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Chapter I

INTEGRATION

4.1 Summary

Section 4.1 Antiderivatives and indefinite integration........ 2

1. Antiderivative A function F'is an antiderivative (& & #) of f
on an interval I if F'(x) = f(x)forallzin I....................... 4

2. Representation of antiderivatives (& 3§ # & T ik) If Fis an

antiderivative of f on an interval I, then GG is an antiderivative of f on
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the interval [ if and only if G is of the form G(x) = F(x) + C, for all

zin I where C is aconstant. . ........... .. i, 4

3. Basic integration rules (A A4 % A)
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Differentiation Formula

Integration Formula

dx

](;l[f(il?) tg(x))dz = [ f(z)dz £ [ g(z)da
T 2" = na 1

d

kf(x)] = kf(x)

[f(z) £ g(@)] = fl(z) £ ¢'(z)

sin x| = cosx

cosx| = —sinx

[0dx=C
[kdz=kz+C
[kf(zx)de =k [ f(x)da

xn+1

dx = C -
[ 2" da ] +C, n#
Power Rule (3% 8

[ coszdx =sinz + C

[sinzdr = —cosx + C
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13
Section 4.2 Area........... .. .. .. 25
4. Sigma notation (#=4F3%) The sum of n terms aq, ao,
as, ..., Qp 1S written as
n
Zai:a1+a2+a3+---+an
1=1

where i is the index of summation (4745 53%), a; is the ith term of

the sum, and the

upper and lower bounds of summation (=85 E ~ FJF) are n and

5. Summation formulas (F=23\,)
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1
1. > jc=cn 2. Y i = n(n; )
5 nn+1)2n+1) . o nin+1)?
3. YLi* = G 4. Y= (1) = 1
29
6. Power sums (kA7) Let S), =S " 28 =1F 4 2F ... 4 ¥
k € N. Then
= — 1 1 — S S
& k+1<<n+ ) o )7kl k+1)7°
................................................................. 32
7. Limits of the lower and upper sums Let f be continuous

and nonnegative on the interval [a, b]. The limits as n — oo of both the
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lower and upper sums exist and are equal to each other. That is,

n
nli_>moo s(n) = nli{noo S} f(m;)Ax = nh_)moo Z f(M;)Ax = nh_)m()@ S(n)

1=
where Ax = (b — a)/n and f(m;) and f( M;) are the minimum and
maximum values of f on the subinterval............................ 57
8. The area of a region in the plane Let f be continuous and

nonnegative on the interval [a, b]. The area of the region bounded by the

graph of f, the x-axis, and the vertical linesz =a and x = b is

n
Area = lim Zf(cz-)Ax, i1 <c¢ <uw

n—00 4

where Ax = (b—a)/m.....ooo 58

Section 4.3 Riemann sums and definite integrals............ 66
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9. Riemann sum Let f be defined on the closed interval |a, b], and

let A be a partition of |a, b] given by

23)

a=2) <21 <9< <Tp_1<xTpn=">=0 ( z
where Ax; is the width of the ith subinterval. If ¢; (B 4k) is any point

in the ¢th subinterval [z;_1, z;|, then the sum

n
> fle)Axy, i1 <6 <y (RA=)
1=1
is called a Riemann sum (% % 4=) of f for the partition A........ 72

10. Definite integral If { is defined on the closed interval |a, b
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and the limit of Riemann sums over partitions A

lim Z f(ec;)Ax;

\AH—>O

exists (as described above), then f is said to be integrable (7] 471 49)
on |a, b] and the limit is denoted by

|Ahﬁ11>02f ci)Ax; = / f(x

The limit is called the definite integral (£42%") of f from a to b. The
number a is the lower limit ("FIR) of integration.................. 77

11. Four steps of finding the definite integral f; f(x) dzx using Riemann sum

(2% #)
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(a) partition (7 3): a=2p <1< - <zj_ 1 <z3; < - <xp=">

(b) sampling (34x): ¢; € [v;_1, 24,1 =1,2, ..., n
(c) summation (KA=): > f(c;) Az,
(d) limit (FARR): limy o S0y flen)Az; = [ f(a

12. Continuity implies integrability (& &2 °T #4) If a function f

is continuous on the closed interval [a, 0], then f is integrable on [a, b|.
That is, f;f(m) dr exists. ... 78

