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Chapter 5

LOGARITHMIC, EXPONENTIAL, AND OTHER TRANSCENDENTAL
FUNCTIONS

5.1 Summary

Section 5.1 The natural logarithmic function: differentiation3

1. The natural logarithmic function
The natural logarithmic function ( B A #:% #) is defined by

1
lnx—/ —dt, x> 0.
1 T
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The domain of the natural logarithmic function is the set of all positive

real NUMDELS. . . . . 6

2. Properties of the natural logarithmic function The natural

logarithmic function has the following properties.
(a) The domain is (0, o) and the range is (—o0, 00).
(b) The function is continuous, increasing, and one-to-one.

(c) The graph is concave downward.

3. Logarithmic properties (Jt#EH)  If a and b are positive numbers

and n is rational, then the following properties are true.
(a) In(1) =0
(b) In(ab) =Ina +1Inb



CHAPTER 5. LOGARITHMIC, EXPONENTIAL, TRANSCENDENTAL 3
n
(c) In(a") =nlna

(d)In (%) =lna—1nbd

................................................................. 13
4. e (B AHEHNEEK) The letter e denotes the positive real number
such that
“1
Ine = / —dt =
1t
................................................................. 20
5. Euler’s Formula (332 3\)
e’ = cosx +isinz
................................................................. 23

6. Euler’s Identity (145123 3\): The most beautiful theorem in math-
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ematics.
e+ 1=0
................................................................. 23
7. Derivative of the natural logarithmic function Let u be a
differentiable function of .
d 1 d 1d !
1@[1H$]:E,$>O 2%[1HU}26£:%,U>0 .......... 24
8. Derivative involving absolute value If u is a differentiable
function of x such that u # 0, then
d In [l u
— In ju| = —.
dax U
................................................................. 28

Section 5.2 The natural logarithmic function: integration .. 30
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9. Log Rule for integration (fa4 83 # 7k Al)  Let u be a differen-
tiable function of «.

1. [fde=njz|+C 2. [Ldu=Inju|+C.................. 31

10. Guidelines for integration

(a) Learn a basic list of integration formulas. (Including those given in
this section, you now have 12 formulas: the Power Rule, the Log Rule,
and ten trigonometric rules. By the end of Section 77, this list will

have expanded to 20 basic rules.)

(b) Find an integration formula that resembles all or part of the integrand,
and, by trial and error, find a choice of u that will make the integrand

conform to the formula.

(c) If you cannot find a wu-substitution that works, try altering the in-
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tegrand. You might try a trigonometric identity, multiplication and
division by the same quantity, addition and subtraction of the same

quantity, or long division. Be creative.

(d) If you have access to computer software that will find antiderivatives

symbolically, use it.

b 5.1: INtegrals of the six basic trigonometric functions

[sinudu = —cosu+ C [ cosudu =sinu+ C
[tanudu = —1In|cosu| + C [ cotudu =In|sinu| + C
[ secudu =In|secu+tanu| + C [ cscudu = —In|cscu + cotu| + C

L 40
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Section 5.3 Inverse functions ............... ... .. .. . . . . 43

12. Inverse function A function g is the inverse function (K & #)

of the function f if f(g(x)) = x for each x in the domain of g and
g(f(x)) = x for each x in the domain of f. The function g is denoted
by 1 (read " finverse” ). .. ... 46

13. Some important observations about inverse functions

(a) If g is the inverse function of f, then f is the inverse function of g.

(b) The domain of f~!is equal to the range of f, and the range of f~!

is equal to the domain of f.

(c) A function need not have an inverse function, but if it does, the inverse

function is unique.
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14. Reflective property of inverse functions The graph of f

contains the point (a,b) if and only if the graph of f~1 contains the
POINE (B, (). oo 50

15. The existence of an inverse function

(a) A function has an inverse function if and only if it is one-to-one
(=#-).
(b) If f is strictly monotonic (4% ¥ 3%) on its entire domain, then it

is one-to-one and therefore has an inverse function.

