1. Find the following limit. (If the limit does not exist or has an infinite limit, you
should point it out. In addition, also remember the definition of definite integral).
(20%)

1 1 1

(a) Al—glo(\/nzﬂz VnZz+22 ™" \/n2+n2)
1

(b) lim Jy (L+sinzt)tat

x—>0

e"2

(¢) lim ==
(d) lim cotx (e* —1)

x—-0%t

Ans:
1 1 . 1 1
(a) 111—r>£10(\/n2+12 VnZz+22 " \/n2+n2) - Tlll_rBo \/1"'(1)2 + \/1+(£)2 + -+
n n

1 1 1 1 1 sec?0
—— |-=lim | Y —|-= | —dx = 5 a0 (Let x =
[y | moee\ T Ly [ 70 e =l (
ud T
tanf, dx = sec?6df) = [*sec6df = In|sec +tan 6 |]4 = In |V2 + 1|
0
[F(1+sin2t tat in2x)%
(b) lir% loUromaniae _ lirr(l) m (L' Hopital' s rule and fundamental theorem
X— X—
of calculus)

1
y = lim(1 + sin2x)x
x-0

1 1
Iny =Inlim(1 + sin2x)x = lim In(1 + sin2x)x = limlln(l + sin2x) =
x—0 x—0 x—0X

292X (' Hopital's rule)= 2

x—0 1+sin2x

Therefore, y = e?

x2 2 xZ
() lim — = lim Hopital' s rule)= lim 2= = lim 2 (L' Hopital' s
x—oo 1—X% X—00 X—00 — 3x X—00 -3
rule)= —oo

(d) lim, cotx (e* — 1) = lim <= = lim (L' Hopital's rule) = 1
X—

x—0t tanx x—07t sec2



2. Given x% —(f (x))3 = xf(x),x = 0 and suppose f(x) has an inverse function,

what is the value of (f~1)'(x) when x =2 (10%)
Ans:
Let y = f(x) =2, wehave x> —8=2x,x=>0->x =4

Differentiate both side with respect to x, we have 2x — 3( f (x))2 f'(x) =

f(x) + xf'(x). Substitute x = 4, we get 8 —12f'(4) =2 +4f'(4)

Therefore, f'(4) = Z > (FHQ) = f’t4) = g

3. Use the Mean Value Theorem to prove that Va > 0, we have ﬁ <Iln(a+1) <

a. (Hint: use the theorem in the interval (0, a)) (10%)
Ans:
When a = 0, the equality holds!

When a > 0,let f(x) =In(l+x) - f'(x) = —

1+x

According to the mean value theorem, we know that there exist ¢ € (0,a) such that

’ _ f(@-0 _ In(1+a)
fr(e) =120 =

a

Note that since f'(x) = ﬁ Therefore, in this interval for any ¢ € (0, a), we have

0)

B 1 ' S otr - My — 1
—a=f (c) < —=1( (x) is strictly decreasing due to f'"'(x) = EY

In(1+a)

1
Therefore, — <
1+a a

Slﬁisln(a+1)Sa
a+1

4. Evaluate the following integrals. (Hint: Try to use change of variables for all the
problems) (15%)

5 1
@), sy

(b) [ 25™*cosx dx
5
(C) fmdx

Ans:

1 dx=

5 1 5 1 5
@ L eoyeram?=Lagrama =l oo



ec™!|x — 1|]i = sec™14 —sec™13
(b) [ 25™*cosx dx = [2*du (Let u = sinx,du = cosxdx) = 2” +C =

> zslnx + C

In

(€) Let u=1++/5x » du = —— dx—>dx——(u—1)du

\/_

f——(u—l)du—Zfl—%du:2(u—1n|u|)+C
= 2(1+V5x — In(1 +V5x)) + C

fl+\/§

5. Evaluate the following integrals. (15%)
(@) [tesctceottdt
(b) [ cot30csc*0 do
() [tan " Vxdx
Ans:
(@) Let u =t,dv =csctcottdt » du = dt,v = —csct

] tcsctceottdt = —tesct + j csct dt = —tcsct — In|csct + cott |+ C

(b) [ cot30csc*0dO = [ cot?Gcsc30cschcot 0O = [(csc?0 —
1)csc3BcschBeot 6dO
Let u = cscl,du = —cscHcotldo

](CSCZQ — 1)csc36cschBcot 6dO = — J(u2 — Duddu = — J u® —uddu

= 16+1 *+C= ! 96+1 0)*+C
= 6u Y = 6(csc ) 4(csc )
(C)Letyzx/x—>dy———\/_d o

ftan‘lx/}dx =J2y tan~ly dy

Let u = tan™'y,dv = 2ydy — du = 1+1 ~dy,v = y?




