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Chapter 8

INTEGRATION TECHNIQUES AND IMPROPER INTEGRALS

8.1 Summary

Section 8.1 Basic integration rules ............................

1. Review of basic integration rules (a > 0)




8.1. SUMMARY
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CJkf(u)du=Fk [ f(u)du
Jdu=u+C

d
[l =Inul+C

. Ja%du = (L)a“—k(]

Ina

. fcosudu =sinu + C

2. [1f( w)|du = [ f(u)

4. fu”du—nﬁllJrC n;é—l
6. [e"du=e"+C

8. [sinudu=—cosu+C

10. [tanudu = —In|cosu| + C

11. [cotudu =In|sinu| + C 12. [secudu = In [sec u + tan u
13. [cscudu = —1In|escu + cotu| + C 14. fsecQudu:tanu+C
15. [cesc?udu = —cotu + C 16. [ secutanudu =secu + C
17. fcscucotudu:—cscu+0 18. f d“ - = arcsin % + C

1 | |
1119 -4 2+u2— arctan%+0 20. fu\/T —arcsec -+ + C

2. Procedures for fitting integrands to basic integration
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Technique

Example

Expand (numerator).

(14 e%)? =14 2% + e**

I+ 1 T
Separate numerator. :1:2+11 = 20 x12+1
Complete the square. =
P d V2r—z2  \/1—(z—1)?
2
Coey : : 2 41
Divide improper rational function. x2+21 = o] o
: _ z LT+si— 112
Add and subtract terms in numera Ny Ny
tor 20+2
' r22x+1  (x+1)2
Use trigonometric identities. cot?x = csc?x — 1
: .. 1
Multiply and divide by Pythagorean 17— =
: 1 l—snz) _ 1—sinx
conjugate (1—|—Sin:1: (1—sinx)  1—ginl
_ 1—312na: _ 8602 r — sm2:1:
COS= COS= T
Section 8.2 Integration by parts .............................. 12
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3. Integration by parts (% 3f4%") If u and v are functions of x

and have continuous derivatives, then

/udv:uv—/fudu.

4. Guidelines for integration by parts

(a) Try letting dv be the most complicated portion of the integration rule.

Then u will be remaining factor(s) of the integrand.

(b) Trying letting u be the portion of the integrated whose derivative is a
function simpler than . Then dv will be the remaining factor(s) of

the integrand.

Note that dv always includes the dx of the original integrand........ 15
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5. A perspective: On integrating an inverse function  Let the func-

tion be strictly increasing and differentiable; the case of f strictly decreas-
ing is similar. The area of the region marked P is the area under the
curve © = f1(y) from y = a to y = b. That is, we compute the area
by interchanging the roles of z and vy in the usual computation of area

under a curve. Thus

b
area of P = / f_l(y) dy.
a

The area of () is computed in the usual way:

=)
area of () = / f(x)dz.
f~Ha)
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Finally, the region marked R is a rectangle, so
area of R = base X height = f~!(a) x a = af " }(a).

Now, the region P+ Q + R is a larger rectangle with base f~1(b) and
height b. Thus,

b
area of P = / F ) dy =bf740) — af Y(a) - /fl( ) f(x)d.

6. Summary of common integrals using integration by parts

(a) For integrals of the form

/ e du, / r" sinaxdr, or / z" cos ax dx
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let uw = 2" and let dv = e dx, sin axz dz, cos ax dz.

(b) For integrals of the form
/ " Inx dz, / x" arcsinax dz, or / z" arctan ax dz

let w = Inx, arcsin az, or arctan x and let dv = " dzx.

(c) For integrals of the form

/ e sinbr dr, or / e cos br dx

let w = sin bx or cos bx and let dv = e%* d.

Section 8.3 Trigonometric integrals .......................... 33

7. To break up [ sin™ z cos™ z dx into forms to which you can apply the
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Power Rule, use the following identities.

9 1 — cos2x 9 1 + cos2x

3 r=1 sm°x= Ccos” x =

2

sin” x -+ cos

8. Guidelines for evaluating integrals involving powers of sine and cos

(a) If the power of the sine is odd and positive, save one sine factor and
convert the remaining factors to cosines. Then, expand and integrate.