16. Guidelines for finding an inverse function

(a) Use Theorem 5.7 to determine whether the function given by y = f(x)

has an inverse function.
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(b) Solve for z as a function of y : & = g(y) = f~1(y).

(c) Interchange z and y. The resulting equation is y = f~(x).
(d) Define the domain of f~! as the range of f.
(e)

e) Verify that f(f~Yx)) =z and f~1(f(z)) = =.

17. Continuity and differentiability of inverse functions Let f

be a function whose domain is an interval 1. If f has an inverse function,
then the following statements are true.
(a) If £ is continuous on its domain, then f~!is continuous on its domain.
(b) If f is increasing on its domain, then f~Lis increasing on its domain.

(c) If £ is decreasing on its domain, then f~!is decreasing on its domain.
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(d) If f is differentiable on an interval containing ¢ and f’(c) # 0, then
f~Lis differentiable at f(c).

18. The derivative of an inverse function Let f be a function

that is differentiable on an interval I. If f has an inverse function g,

then g is differentiable at any z for which f’(g(z)) # 0. Moreover,

f'(g(x)) #0.

19. The natural exponential function The inverse function of the
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natural logarithmic function f(x) = Inx is called the

natural exponential function (8 A35# %) and is denoted by

ROE

That is,

X

y=-¢ ifandonlyif z=Iny.

20. Operations with exponential functions Let @ and b be any

real numbers.
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21. Properties of the natural exponential function

(a) The domain of f(x) = e" is (—o0, 0), and the range is (0, 00).
(b) The function f(x) = e* is continuous, increasing, and one-to-one on
its entire domain.

(c) The graph of f(x) = e’ is concave upward on its entire domain.

22. Derivatives of the natural exponential function Let u be a

differentiable function of x.
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23. Integration rules for exponential functions Let u be a dif-

ferentiable function of z.

1. [ePde=e"+C 2. [e'du=e"+C.............ooi.. 04
Section 5.5 Bases other than ¢ and applications............. 96

24. Exponential function to base a If a is a positive real number

(a # 1) and x is any real number, then the exponential function to the

base a is denoted by a® and is defined by

aL — 6(ln a)x
If a =1, then y = 1* =1 is a constant function.................... 08
25. Logarithmic function to base a If a is a positive real number

(a # 1) and x is any positive real number, then the logarithmic function
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to the base a is denoted by log, x and is defined as

log, x = 1 Inz.
Ina
................................................................ 101
26. Properties of inverse functions
(a) y = a” if and only if x =log, .
(b) al%%® =z, for z > 0.
(c) log, a® = z, for all .
................................................................ 103
27. Derivatives for bases other than e Let a be a positive real

number (a # 1) and let u be a differentiable function of x.
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1. %[ ] = (In a)af 2. %[a@q = (In a)ciu g%
3. dx logg 7] = (Ina)x 4. dx log, u| = (Ina)u dg
105
28. The Power Rule for real exponents Let n be any real number

and let u be a differentiable function of x.
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30. Summary of compound interest formulas (##|/A )

Let P = amount of deposit, ¢ = number of years, A = balance after
t years, r = annual interest rate (decimal form), and n = number of
compoundings per year.
(a) Compounded n times per year: A = P (1+ %)nt

(b) Compounded continuously (i£ 4 # #): A = Pe'®

Section 5.6 Indeterminate forms and L'Hopital’s Rule . .. .. 120

31. The Extended Mean Value Theorem (/)&% %3544 € 32) If fand

g are differentiable on an open interval (a, b) and continuous on |a, b such

that ¢/(z) # 0 for any x in (a,b), then there exists a point c in (a,b)



CHAPTER 5. LOGARITHMIC, EXPONENTIAL, TRANSCENDENTAL 17

such that /
Fle) 1) - fla)
g'(c)  g(b) = gla)
................................................................ 127
32. L’Hopital’s Rule (# i 2) Let f and ¢ be functions that

are differentiable on an open interval (a, b) containing ¢, except possibly
at c itself. Assume that ¢'(z) # 0 for all z in (a,b), except possibly
at c itself. If the limit of f(x)/g(x) as x approaches ¢ produces the

indeterminate form 0/0, then

f(z)

lim —= = lim fl(m)
e gla)  ae gl(a)

provided the limit on the right exists (or is infinite). This result also

applies if the limit of f(x)/g(x) as x approaches ¢ produces anyone of
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the indeterminate forms 0o /o0, (—00) /00, 00/(—00) or (—o0)/(—00).

