If the limit does not exist or has an infinite limit, you should point it out. In addition,
do not use the L'Hdpital's rule to solve the limit problem.

1. (16%) Find the following limit

. x3-3x+2
(a) lim =—3X*2
x—1 x3—x%2-x+1

(b) ;1_{210 x(Vx?2+1—-x)

. 1-—cos(6)
© m =5

d) lim\/3x+1
x—-3 x-3

Ans:
@ lim x3-3x+2 . (-1%(x+2) _ . (x+2) _ (1+2) _ 3

x1—>1 23-x2—x+1  xo1 x—1D2(x+1) xo1 (x+1) (1+1) 2

. 2 _ e x(WxPH1-0) (VA2 +1+x) . x s 1
O I x(a L= = o T e A e A T, 2
©) Ii 1-cos(8) _ ;. (1—cos(6))(1+cos(8)) .. 1-cos?(6) . sin?(0)

e S TR 62(1+cos(6)) T 950602(1+cos(0)) 80 02(1+cos(6))

sin(0) sin(8) 1

. _ 1_1 . sin(8) _
}91_1:[(1) ) 5 (reos@) — 1XxX1x S=3 (Note }91_r;r(1) — = 1 from theorem
1.9)
(d) 1i1‘§1+ 33(x43—1 = oo and lirgx ile = —oo, Therefore, the limit does not exist!
x— - x—37 X—

2. (8%) Considering the following function.

1
Flx) = |x|51n(;), x#0
0, x=0

(@) Is f(x) continuous at x = 0? Explain your answer.
(b) Is f(x) differentiable at x = 0? Explain your answer.
Ans:

(@) Since —1 < sin(%) <1 forall x #0, —|x| < sin(%) < |x| forall x # 0
Furthermore lim|x| =0 (lim |x| = lim x =0 and lim |x| = lim —x = 0) and
x—=0 x—-0% x-0% x—0~ x—=0~

lim—|x| =0
x—0



: : .1
According to the squeeze therorem hr% |x|sm(;) = 0, we have
xX—

1
lim £(x) = lim |x[sin() = 0 = f(x)

So f(x) is continuous at x = 0

(b) Considering the alternative form of derivative:

.1 . (1

x) — £(0 |x|sin(=)—0 xsin(=
lim M = lim (X) lim (x) = lim sin (—)
x—0+ x—0 x—0% X x—0%* X x—0%* X

) . . (1 ) o .. (1 .
Since lim sin (—) doest not exist (Oscillation), lim sin (—) doest not exist!
x—0* x x—0 x

We can conclude that the function is not differentiable at x = 0.

3. (8%) Proof that there is only one intersect point between f(x) = 2x —2 and
g(x) = cos x. (Hint: use the mean value theorem)

Ans:

Let F(x) =f(x) —g(x) =2x —2 —cosx, since F(r) >0 and F(0) < 0. By the
intermediate value theorem, it has at least one real root between 7 and 0 (which
means there exists at least one intersecting point).

Using proof by contradiction, assume there exists a and b such that F(a) =
F(b) = 0,a # b. According to the Mean value theorem (or Rolle’s theorem), 3 ¢ €

F(a)—-F(b)

(a,b) suchthat F'(c) = —

= 0, contradict. (F'(x) =2 — (—sinx) = 2+

sinx > 0).

Therefore, there is only one intersecting point!

4. (15%) Remember that you can solve the derivative using the definition or the

differentiation rule for the following question.

(@) Find the following limit. lim <27+0 * 1

x—0 x
3 —
(b) Find the derivative of f(x) == :z -

(c) Let f(x) = xcos(x) — tan(x) + 2m, find f"'(x)



Ans:
(@) Let f(x) = cos(x), then the limit is the derivative of f(x) at x =m (f'(n) =

cos(m+Ax) — cos(m) _

. . cos(m+Ax)+1
lim lim —————
Ax—0 Ax Ax—0 Ax

f'(m) = —sin(w) = 0.

, (x+1)(3x%+3)—(x3+3x—1)  2x3+3x2%+4
(b) f'(x) = =

). Whichis f'(x) = —sin(x) therefore

(x+1)2 (x+1)2
(©) f' = cos(x) — xsin(x) — (secx)? - f" = —sin(x) — xcos(x) — sin(x) —
2secx secxtanx = —2sin(x) — xcos(x) — 2sec®x tan x

2
5. (8%) Given x? + yT = 1, find all the tangent lines of the graph that pass the point

(3,0) (Note (3,0) is not on the graph).