13. The definite integral as the area of a region If f is continu-

ous and nonnegative on the closed interval |a, b], then the area (#&@47)

of the region bounded by the graph of f, the z-axis, and the vertical
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lines x = a and x = b is given by

b
Area:/ f(x)dx

................................................................. 81
14. Two special definite integrals (= {84z < #2")

1. If f is defined at x = a, then we define faf dx = 0.

2. If f is integrable on [a, ], then we define [," f(z)dx = — f f(x

................................................................. 90

15. Additive interval property (E Mk HH) If f is integrable on

the three closed intervals determined by a, b, and ¢, then

/abf(:z:)d:c—ch(x)dx+/cbf(x)dx
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16. Properties of definite integrals If f and g are integrable on |a, b
and k is a constant, then the functions kf and f £ g are integrable on

la, b], and
l.ffkf(m)dx:kfff(m)dx.
2. f;[f(a:)ig(a:)] dx:fabf(x)dxif;g(x)dx.

17. Preservation of inequality (& B 126915 &)

1. If f is integrable and nonnegative on the closed interval [a, 0], then

Og/abf(x)dx.
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2. If f and g are integrable on the closed interval |a, b] and f(x) < g(x)
for every x in [a, b, then

b b

flx)dz < / g(z)dx.
a a
................................................................. 97
Section 4.4 The Fundamental Theorem of Calculus........ 100

18. The Fundamental Theorem of Calculus (#4545 XA T %) If

a function f is continuous on the closed interval |a, b] and F' is an anti-

derivative of f on the interval |a, b, then

b
f(x)dx = F(b) — F(a).
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19. Guidelines for using the Fundamental Theorem of Calculus (#4& %"

(a) Provided you can find an antiderivative of f, you now have a way to

evaluate a definite integral without having to use the limit of a sum.

(b) When applying the Fundamental Theorem of Calculus, the following

notation Is convenient.
b
[ fa)de = F@ = P - Fla

For instance, to evaluate f13 73 dx, you can write

13

3 4 4 4
3 1 81 1
/:Ijgdx:a:— = — — — = — — — = 20.
1 41 4 4 4 4

(c) It is not necessary to include a constant of integration C' in the anti-
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derivative because

20. Mean Value Theorem for Integrals (A2 9-H X 693948 € 32) If

f is continuous on the closed interval |a, b|, then there exists a number

c in the closed interval |a, b| such that
b

flz)dz = f(c)(b— a).

21. The average value of a function on an interval If f is inte-

grable on the closed interval |a, b], then the average value (-F-3914) of
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f on the interval is

22. The Second Fundamental Theorem of Calculus (#4284 % =X A & 3%

If f is continuous on an open interval I containing a, then, for every

2 in the interval,

d

23. Leibniz Integral Rule (&4 R.zk 4143 Bl) Let G(z) = f;@)f(a:,t)é
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is differentiable, then

@)= 1@ b @) ~ S e + [ o

24. The Net Change Theorem (# § 1t 3¥) The definite integral
of the rate of change of a quantity F’(z) gives the total change, or

net change (#%1Y), in that quantity on the interval [a, b|.

b
/ F'(z)dz = F(b) — F(a) Net change of F
a

Section 4.5 Integration by substitution...................... 142

25. Antidifferentiation of a composite function (& % E 8 KK 5)
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Let g be a function whose range is an interval I, and let f be a function
that is continuous on I. If g is differentiable on its domain and F' is an

antiderivative of f on I, then

/ (g — F(g(x)) +C

Letting u = g(z) gives du = ¢'(x) dz and

26. Guidelines for making a change of variables (% $t % #% 7])

(a) Choose a substitution v = g(z). Usually, it is best to choose the inner

part of a composite function, such as a quantity raised to a power.

(b) Compute du = ¢'(z) du.
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(c) Rewrite the integral in terms of the variable w.
(d) Find the resulting integral in terms of w.

(e) Replace u by g(x) to obtain an antiderivative in terms of .
(f)

f) Check your answer by differentiating.