129

Section 5.7 Inverse trigonometric functions: differentiation140

33. Inverse trigonometric functions (K = A & ¥)

Function Domain Range
y=arcsinz iffsmy =2 —-1<2r<1 —5<y<5
y =arccosx iffcosy =2 —1<x<1 0<y<n~w
y = arctanz iff tany =2 —oo <r <00 —5 <y <3 . 142
y=arccotx iffcoty=0r —co<r<oo 0<y<m
y = arcsecx iff secy =x |z| > 1 0<y<my#5
y = arcescx iff cscy =z |x| > 1 —I<y<ZL y#0
34. Properties of inverse trigonometric functions If -1 <z <
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land —7/2 <y < 7/2, then

sin(arcsinx) =« and arcsin(siny) = y.
If —co <z <ooand —7/2 <y < 7/2, then
tan(arctanxz) = x and arctan(tany) = y.
If |lz| > 1and 0 <y <w/20r /2 <y <, then
sec(arcsecx) = x and  arcsec(secy) = y.

Similar properties hold for the other inverse trigonometric functions. 146

35. Derivatives of inverse trigonometric functions Let u
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be a differentiable function of .

nesina = 5 L fareeona) = o2
— [arcsin u] = — [arccosu] =
dz 1 — u? da 1 — u?
d farctan u/ d | bl —u/
— [arctan u] = — [arccot u] =
dx 1+ u? dz + u?
d | | u/ d | | —u/
— [arcsecu| = — [arcescu| =
& uVaE -1 dr Vi1
................................................................ 150
36. Elementary function An elementary function (A AR ¥K)

is a function from the following list or one that can be formed as the

sum, product, quotient, or composition of functions in the list.
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Algebraic Functions Transcendental Functions
Polynomial functions Logarithmic functions
Rational functions Exponential functions ~ ....... 160

Functions involving radicals Trigonometric functions

Inverse trigonometric functions

37. Basic differentiation rules for elementary functions
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1. % cu] = cu’ 2.% utv] =u £
d ' d
4. dr [%} — UUUQUU 5. dr [C] = ()
rAE=1 8l
), w0
10. % e = e 11./ % log,, u]
U
(Ina)u

13. %[sinu] = 14 %[cosu]

(cosu)u/ —(sinu)u/

16. % cotu| = 17. %[secu]

—(csc? u )/ (sec u tan u)u’

19. Llaresinu] = 20. - [arccosu
y dx[ ] __u/dx[ ]
1—u? 1—u?

22./ %[arccot u] = 23. /%[arosec U]

d
3. 17

—(csc u cot u)u/

21. d

7 larctan u|

u/
1412
d
24, T larcesc u)

p— |

[uv] = wo'+ou
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160

Section 5.8 Inverse trigonometric functions: integration...160

38. Identities involving inverse trigonometric functions

. 1
arcsin & + arccos r = §7T, x| <1
1
arctan x + arccot x = §7T, r| € R
1
arcsec r + arccsc r = §7T, x| > 1
................................................................ 163
39. Integrals involving inverse trigonometric functions Let u

be a differentiable function of z, and let a > 0.

d : d 1
1. f\/ﬁ:ax‘csm%JrC 2. fﬁ:aamtan%jLC 3.
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l \_| O
f - \/ui arcsec = 4 C