Odd Convert to cosines

O Save for du
/_/\ Ve N\ ™

/ sin?F T 1 g cos o da = / (sin®z)"  cos"x sinzdw

= /(1 — cog? x)kcosnxsina:dx
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(b) If the power of the cosine is odd and positive, save one cosine fac-
tor and convert the remaining factors to sines. Then, expand and
Integrate.

Odd Convert to cosines
N - Saveior du

/ sin™ z cos2P T 1y de = / sin™z (cos*z)¥ coszdz

— /sinm:c(l — sin®2)¥ cos z dw

(c) If the power of both the sine and cosine are even and nonnegative,
make repeated use of the identities

9 1 — cos 2z 9 1 + cos2x

SIn” xr = and cos®x =
2 2

to convert the integrand to odd powers of the cosine. Then proceed

as in guideline 2.
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................................................................. 37
9. Wallis’s Formulas (Z#|#725) If nis odd (n > 3), then
/2 _
o= (G G) G) - (5)
0 3 D I n
If n is even (n > 2), then
/2 1\ 3\ /5 n—1\ /7
n
de= (=) (2)(2)... (_) |
o= () (6) () (50) G
These formulas are also valid if cos™ x is replaced by sin" x.......... 42

10. Guidelines for evaluating integrals involving powers of secant and

(a) If the power of the secant is even and positive, save a secant-squared

factor and convert the remaining factors to tangents. Then, expand
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and integrate.

even Convert to tangents Save for du
/\ A

ok . 1 0
/ sec “V xtan" rdx = / (sec’ )" 1 tan" z sec® z dw

— /(1 1 tan? :C)k_ltannxSGCQ:Cdx

(b) If the power of the tangent is odd and positive, save a secant-tangent
factor and convert the remaining factors to secants. Then, expand
and integrate.

Odd Convert to secants
N phukiiing Saveior du

/ sec™ g tanf 1 3 dy = / sec™ Lz (tan®2)¥  secxtanzdr

= /Secm_1 z(sec® z — 1)¥ sec  tan z da
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(c) If there are no scat factors and the power of the tangent is even and
positive, convert a tangent-squared factor to a secant-squared factor,
then expand and repeat if necessary.

Convert to secants

—
/tan” rdr = /tann_2 r  (tan’z)  da

= /tann_2 r(sec’ z — 1) da

(d) If the integral is of the form [ sec™ x dx, where m is odd and positive,
use integration by parts, as illustrated in Example 5 in the preceding

section.

(e) If none of the first four guidelines applies, try converting to sines and

cosines.
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................................................................. 47
11. Product-to-Sum ldentities
sinmx sinnx = %(cos[(m —n)x| — cos[(m + n)x])
sin mx cos nx = %(sin[(m —n)x| + sin[(m + n)x|)
COS I COS NE = %(cos[(m — n)x| + cos|(m + n)x|)
................................................................. 52
Section 8.4 Trigonometric substitution....................... 53

12. Trigonometric Substitution (= A X3#) (a > 0)

(a) For integrals involving va? — u?2, let u = asind. Then Va2 — u? =
acosf, where —/2 < 0 < 7/2.
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(b) For integrals involving Va2 + u2, let u = atan®. Then Va2 + u? =
asecl, where —m/2 < 60 < 7w/2.

(c) For integrals involving vVu? — a2, let u = asec 6.
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Then Va2 — a2 — a tan if u > a, where 0 < 0 < /2
—atanf, if u < —a, where 1/2 < 0 < .
0 =

13. Special integration formulas (3% 4445 2A\) (a > 0)
(a) [Va? —u?du = %(a arcsin 2 + uva? — u ) +C
b) [Vu? — a?du = % (u\/u2 — a2 —a’In ‘u+ Vu? — aQDJrC, U >

a

c)f\/u2+a2du:%(U\/u2+a2+a21n‘u+\/u2+a2’) + C
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Section 8.5 Partial fractions.................. .. . .. . .. . . . ..., 71

14. Decomposition of N(x)/D(x) into partial fractions (& N(x)/D(x) %

(a) Divide if improper: If N(x)/D(z) is an improper fraction (that is,
if the degree of the numerator is greater than or equal to the degree
of the denominator), divide the denominator into the numerator to

obtain
N(z) N (z)

D(x) D(x)
where the degree of Ni(z) is less than the degree of D(x). Then

= (a polynomial) +

apply Steps 2, 3, and 4 to the proper rational expression Ni(x)/D(x).