27. The General Power Rule for Integration (& &Ax%- %% Al)

If g is a differentiable function of x, then

/[Q(x)}”g/(x) I g(z)]" ]

n+1
Equivalently, if u = g(x), then

+C, n=#-—1.

e
"du = C —1.
/u u n+1+ , N
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28. Change of variables for definite integrals (€ 4% 69 & $ & #%)
If the function u = ¢(x) has a continuous derivative on the closed

interval |a, b] and f is continuous on the range of g, then

29. Integration of even and odd functions Let f be integrable

on the closed interval [—a, al.
1. If fisan even function (&%), then [ f(z)dz =2 [ f(z)da.
2. If fis an odd function (¥ % #), then [ f(z)dz =0.
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INDEX

Additive interval property B R e ik o)

M (10 average value of a function F# & -F
antiderivative K E ¥, skt
representation of & ¥, on an interval £— [, [14
antidifferentiation R A% %~ basic integration rules 3 A & 4~ 7%
of a composite function & & ¥, a2,
1/ change of variables & &%
area WA for definite integrals & #&84%-, [19

of a region in the plane F@ 3%, guidelines for making ® #E 45 % 71,
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17 function(s) S
composite function &% ¥ antiderivative of R F#,
antidifferentiation of R #%& %, [17 average value of -F3§44, [14
continuity i 4 integrable *T 47,

implies integrability [52 44,19 Fundamental Theorem ¥ A& & 32
of Calculus #A4a %, (12
guidelines for using 4& M & 3], [13
Second %=, [15

definite integral(s) &A%,
as the area of a region B3R &5 @

%, 9
change of variables & # % # [19 General Power Rule —#& %% % 2|

" A\
two special "{B4% 3], [10 for Integration #24%-, |18
guidelines & 3]
even function 18 & % for making a change of variables &

integration of #4244, 19 Be 17
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for using the Fundamental Theo- integration rules #& %% 8|

rem of Calculus 4 AR 53X  basic A A,

A, (13 General Power Rule —#& % % 21,
index of summation #=6§ 53%. 15
inequality 7% X Power Rule %% B,
preservation of 48, [11 integration techniques A4~ %3
integrability and continuity T A& #=  basic integration rules ARARAEG k&
B&EM 0 A,
integrable function T #8& ¥, integration A2 4%
integral(s) 249" Additive Interval Property B K 8
definite &, = Atk 110
two special ¥R 1E4F 7, [10 basic rules of A& Ak 8|

Mean Value Theorem 35448 % 2,14 change of variables & # &
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guidelines for & 3], 17 upper LK,
lower limit of TI}, of the lower and upper sums T 4=
of even and odd functions 1% & #& Fa b Fn,
Fadr K, 19 limit L4&%, 9
preservation of inequality =% B 1% lower bound of summation #=&§7F J,
R g, 11 4
upper limit of £, lower bound T4+
ith term of a sum =655 ¢ &, of summation F=#9,
Leibniz Integral Rule & # R.2k #8 %~ lower limit of integration &% & T
#2115 it
imit(s) AR lower sum T =

limit of &R

of integration # %"
lower TR, Mean Value Theorem 3544 & 32



INDEX 24

N\

for Integrals #2%, |14 power rule % % B
for integration #24-, 3, [18
power sums F KA,
preservation of inequality 7 % M 1%
BRE, 11

Net Change Theorem & & {t.& 3%
16
net change # ¥ 1Lk, 16
notation &3%
sigma #=, region in the plane @ [& 3%
area of @#A#, |6

representation of antiderivatives &

odd function ¥ & ¥

integration of &84+, (19

HRTH*,
partition 2%, |9 Riemann sum £ % 4= [7]
plane “F @ limit KARIR,
region B 3% partition %~ %,

area of @44, 6 sampling BAx,
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sum KA sum(s) #e
Rule % B ith term of % 7 78,
Leibniz Integral & .2k #84%~, (15  lower T

limit of A&k

sampling Bk, |9

Second Fundamental Theorem of Cal-  Riemann ®E,
culus B HF—RALHE, 15 upper b

sigma notation #2535, 4 limit of #&[k,

ith term 5 ¢ &, summation K=, 9

index of summation =85 53§, summation 7

lower bound of summation 6§ F  formulas 23,
;8 index of 3%,

upper bound of summation ###5 £ lower bound of T J&,
I, upper bound of _E 5,
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26

Theorem & ¥

Mean Value 3544

for Integrals
Net Change #%1L, (16

E N\
a4,

14

upper bound _EJ%
of summation #=#9,
upper limit of integration #8 4~ LR,
7]

of Calculus, Fundamental #4754~ > upper sum EF=

AR,

12

guidelines for using 4% A& 3],

13

of Calculus, Second Fundamental #&

E N\
]7

LS ¥

15

two special definite integrals —{El4F

PR ATT

10

limit of &R,

A% X inequality
P& ¥ preservation of, |11
R B 1268949 preservation of in-
equality, 11