40. Basic integration rules (a > 0)
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1 [kf(uw)du=k [ f(u)du

3. [du=u+C

b. f%u:ln|u\+0
7. fa“du: (ﬁ) a + C

9. fcosudu:sinu+0
11. [cotudu =In|sinu|+ C
13. fcscudu —

cotu| + C
15. fCSCQUdu = —cotu+ C

2. JIf(u) £ g(U)]du =

ff duifg
nl
4. f“nd“_nL*C n #

—1
6. [edu=e"+C
8. fsinudu: —cosu + C

10. [tanudu = —In|cosu| +

C

12, [secudu = In|secu + -169
tanu| + C

—In|escu + 14. [sec?udu = tanu + C

16. fsecutanudu =secu+C

17. fcscucotudu:—cscu+ 18. f\/i—arcsm +C

Y
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Section 5.9 Hyperbolic functions ............................ 172
41. The hyperbolic functions (% ¢ % ¥)

et —e ¥ 1

sinh x = cschx = — , x#0
) sinh x
i — 1
cosh:z::6 Te sech x =
| h2 coslhx
tanh z = ——— cothx = , x#0
cosh x tanh

42. Hyperbolic identities (% ¢ Z #1125 X))

cosh? z — sinh?x = 1 sinh(z + y) = sinh x cosh yy + cosh x sinh y
tanh® z + sech’x = 1 sinh(z — y) = sinh x cosh y — cosh z sinh y
coth® z — csch? z = 1 cosh(z 4+ y) = cosh z cosh y + sinh x sinh y
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cosh(x — y) = cosh x cosh y — sinh z sinh y

—1 h2 1 h2
sinh? z = T COSh AT cosh? z = i C;S -
sinh 2z = 2sinh x cosh z cosh 2z = cosh? x + sinh? z
................................................................ 180
43. Derivatives and integrals of hyperbolic functions Let u be

a differentiable function of x.

d

d_ [sinh u] — (Cosh u)u/ / coshudu = sinhu + C
T

d

d_ cosh u] — (sinh u)u/ / sinhudu = coshu + C
T

d
dx

tanh u] = (sech? w)u/ / sech? u du = tanhu + C
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d

d_ [coth u] — —(Csch2 u)u/ / csch2 udu = —cothu +C

X
d _

. sech u] = —(sech v tanh u)u/ / sech u tanh v du = —sechu + C
X
d _

. csch u] = —(cschu coth u)u/ / csch wcothuwdu = —cschu + C
X

44. Inverse hyperbolic functions (&% # & )
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Function Domain
sinh 1z = Ine + (00, 50)

Va?+1)

cosh 'z = In(z + 1, 00)

" ) 190
tanh_l — %1 1—|—CC (_1’ 1) ............
coth™ ! = %1 H% (=00, —=1) U (1, 00)
sech™1 — (0, 1]

In 1+\/m
xr
csch™1x — (—o0,0) U (0, 00)
1, Vita?
i (5+ )

45. Differentiation and integration involving inverse hyperbolic functio:
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Let u be a differentiable function of x.

d u/ d u/
. sinh ™) = = . cosh ™) = =
d u/ d u/
da [tanh u] = 1 — u? da [COth u] = 1 — u?
Cpeen o= 2 L=
sec = CSC
dz uv'1 — u? dz u| V1 + u?

/\/uzia u+\/u2:I:a,) C

:—1 C
/ULQ—u2 2ana—u+
/ du 1. a++Va?+u?

a—+ u

= ——1In +C
uva? + u? a |u]
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INDEX

absolute value ¥4
derivative involving & #,
algebraic function(s) R# &R,

arccosecant function KR Z:FR ¥

20

18

arccosine function K ER5Z R I,

18

arccotangent function R #k 47 % #,

18
arcsecant function & .E 2% 3K,

18

arcsine function R E5Z & 2L, |18

arctangent function ROEd7:& 3K,

18

base(s) J&

of a natural logarithm & & #t#,

other than e f& e VASh
derivatives for & #&, (14
exponential function 1880/ 2L,
logarithmic function #F#% 3K,
basic differentiation rules for elem

tary A ARG y-k A

13
13

en-




INDEX 3
functions &, 22 integral of %4, 6

inverse of j_, |18

derivative of &, (19

compound interest formulas 72 F| /-

%, 16 by 4 8
. s e oq COtangent function #8378 8
Compounded continuously i 45 78 #], &
6 integral of #24~, )

