
Calculus (II), Midterm Exam                                    2022/04/22 

 

1. (16%) Determine whether the series converges absolutely or conditionally, or 

diverges. In addition, please indicate the test you use. 

(a) ∑ (−1)𝑛𝑡𝑎𝑛
1

𝑛
∞
𝑛=1  

(b) ∑ (−
1

3
)𝑛(1 +

1

𝑛
)𝑛2∞

𝑛=1  

(c) ∑
(−2)𝑛

3∙5∙7…(2𝑛+1)
∞
𝑛=1  

(d) ∑
ln(𝑛+2)

𝑛+2
∞
𝑛=1  

 

Ans:  

(a)  lim
𝑛→∞

𝑡𝑎𝑛
1

𝑛
1

𝑛

= 1,  since 
1

𝑛
 is a p-series with p ≤ 1 which is divergent. Therefore, 

by the limit comparison test, ∑ 𝑡𝑎𝑛
1

𝑛
∞
𝑛=1  diverges. In addition, since 

lim
𝑛→∞

𝑡𝑎𝑛
1

𝑛
= 0 and 𝑡𝑎𝑛

1

𝑛
 is decreasing. Therefore, by the alternating series test 

∑ (−1)𝑛𝑡𝑎𝑛
1

𝑛
∞
𝑛=1  converges. All in all, ∑ (−1)𝑛𝑡𝑎𝑛

1

𝑛
∞
𝑛=1  is conditionally 

converges. 

(b) Since lim
𝑛→∞

√|𝑎𝑛|𝑛 =
lim

𝑛→∞
(1+

1

𝑛
)

𝑛

3
=

𝑒

3
< 1. By the root test, it is absolute converges. 

(c) Since lim
𝑛→∞

|
𝑎𝑛+1

𝑎𝑛
| = lim

𝑛→∞
|

(−2)𝑛+1

3∙5∙7…(2𝑛+1)(2𝑛+3)
∙

3∙5∙7…(2𝑛+1)

(−2)𝑛 | = lim
𝑛→∞

2

2𝑛+3
= 0. 

Therefore, by the ratio test, it is absolute converges 

(d) Let 𝑓(x) =
ln(𝑥+2)

𝑥+2
, 𝑓′(𝑥) =

1−ln(𝑥+2)

(𝑥+2)2
< 0 for x ≥ 1. 𝑓 is positive, continuous 

and decreasing for x ≥ 1 

∫
ln(𝑥 + 2)

𝑥 + 2
𝑑𝑥 = lim

𝑏→∞

[ln(𝑥 + 2)]2

2
|
𝑏
1

= ∞
∞

1

 

So the series diverges by the integral test. 

 

 

 

 



2. (12%) Find the interval of convergence of the power series (Be sure to check the 

for the convergence at the endpoints of the intervals) 

(a) ∑ 𝑛! (𝑥 − 2)𝑛∞
𝑛=0  

(b)  ∑
(𝑥−3)𝑛

3𝑛
∞
𝑛=0  

Ans: 

(a) lim
𝑛→∞

|
𝑢𝑛+1

𝑢𝑛
| = lim

𝑛→∞
|

(𝑛+1)!(𝑥−2)𝑛+1

𝑛!(𝑥−2)𝑛
| = ∞ which implies that the series converges 

only at the center 2. 

(b) lim
𝑛→∞

|
𝑢𝑛+1

𝑢𝑛
| = lim

𝑛→∞
|

(𝑥−3)𝑛+1/3𝑛+1

(𝑥−3)𝑛/3𝑛 | = lim
𝑛→∞

|
𝑥−3

3
|. By the ratio test, the series 

converges for |
𝑥−3

3
| < 1 → 0 < 𝑥 < 6 

Note that when x = 0 ∑
(𝑥−3)𝑛

3𝑛
∞
𝑛=0 = ∑

(−3)𝑛

3𝑛
∞
𝑛=0 = ∑ (−1)𝑛∞

𝑛=0  which is 

divergent by the n-th term test. 

when x = 6 ∑
(𝑥−3)𝑛

3𝑛
∞
𝑛=0 = ∑

(3)𝑛

3𝑛
∞
𝑛=0 = ∑ 1∞

𝑛=0  which is divergent by the n-th 

term test. Therefore, the interval of convergence is (0,6). 

 

 

3. (12%) Let F(x) = ∫ ln(1 +
𝑡2

2
)𝑑𝑡

𝑥

0
 

(a) Find the Maclaurin series for F(x) and its radius of convergence.  

