If the limit does not exist or has an infinite limit, you should point it out. In addition,
do not use the L'Hopital's rule to solve the limit problem.

1. (20%) Find the following limit. (If the limit does not exist or has an infinite limit,
you should point it out)
—2x-8
@) h 2x2+3x+2
(b) li 2sin(x?)

x—0 1—cos(x)

(© lim l(sin(x) + sin(g))

@ li l—>0 \/szll
Ans:
@ Jim s = Jim e = lim s =
()i 225 = lim 5%’1&’22 areos oy = lim SIS
lim (L) < = lin ey (1 eos (@) =
21im 3% Jim > (1+cos (x)) (Lett =x?) =

to0 t x—>0 sin (x) sin (x)

(c) Foranyx > 0,-2 < sin(x) + sin(z) <2=- §< i(sin(x) + sin(i)) <

xIN

In addition, lim —= = 0 and lim 2 =

X—00 X x—oo X

0
According to Squeeze theorem > lim = (sm(x) + sin(%))= 0
X—>00

(d) lim Vitx-1 im (Vitx-1)(Vi+x+1) m
x—0+ Ix2+XI _x—>0+ (x2+X)(\/W+1) x>0t (x2+X)(\/M+1)
xl—>0+ (x+1)(\/1+x+1)

oo Vl+x-—-1 _ (\/1+x—1)(\/1+x+1)

lim ————— = lim

x-0" |x% + x| =07 —(x2+x)(WV1+x+1)
X

1

lim = lim

20" —(x2+x)(V1+x+1) 0" —(x+1)1+x+1)
1

2
Therefore, the limit does not exist!

2. (8%)
—ax?—x—a ifx<-1
Suppose f(x) ={ax? + bx + 6 if — 1 < x < 2 is a continuous function on
3x2—bx—b ifx>2
(—o0, 00). What are the values of a and b?

Ans:
(a)



Since f is continuous at —1, we know lirr} f(x) = lirr}+f(x).Therefore, lin} -
x->—-1" xX—>— x->—-1"

ax’—x—a = liml+ax2+bx+6 - —a+1l—-a=a—-b+6-3a—b=-5.
x——

On the other hand, f is continuous at 2, we know lir?_f(x) = lirgf(x) . Therefore,
X X—

lirgn_ax2+bx+6 = lirgl+3x2—bx—b »>4a+2b+6=12—-2b—b > 4a+

X— X

5b = 6.

Solving the two equations we geta = —1,b = 2

3. (8%) Proof that f(x) = 3x3 + 2x — sin(x) has exactly one real root (Hint: use
the mean value theorem)

Ans:

f(1) >0, f(—1) < 0 by the intermediate value theorem, it has at least one real root

between —1 and 1.

Assume the real root is a and there is a second real root b. Then, by the mean value

theorem, there is a ¢ such that f'(c) = % = 0. However, f'(x) = 9x? + 2 —
cos(x) > 0. Contradict, therefore, there is only one real root.

4. (15%) Remember that you can solve the derivative using the definition or the
differentiation rule for the following question.

(a) Find the derivative of f(x) = /1 + cot(x?)
(b) Given f(x) = x what is the value of f'(0)?
cos(2x) if x <0

©) LEtf(X)={ ax ifx>0

f(x) differentiable at 0.
Ans:

(@) f(x) =41+ cot(x?) =1+ cot(xz))% > f'(x) = %(1 +

(0—x)(1—x)(2—x)..(2023-x)’

, where a is a constant. Find the value of a makes

-1 2 2
2NN 20 2 __csc(x)-x
cot (x?) )z (—csc“(x%))2x = Tireotod
(ax)?
' = i f(0+Ax)—£(0) - | —Ax(1-8%)(2-0%)..(2023-A%) _
O FO= o™ = i

lim =
Ax—0 (1—-Ax)(2—Ax)...(2023—Ax) 2023!

(c) Since f(x) is not continuous at 0, there is no value of a that can make it
differentiable.