inverse of &, |18
derivative of &% (19

continuity i 43

and differentiability of inverse func-

tions K& 85, 0 derivative(s) & #
cosecant function & 2| 2k involving absolute value £ #114,
integral of %%, 6 of a logarithmic function, base a #f
inverse of &, [18 HME o KA a, 14
derivative of & % [19 of an exponential function, base a 1§

cosine function #87% % ¥k e R B a, (14
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of an inverse function & k3K,

of hyperbolic functions % w & ¥,

2/(

10

basic £ A, 22

power &

for real exponents & %, 15

of inverse trigonometric functions j_differentiation 42~

= AR,

of the natural exponential function g
ARIETOH I,

of the natural logarithmic function g

19

12

AHBHEK,

differentiability =T f&% %

SOE S QOB QM)

differentiation rules & %-7% 2]

basic rules for elementary functions #&
AR R, 22
involving inverse hyperbolic functions &
4l R 2L, 30

e, the number e, % %
e, the number e » T %
and continuity of inverse functions & limit involving #%F%&, [15
e % # e the number
e B A% R, B
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elementary function(s) A& &K operations with EF |11

basic differentiation rules for £ 4 to base a & & a, |13
aik B, 22 derivative of &% |14

elementary function A& %% 20  Extended Mean Value Theorem % %

Euler's Formula 3z, e, (16

Euler's Identity A4212 3 KX, e %% e, the number

existence 7 {214 ¥ limit involving, [15
of an inverse function R &K, function(s) &%

exponential function #53:% & algebraic X%, 20
integration rules #2%-7% 2], [13 arccosecant & k| [18
natural B &, |10 arccosine R #R7%, |18
derivative of &%, 12 arccotangent R #k47, [18

properties of MH, 12 arcsecant RJE %], [18
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arcsine R E9%,

18

arctangent & iE
elementary A~

exponential to base a 18E & A a,

13
hyperbolic %,

inverse hyperbolic k%

7,

18

, 120

26

28

inverse trigonometric X = A,

inverse &,

logarithmic ¥ %

to base a & 5

natural exponential B /X453,

a,

13

18

10

natural logarithmic & AR #t#,

one-to-one —¥—,
strictly monotonic Bt& 334,
transcendental #24%, 20
transformation of a graph of B #
By 5 45
reflection in the line y = = ¥t y =
r 89 R AT,

guidelines & 3]

for finding an inverse function %

Bk EL,
for integration 24,

hyperbolic functions % &%, 26
derivatives of & # 27
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identities 125 2, [26 of the six basic trigonometric func-
integrals of 84, 27 tions AR A = AR, 6
inverse &, [28 integration rules A7 %% 2|
differentiation involving %, 300  basic £ 4 4

integration involving A4, 30 integration techniques fa4-3%*3

hyperbolic identities #2125 X, 26  basic integration rules &AM 9%

identities, hyperbolic 12 % X, - % o, al 24

o6 integration &4
integral(s) o basic rules of ¥ A7k A 24

involving inverse trigonometric func-  guidelines for F3l,

tions & &k = A&, 23 involving inverse hyperbolic functions %
of hyperbolic functions & w & 2, A el sk #, 30
27 Log Rule ##:% A,
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37

rules for exponential functions 1§#
S gk A, (13
interest formulas, summary of 4& %,
16
inverse function BRI,
continuity and differentiability of i&
At 9
derivative of ¥ # [10]
existence of & &
guidelines for finding 4% 71,
properties of &, |14
reflective property of R A+,

inverse hyperbolic functions k& % &

%2, 28

differentiation involving % %-, 30

integration involving #28%-, 130

inverse trigonometric functions &k =
A% 3, (18
derivatives of F#, |19

integrals involving 424, 23

properties of M H, |18

L'Hopital's Rule ZE gk B, 17
limit(s) #&&
involving e e, [15
Log Rule for integration #7469 %1%
% B,
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logaritlunic function ¥&&# derivative of &2, (12
natural B 2K, integration rules A24-7% 2], (13
derivative of ¥, operations with 33 11
properties of T£H, properties of "H, 12
logarithmic function 33t % natural logarithmic base B A #r# L
to base a J& & a, |13 .
derivative of 3%, [14 natural logarithmic function B & %
logarithmic properties ¥ H LR B
Mean Value Theorem 394 € 32 base of A&k,
Extended /& &, |16 derivative of &%,

monotonic, strictly ¥ RS properties of ™H'H,

natural exponential function B X35 number e % ¥ e,
ok, 11 limit involving #&[%, [15