Ans:
2 !
y
2 s =(1 !
<x + 2 > (1)
y
2x+2=y'=0
x+ 4y
,  —4x
y = —
y
Let (x,y) be the point on the graph that is on the tangent line pass through (3,2)
—4x -0
y’=7=i}_3—>y2 = —4x? + 12x - 12x = y? + 4x?

According to the original equation, y? + 4x2 = 4, therefore, we have 12x = 4 —

1
X =-.
3
2
Substitute back to the original equation, we have (§)2 +yT= 1-y= _g = i:ﬁ
4
,  —4x -3 _z 1
YT T T V2
i_
3
Two tangent li Gy 0=l (x-3)sy=—Lt(x-3)
wo tangent lines are a (3, . )y =-5k y=-—57

1 —-42 1 1
At (E,T) y—0=ﬁ(x—3)—>y=\/—§(x—3)

X3
(x+2)2

6. (15%) Let f(x) =




(a) Find the critical numbers and the possible points of inflection of f(x)

(b) Find the open intervals on which f is increasing or decreasing

(c) Find the open intervals of concavity

(d) Find all the asymptotes (Vertical/horizontal/Slant)

(e) Sketch the graph of f(x) (Label any intercepts, relative extrema, points of
inflection,and asymptotes)

Ans: Note that the original function is undefined at x = —2, therefore we should

include it in the following table.

X o _ (x+2)23x2-x32(x+2) _ x3+6x% _ x%(x+6)
f(X) - (x+2)2 rf (X) - (x+2)* = x12)° = 12

(x+2)%(3x% + 12x) — (x® + 6x*)3(x +2)>  24x

f7e) = (x + 2)6 T+ 27
(—o0,—6) (—6,—2) (-2,0) (0, )
HERTE 7 3 1 1
fIE&SR + - + +
['HIIE&SR - - - +
&EEm AEYE /1a) U] PR/ Y| AR/ Y] AR/ e M

(@) The critical numbers are x = 0, —6

Possible points of inflection: x = 0
(b) Increasing (—o0, —6), (—2, ). Decreasing (—6,—2).
(c) Upward: (0,). Downward (—oo,—2) and (—2,0)

(d) Since lirll f(x) = £00 — No horizontal asymptote
X—>1 00

Since lil‘g+ f(x) = —c0 and lirr%_f(x) = —oo vertical asymptote at x = —2
x—>— X
x3 12x—-16 . L
Gz = X 4+ 5z (Using long division)

lirp fx)—(x—4+ ) =0 -y =x—4 is aslant asymptote
X—>1T 00

(e) Graph



There is a local maximum at x = —6 and an inflection point at (0,0)
7. (15%) Remember the meaning and the definition of definite integral when solving

the following question

() f2+\t/%-t3 dt

(b) fi(ﬁ + t®tan(t)) dt

1 1
(©) i{E{L — (Vﬁiif_ Tz +...+ -;;;;;)

Ans:

3/2 7/2
(a) fz”“ dt = [ 2t~ 2+t2+t2dt—4\/_+2t +E—+¢

ince tan isan o nctions an is an even function. We know tha
b) S tan(t dd funct d t® function. We k that

tbtan(t) is an odd function. Moreover, since t* is also an odd function, therefore

t3 + ttan(t) is an odd function. We have f_gz(t3 + t®tan(t))dt = 0
6

1 _ 1 . Vn Vn vn | _
© lim = (st st 4 o) = ,Loofﬁ(va’mJ’“'J’ )

1
x=2(x+1)2| =2v2-2

A TN e ﬁ ~hawe
8. (9%) Considering the function f(x) = cos(x) + 2cos(2x) + -+ + ncos(nx).
Proof that there exist at least one root between (0, ) (Hint: Let F(x) =
) Ox f(t)dt and use the fundamental theorem of calculus as well as Rolle’s

theorem.)

Ans: Let F(x) = | ;C f(t)dt, since f(t) is continuous on all real value, by the



fundamental theorem of calculus, F'(x) = f(x).
On the other hand, since F(x) is differentiable on all real value (F'(x) = f(x)) and

F(0)=0,F(n) = fonf(t)dt = sin(t) + sin(2t) + -+ + sin(nt) |’; = 0. By Rolle’s

theroerm, there is at least one number ¢ in (0,7) suchthat F'(c) = 0.
From above, we know that there is at least one number ¢ in (0,7) such that f(c) =

0 which concludes the proof.

Vi-Vx

\/de

9. (6%) Evaluate fll
4
Ans:

1
Let u = 1—\/§,du—ﬁdx