5. (8%) Given the graph x2 + xy + y? = 12.
(@) Express y' interms of x and y
(b) Find the extrema of the graph by checking the critical number
Ans:

@ d d
(42 2y = =
dx(x + xy +y*°) dx(lZ)
dy dy

2 — 2y —2 =
x+xdx+y+ ydx 0

dy
(x+2y)a— —2x—y
dy —2x—y
dx  (x+2y)
(b) The critical number occurs at Z—i =0or % does not exist

When % = 0 - y = —2x, substitute back to the original equation we get x =
+2, y=+4

When Z—i’ does not exist, x = —2y, substitute back to the original equation we
getx = +4, y =12

Therefore, the graph has maximum at (—2,4) at minimum at (2, —4)

—x2—4x-7

6. (20%) Let f(x) = —

(a) Find the open intervals on which f is increasing or decreasing. Indicates the
extreme values

(b) Find the open intervals on which f is concave upward or concave downward.
Indicates the points of inflection

(c) Find all the asymptotes (Vertical/horizontal/Slant)

(d) Sketch the graph of f(x)

(e) What is the domain and range of f(x)?

Ans: Note that the original function is undefined at x = —3, therefore we should
include it in the following table.

(@
(b) F0x) ==, f () = T (o) = —2

(—OO,—S) (_5'_3) (_3'_1) (_1, OO)
HBUE 6 4 2 0
fEAS : + + :
-t + + : :
ik BE/E I RS LIRS T R/ T

The critical numbers are x = —1, —5. f is increasing on (—5,—3) and (—3,—1)
since f'(x) > 0, f is decreasing on (—o, —5) and (—1, %) since f'(x) < 0.
Local (global) maxima is (—5,6) and local (global) minima is (=1, —2).

There are no possible points of inflection. f is concave downward on (—3, )
since f''(x) < 0, f is concave upward on (—oo, —3) since f"'(x) > 0.



(c) Since lirp f(x) = o0 — No horizontal asymptote
X—1T 00
Since lirr;)j(x) = —oo and lirré f(x) = o vertical asymptote at x = —3
X—— xX—>—-3"
—x2—4x-7 4 . ...
— = —x4— 1- — (Using long division)
lim f(x) - (—x—1——) =0 - y =—x — 1isaslant asymptote
x>+ x+3

(d)

! ! Il
T T T T

-10 -8 -6 -4

(e) Domain is entire real line except —3. Range is (—oo, —2] U [6, ).

7. (15%) Evaluate the following expression. Remember the meaning and the
definition of definite integral when solving the following question

@) 3x- x% + 5 sec (x) tan(x) dx
6
(b) J243 — I3 ldx
5
©) 1111330%(14 F24 + 34+ + (20)Y
Ans:
(@) ¥+xiz+5$ec x) +C

(b) f_66 3 - |§ |dx can be considered as the area in the following graph colored with

red slash
A7/

0 1 2 3 4 5 6 7 [

. 175

-1

-2

Therefore, f_663 - |§|dx = %12 x3 =18

L1, 1%+2%434 . +(2n)t . A i\4
(¢) 2° lim —( ) =2°lim (%L, (;) +— ?2n+1() )=

n—-oo n* n n
2 210

25(f01x4dx + flz x*dx) = 25§x5]0 -



2
8. (8%) Find :—xf; V1 + t2dt. (Hint: Let F(x) = flx\/1 + t2dt and use the
fundamental theorem of calculus)
Ans: Let F(x) = flxx/l + t2dt, since V1 + t2 is continuous, by the fundamental

theorem of calculus, F'(x) = V1 + x2. Also F(b) — F(a) = f:\/1 + t?dt,a,b €ER,
therefore

x? 1 x?
;—xf \/1+t2dt:j—xf\/1+t2dt+f \/1+t2dtl
X X 1
= —y1+x%+2x/1+x*

9. (8%) Find [%(Frat® | t35in2(1))dt.
4

cos2(t)
Ans:
Note that t3sin?(t) is an odd function, so we only need to deal with the first term.
Letu =1+ tan (t) — du = sec?(t)dt

T

T J1+tan () , p = 2 y :ﬂ
f_%(—cosz(t) + t°sin®(t))dt j;\/ﬂu 3