INDEX 39

one-to-one —¥—, of the natural logarithmic function g
operations i H IREEHEL, 2

with exponential functions 48% % real exponents, Power Rule % %

*. 11 Fik A, 15

power rule % 2| reflection R 4t

for real exponents & %, [15 intheliney=o #Ba&L y=1,
properties T£H reflective property R A

logarithmic ¥, of inverse functions R &K,

of inverse functions & %%k, 14 review 2 H

of inverse trigonometric functions &k of basic differentiation rules 2k A fi&
= A%, (18 7k B, 22
of the natural exponential function B of basic integration rules X A47 %~

RIGE ORI, 12 % B, 24
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Rule 7% 8
L'Hopital's % ptiz, (17

secant function JE 2| &%
integral of #24~, )
inverse of &, [18
derivative of &, 19

sine function JE5% % 8
integral of %%, 6
inverse of &, |18
derivative of £ % 19

strictly monotonic A& # 3R,

summary 484

A3, [16

tangent function JE47:3% 3L
integral of #24~, |6

inverse of &, (18

derivative of & #, (19
Theorem & 3%

Extended Mean Value & %3514, 16
transcendental function #2A%:% £ 20
transformation of a graph of a func-

tion BB &g 95 4
reflection in the line y = = ¥ y =
r 89 4t

of compound interest formulas #2 trigonometric function(s) = & & #
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integrals of the six basic B A K EF|HZE arcsecant function, [18

A4, (6
inverse &, |18

derivatives of &% (19

integrals involving 424, 23

properties of P£'& , 18

R = A& # inverse trigonometric func-

tions, |18

M properties of, (18

& 2 derivatives of, |19

A7 4- integrals involving, 23

R_E47% 8L arctangent function,

R_E 3% % 8 arcsine function,

18

18

B %2 inverse function,
R AT reflective property of,

5 et existence of,
ME properties of, 14

i 45 Fa i 5~ continuity and differ-
entiability of, 9
% %% 7] guidelines for finding,
& & derivative of, [10
B4t reflection
#HHELE y =2 intheliney = z,
R AT reflective property
k% 3L of inverse functions,
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R_#&% 1 % $L arccotangent function, basic, 6
18 &_ inverse, (18
R ERTZ 3L arccosine function, |18 M properties of, |18

BCER 2 %8 arccosecant function, |18 & B derivatives of, 19

R4 & & 2L inverse hyperbolic func-  #84 integrals involving, 23

tions, 28 = %4 differentiability
4~ differentiation involving, 30 R B a9 %M and continuity of
#24> integration involving, 30) inverse functions, [9)
#4323 Euler's Formula, iE b7/ 2L tangent function
HA212 3 X Euler's Identity, K_ inverse of, [18
—#— one-to-one, 3 @ # derivative of, [19
= A& # trigonometric function(s)  #% integral of, [f)

~ B KA AR 45 integrals of the six JE5Z %/ 3K sine function
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&_ inverse of, [18 i# 5 operations with, [11
& 2 derivative of, [19 & # derivative of, [12
A4 integral of, |6 A 4% B integration rules, [13
iE 2| 3 secant function B AR H#R 3 natural logarithmic func-
& inverse of, [18 tion, I
& ¥ derivative of, [19 MH properties of,
#45- integral of, [f) A& base of,
K& H K algebraic function(s), [20 & 2 derivative of,
7 M existence B AR E AR e,

K F# of an inverse function, B 2R #3535 X natural logarithmic base,
B X 48 #0% # natural exponential 3
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