(b) Factor denominator: Completely factor the denominator into fac-
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tors of the form
(pr+¢)™ and (az’+ bz + )"
where ax? + bz + ¢ is irreducible.

(c) Linear factors: For each factor of the form (px + ¢)", the partial

fraction decomposition must include the following sum of m fractions.

Al 4 A2 4 4 Am
(px+q)  (pz+q)? (px + q)™

(d) Quadratic factors: For each factor of the form (az” + bz + ¢)",
the partial fraction decomposition must include the following sum of
n fractions.
Bix + (]} Box + (9 Bnx + Cy,
ax2+ba:+c+ (ax2+bx+c)2+”.+ (az? + bx + c)"
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15. Guidelines for solving the basic equation

Linear Factors

(a) Substitute the roots of the distinct linear factors in the basic equation.

(b) For repeated linear factors, use the coefficients determined in guideline
1 to rewrite the basic equation. Then substitute other convenient

values of x and solve for the remaining coefficients.
Quadratic Factors

(a) Expand the basic equation.
(b) Collect terms according to powers of .

(c) Equate the coefficients of like powers to obtain a system of linear

equations involving A, B, C, and so on.
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(d) Solve the system of linear equations.

................................................................. 91
Section 8.6 Numerical integration............................ 92
16. The Trapezoidal Rule Let f be continuous on [a,b]. The

Trapezoidal Rule (#: % B) for approximating f;f(a:) dx is given

/ fla b — ¢ — [f(wo) + 2f (w1) + 2f (w2) + -+ + 2f (wn—1) + f (wn)]

Moreover, as n — oo, the right hand side approaches fff(a:) dz....98
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17. Midpoint Rule (¥ %% 2)

18. Integral of p(z) = Az’ + Bz + C If p(x) = Az’ + Bx+C, then

/ ' p(a) o = (5] [+ (“57) + )]

19. Simpson’s Rule Let f be continuous on |a,b| and let n be an

even integer. The Simpson’s Rule (-4 4% 2l) for approximating
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b f(x)dx is

/f
b—a
3N

Moreover, as n — o0, the right-hand side approaches fff(x) dzx...107

f(zo) +4f(x1) +2f (o) +4f(w3) + - +4f(xp—1) + flan)].

20. Errors in the Trapezoidal Rule and Simpson’s Rule It f

has a continuous second derivative on |a, b], then the error E in approx-

imating fff(a:) dx by the Trapezoidal Rule is

(b—a)’

Bl <
Bl < 12n2

max|f(z)]], a<z <0
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22

error in Trapezoidal Rule (#: %% Bl#)3% %)

Moreover, if f has a continuous fourth derivative on |a, b], then the error
FE' is approximating fal?f(x) dz by Simpson's Rule is

)0
E| < <ﬁ80a‘z [max|f<4)(a:)q , a<z<hbh.
n

error in Simpson’s Rule (FF-%#& % Bl#3% £)
109

Section 8.7 Integration by tables and other integration tech-
niques

21. Substitution for rational functions of sine and cosine (iE 7% Fo£R 5% 69

For integrals involving rational functions of sine and cosine, the substi-
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tution .
sin @ x
U = = tan —
l +cosx
yields
1 — u? , 2U 2du
COS T = 5, SIX = 55 and dx = 5.
1 4+ u +u +u
................................................................ 125
Section 8.8 Improper integrals............................... 128

22. Improper integrals with infinite integration limits

(a) If f is continuous on the interval |a, co], then

/aoof(x) x_blggo/ f
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(b) If f is continuous on the interval [—o0, ], then
b
/ f(x)dz = lim / flx
0 a——00
(c) If f is continuous on the interval | |, then

/ £l d:z;—/ £l dx+/ fla

where c is any real number.

