Cx +
D)x+1)(x+2)

When x = -1, weget A=1

When x = -2, weget B =3

Substitute A and B back we get —8x%2 —7x+3 = (x +2)(x?2 + 1) +
3(x+D*+ 1D+ (Cx+D)x+1DE+2)=@A+0Ox3+(5+3C+D)x? +
(4+2C+3D)x+(5+2D)

So, C=—4,D=-1

] J _J 1 N 3 +—4x—1d
fydx = x+1 x+2 x2+1 x
_j 1 N 3 4x 1 p
S x+1 x+2 x24+1 x2+1x
=In|x+1|+3In|x+2|—2In|x?+ 1| —tan"1x + C
o ) b : (x+1)(x+2)3 _ b
(b) fo f(x)dngl_r)gofo f(x)dngl_{goln N — tan 1x]0 =
3
limlnw—tan‘lb—ln8=O—E—1n8:_2_1n8
b—ooo (b2+1)2 2 2
(b+1)(b+2)3

(Note that gim =1)

—00 (b2+1)2

8. Determine whether the following integral diverges or converges. (9%)
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- 1+xi4
© J;

dx
9 1
@ J; 3\/:7 x = lim f \/_dx+ lim, f usdu(u—x—1-du=dx) =
blg{1+ 2u3] b_1 bllm (6—= (b —1)s ) = 6. Thereofre it is converge.
(b)
° (P b_1

f e *dx = lim xdx—hm —e | =—

1 b—oo 1 b—oo 1 e
Since o < eix= e ™™ on [1,00) and flooe"x dx converge, then by the

dx

comparison test so does f T

(c) Since | foidx is divergent

1 1
14— /1+—
x 1 . oo x4
And ——
x x

>~ on [1,00) then by the comparison test fl

dx 1is divergent

9. Find the volume of the solid generated by revolving the region bounded by the
graphs of y < xe ™,y > 0 and x = 0 about the x-axis. (6%)
Ans:

[¢e] [ee] . T[e—Zx X b
V= th (xe™)%dx = T[f x%e™%* dx = lim — 2 (2x*+2x+ 1) 0=
0 0

b—oo