%~ F| partition, [9)

upper bound of summation #= &) £ R &%~ antidifferentiation

i 4

&M F # of a composite function,
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17 A= upper sum
& & # antiderivative, AR limit of,
& 7% representation of, L5 upper bound
R_E &k 7k representation of an-  F=&) of summation,
tiderivatives, ] #72% # integrable function,
—f% % 7% B General Power Rule T 4& M = 38 8 P integrability and
Aa 4~ for Integration, (18 continuity, [0
—BHF R A4 two special definite “F @ plane
integrals, 10 & 3%, region
T %= lower sum ®WA% area of, 0
B limit of, I [& 3%, region in the plane
T3 lower bound @ A% area of, 6

#285 of summation, &% 3 composite function
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B A% 4% antidifferentiation of, 17 K A= summation, 9
344 % 22 Mean Value Theorem KA limit, 9

28

Aa 4~ for Integrals, |14 & 3 Theorem
KAy 2k A2 4% B Leibniz Integral 3544 Mean Value
Rule, [15 A4~ for Integrals, 14
R # function(s) 7 %1t Net Change, [16
R_E ¥ antiderivative of, #WAES > A K of Calculus, Funda-
T 44 integrable, mental, [12
3544 average value of, [14 1% 1% 5] guidelines for using, [13
% B8 T 344 average value of a AR S > % =R K of Calculus,
function Second Fundamental, 15
#£— M on an interval, 14 AR S definite integral(s),

B 4% sampling, 9 W fB4F B two special, [10
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B 3% &) @ A7 as the area of a region, L3+ upper bound of,

0 F-%% index of,
% B P change of variables, 19  #= &5 F 5 lower bound of summation,
Fo sum(s) Zl
T lower #&5 _E 3 upper bound of summa-
#&R limit of, tion,
E upper #2849 /535% index of summation,
R limit of, Fotg % 1 A ith term of a sum,
% 1 28 ith term of F2 4595 sigma notation,
&% Riemann, #2865 F 5+ lower bound of summa-
#2 summation tion,
-3, formulas, #=85 _E 5+ upper bound of summa-

T3 lower bound of, tion,
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#2689 F-9% index of summation, HE A E ¥ Fundamental Theorem

% 1 A ith term, #Ax 4 of Calculus, 12

<1 % 3 odd function 1% B <& 3] guidelines for using, [13
A7 4~ integration of, [19 % = Second, |15

% B Rule AR A4 B basic integration rules,
FAp .2k A2 4~ Leibniz Integral, [15 3

AR area FC5% notation

F & B 3%, of a region in the plane, #= sigma,

& % 1t net change, |16
1% % % even function F %1t 2 Net Change Theorem,

16

A2 4~ integration of, (19

B M AeikPE® Additive interval prop- 3% continuity
erty, [10] [&2 7T #& implies integrability, |9
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&R limit(s) R A= power sums,
T Aafe_EFe of the lower and upper % Bl power rule
sums, [ A& %~ for integration, 3] [18
A4~ of integration @ 3] guidelines
TR lower, 1% R4 A8 9~ F A 32 for using the
LR upper, Fundamental Theorem of Calcu-

WA B =K KT ¥ Second Funda- lus, [13
mental Theorem of Calculus, 15 % # & ¥ for making a change of

2 #= Riemann sum, [7] variables, [17
43| partition, AA 4~ integral(s)
B Ak sampling, 348 € 32 Mean Value Theorem, 14
KA sum, % definite,

KAZER limit, W {845 3 two special, 10




INDEX 32

A4~ integration 7

5 M 1% 689K G preservation of FAZ$ 7 integration techniques
inequality, (11 FE AR A4 B basic integration rules,

TR lower limit of, 3

LR upper limit of, A4 ik B integration rules

1% % B Ao 4 HE of even and odd — A& F ik B General Power Rule,
functions, [19 138

B M & =T A=k Additive Interval Prop- &4 basic,
erty, 10 % B Power Rule,

FE A% B basic rules of, A2 6 T R lower limit of integra-

% B % # change of variables tion,
& 3] guidelines for, |17 & # ¥ % change of variables

A4 £ upper limit of integration, < ## % for definite integrals, [19




INDEX

33

2 Y69 % 7] guidelines for making,
1/
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