In the first two cases, the improper integral (3842%") converges if

the limit exists-otherwise, the improper integral diverges. In the third
case, the improper integral on the left diverges if either of the improper

integral on the right diverges. ....... . ... ... ... ... ..., 130

23. Improper integrals with infinite discontinuities
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(a) If f is continuous on the interval |a, b) and has an infinite discontinuity

at b, then ;
/f( )dx = lim / flx
c—b—

(b) If f is continuous on the interval (a, b] and has an infinite discontinuity

[ srae= g [ st

(c) If f is continuous on the interval [a, b], except for some ¢ in (a,b) at

at a, then

which f has an infinite discontinuity, then

/abf(x)dx:/acf(x)der/cbf(x)dx

In the first two cases, the improper integral converges if the limit exists-

otherwise, the improper integral diverges. In the third case, the im-
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proper integral on the left diverges if either of the improper integral on

the right diverges. ........ ... .. . . .. 142

24. A special type of improper integral (45 B B4 S)

/Ood:z: L ifp>1
1

diverges, if p <1
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INDEX
+ 25 7% A Midpoint Rule, 20 35w 93414 finding by integra-
43\, 2R fractions, partial tion by parts,
2 #2 N(x)/D(z) decomposition of 7 #2 3\ equation(s)
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-#R4a 4 integration by parts, f£69% 3] guidelines for solving, [18
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@ 7] guidelines for, = A& FAa 4 trigonometric integrals,

R & # antiderivative g
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iE 5% Fe gk 52 69 A 32 R B sub- partial fractions, [16

stitution for rational functions of 3-Z# /% 2| Simpson’s Rule, |20

sine and cosine, [22 2% %= error in, 21
I HL convergence T a4~ definite integral(s)

s ge 38 4 69 B AR 4 of improper AL approximating
integral with infinite discontinu-  F 2574 B midpoint Rule, 20

ities, 24 *-L- 7% A] Simpson's Rule, [20
a5 IR integration limits, 23 ¥ % B Trapezoidal Rule, [19

HE3R 55 N 89 LK 77 #2 basic equa- % 2] Rule
tion obtained in a partial fraction &% Simpson's, [20

#8694 3] guidelines for solving, 18 47 Trapezoidal, [19
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composition of N(x)/D(x) into proper integral, [26
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mulas, [15 %% N(x)/D(x) decomposition of
Ao 3@ AR 4 0 R Ak B fitting inte- N(x)/D(x) into, (16

grand, to basic rules, 24 divergence
Fe 38 A o2 )5 A K 5 BE procedures  # %3 693 A4~ of improper integral

for fitting integrands to basic rules,  with infinite

Fi# 4 discontinuities, [24
A ARFE5-% B basic integration rules,  #&4*I& integration limits, [23

il A 87X, Wallis's Formulas, [10

@ Ax 4 #2 )5 procedures for fit- #& % 72 4% infinite discontinuities

ting integrands to, [2 3B AR5 improper integrals with, 24

#6 7 % B Trapezoidal Rule, [19 ) #% convergence of, 24

3 % error in, 21 ## divergence of, 24
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& % i A 9~ TR infinite integration 3% £ error
limits, [23 F-E %% B in Simpson's Rule, 21

JBAR S improper integrals with, 23 #/% B in Trapezoidal Rule, 21

B #% convergence of, 23 FAEAR S numerical integration

## divergence of, 23 F-2 %% B Simpson’s Rule, 20
AR S~ improper integral, [24 1% i% B Trapezoidal Rule, |19

B #X convergence of, 23| 24 88 review

H 2R A8 special type, [26 K RA7 5% B of basic integration

## divergence of, 23, 24 rules,

# %% 138 4% with infinite disconti- & 31 guidelines

nuities, [24 43R Aa 4~ for integration by parts,
S 33 09 IRAE -’ with infinite in- 4

tegration limits, 23 & W E R Fefr iz HE AR 5 F for
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evaluating integrals involving sine
and cosine,

% 2 B FeE by BAR - FH
evaluating integrals involving se-

10

fRE A 77 23, for solving the basic
13

for

cant and tangent,

equation,

245 integral(s)
p(x) = Az® + Bx + C # R X, of
p(x) = Ax? + Bz + C, 20
= AE B ~ EdrtE A 4 involv-
ing secant and tangent, guidelines

10

for evaluating,

= A trigonometric,

sE 5% ~ #8523 5 77 1 involving sine
and cosine, guidelines for evaluat-
ing,

3% improper,

23

A7 4~ integration
H Kk B basic rules of,
A& 49-/~-3\ integration formulas

7k 89 special, [15

A7 54579 integration techniques

53 Fa 4 integration by parts,
= A X 32 trigonometric substitu-
13

tion,
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convergence J#X
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parts, 0
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