1
J. 2y tan~lydy = y?*tan~ly — fyz 157 dy

dy = y?tan 'y —y+tan"ly + C

= y2tan~ly — f 1 11,7
=(x+ Dtan"Wx—/x +C
6. Evaluate the following integral (If the integral diverges, you should point it out).

(15%)

(@) [, dx

[e9) 1
() J; ez 9

(c) f, e *cosxdx
Ans:

@ S gmde=fy mdet],

x2

. 11 . 1 _ . -111 : 1 .
Since [ —dx = Jim, J, x?dx = Jim, —x 1 p = Jim, (—1 +;) = oo is

. 11 L
divergent, therefore | 17z dx is divergent.
1

(b) Since lim ¥27%L =1 on [1,) and | foidx is divergent, then by the limit

X—00 =
x

. d ©°_1 4
comparison test so does fl s ax

. b _
Cc e *cosx dx = lim [. e *cosx dx
0 b 0
—00

Let u = cosx,dv = e *dx » du = —sinx,v = —e*
J e *cosxdx = — e *cosx — J e * sinxdx
Let u = sinx,dv = e *dx » du = cosx,v = —e™*
f e *sinxdx = —e *sinx + J e * cosxdx
J e *cosxdx = —e *cosx + e *sinx — J e *cosxdx - f e * cosxdx
1

=3 (—e ™ cosx + e *sinx)

. b _ .1 _ —x b 1 L
lim fo e *cosxdx = lglmz(—e *cosx + e xsmx)] 0=z which is converge
—00

b—oo



7. Find the volume of the solid formed by revolving the region bounded by the

graphs of y = xjil and the x-axis (0 < x < 1) about the x-axis. (10%)
1 ‘\\T
Ans:

V= flzx 24 —4[1 LS —4f1 ! 4
_T[O(x2+1) x= 1T0(9c2+1)2 x= ﬁo(x2+1) z2+1)2 &
11 41 _ o

f(x2+1) Grrpz dx =tan'x f(x2+1)2 dx , Let x =tan,dx = sec?6d0

1 _ sec?0df a 2 __ [ 14cos26 _1 1.
f(x2+1)2 dx = f(tan29+1)2 - fsecze - fCOS 0do = f 2 do = 20 + 4Sln20 +

x
x2+1

C=Xtanlx+ %Zsinecosﬁ +C = %tan‘1 x + %2

+C=>(tanlx +
2 2

X

xz+1)+C
1 1 1 1 X 1
_ _ -1, = -1
41'[_[0 i1 D) i1 dx = 41 (tan X > (tan x + o 1)) 0

8. Find the arc length of the graph of the function y = In(1 — x?) on the interval

0<x<= (10%)

N |-

Ans:

—In(1—x?),y = 2
y= n( x)’y _(1_x2)



1+x2
1-

1 1
Arclength = [2/1+ (y')?dx = [? f( 1+ —+——)dx =

1

=Iln3-—=

—x +In(1 +x) —In(1 — x)] >

ONIr—-

Assume f(x) is a polynomial whose coefficients are integers, and we know that

© f(x) _ 16 1
[ e dx = In 2+ (10%)

(x+1)2(4x2%2+1)
() Use the limit comparison test for improper integrals, what is the maximum
degree of f(x)?

. . . £(x) A B Cx+D
(b) Using partial fraction method, we have DD - il t—t oo
. f(x)
Find J-(x+1)2(4»xz+1)

(c) According to (b) and (¢), solve f(x) (Hint: Try to compare the coefficients of
the transcendental function)
Ans:

(@) Since | 100 xipdx is converge if p > 1, by the limit comparison test for

_ I
improper integrals llm % should have finite L, therefore let
gx) = —, x n (;vc-kf)(z(—{fle) should have finite L. Assume the highest

degree of f(x) is g, wehave q+p <4 - q <4 —p < 3. The maximum
degree of f(x) is2.

— f A B Cx+D d

(x+1)2  x+1  4x%+1

f(x) 4
( ) f(x+1)2(4x2+1) X = x+1 +BIn |x T 1| T

%ln |[4x2 + 1] + gtan‘1 2x

f(x) _ N
(C) We know that fl (x+1)2(4x2+1) dx gl_)r?of (x+1)2 + x+1 + 4x241 dx =

2 ¥ Bln|x + 1] + <nl4x? + 1] + 2tan™? Zx] b

x+1 8 2 1

We have D = 0 (otherwise the results will contains 1)

Furthermore, since the intergral is convergent, B = _TC (otherwise the log

term will diverge)



N —A
x+1

x+1

- limBln

b—oo

b—B(11 I 2>+A
1=\ E) T2

1
(4x?2 4+ 1)2

A

By comparing the terms — B (ln% —In %) to= ln(?)B +§ =n=242

sT27
B=-2A=1-(C=8

()_( 1 +—2+ X
fe) = (x+1?% x+1 4x2+1

)(x +1)%2(4x*>+1) =12x*>+6x—1