(b) Estimate F(0.1) with an error less than 10−4 

Ans:  

(a) By the fundamental theorem of calculus, 𝐹′(𝑥) = ln(1 +
𝑥2

2
). Notice that 

ln(1 +
𝑥2

2
) = ∑ (−1)𝑛−1

(
𝑥2

2
)𝑛

𝑛
∞
𝑛=1 = ∑ (−1)𝑛−1 (𝑥)2𝑛

2𝑛𝑛
∞
𝑛=1  

Term by term integration yields F(x) = ∑ (−1)𝑛−1 𝑥2𝑛+1

2𝑛𝑛(2𝑛+1)
∞
𝑛=1  

Using the ratio test lim
𝑛→∞

|
𝑎𝑛+1

𝑎𝑛
| = lim

𝑛→∞
|

(−1)𝑛𝑥2𝑛+3

2𝑛+1(𝑛+1)(2𝑛+3)
∙

2𝑛𝑛(2𝑛+1)

(−1)𝑛−1𝑥2𝑛+1 | = |
𝑥2

2
|. 

Therefore, when |
𝑥2

2
| < 1 → |x| < √2 it is convergent. The radius of 

convergence is √2 



(b) Let 𝑏𝑛 =
(

1

10
)2𝑛+1

2𝑛𝑛(2𝑛+1)
 

𝑏1 =
(

1
10)

3

211(2 + 1)
=

1

6000
= 0.000 167 > 10−4 

𝑏2 =
(

1
10)

5

222(4 + 1)
=

1

4000000
< 10−4 

Since it is an alternating series, therefore F(0.1)~
1

6000
= 0.00167 

 

4. (12%) Evaluate the following expression (Try to use the Basic series of Taylor 

series and notice that the power series is a continuous function) 

(a) ∑ (−1)𝑛+1∞
𝑛=1

1

𝑛
 

(b)  
𝜋

3
−

𝜋3

33×3!
+

𝜋5

35×5!
−

𝜋7

37×7!
+… 

(c) lim
𝑥→0

sin(𝑥)−𝑥+
1

6
𝑥3

𝑥5
 

Ans: 

(a) Since ln 𝑥 = (x − 1) −
(𝑥−1)2

2
+

(𝑥−1)3

3
+ ⋯ +

(−1)𝑛−1(𝑥−1)𝑛

𝑛
+ ⋯ , 0 < x ≤ 2 

∑(−1)𝑛+1

∞

𝑛=1

1

𝑛
= ln 2 

(b)  
𝜋

3
−

𝜋3

33×3!
+

𝜋5

35×5!
−

𝜋7

37×7!
+…= ∑ (−1)𝑛∞

𝑛=0

(
𝜋

3
)2𝑛+1

(2𝑛+1)!
= sin (

𝜋

3
) =

√3

2
 

(c) lim
𝑥→0

sin(𝑥)−𝑥+
1

6
𝑥3

𝑥5
= lim

𝑥→0

(𝑥−
𝑥3

3!
+

𝑥5

5!
−

𝑥7

7!
+⋯ )−𝑥+

1

6
𝑥3

𝑥5
= lim

𝑥→0

(
𝑥5

5!
−

𝑥7

7!
+⋯ )

𝑥5
=

1

5!
=

1

120
 

 

 

 

 

 

 

 

 

 



5. (10%) Find the first two nonzero terms of Taylor series of f(x) = csc (x) center at 

𝜋

2
 

  

Ans: 

f(x) = csc(x) 

𝑓′(x) = −csc(x) cot(𝑥) 

𝑓′′(x) = csc3(x) + csc (𝑥) 𝑐𝑜𝑡2(𝑥) 

 

csc(x) = 1 +
1

2!
(𝑥 −

𝜋

2
)2 + ⋯ 

 

6. (10%) The following figure shows the polar graph of r = 𝑒
𝜃

6  where −2π ≤ θ ≤

2π. Find the area of the shaded region  

 

Ans:  

A =
1

2
∫ (𝑒

𝜃
6)2

2𝜋

0

𝑑𝜃 −
1

2
∫ (𝑒

𝜃
6)

2

𝑑𝜃
0

−2𝜋

=
1

2
∫ 𝑒

𝜃
3

2𝜋

0

𝑑𝜃 −
1

2
∫ 𝑒

𝜃
3

0

−2𝜋

𝑑𝜃

=
3

2
𝑒

𝜃
3 |

2𝜋
0

−
3

2
𝑒

𝜃
3|

0
−2𝜋

=
3

2
[𝑒

2𝜋
3 + 𝑒

−2𝜋
3 − 2] 

 

7. (10%) Find the area of the surface formed by revolving the polar graph r =

2sin (θ) about the polar axis over the interval 0 ≤ θ ≤ π 

Ans:  

r = 2 sin(θ) 

√𝑟2 + (
𝑑𝑟

𝑑𝜃
)

2

= √4𝑠𝑖𝑛2𝜃 + 4𝑐𝑜𝑠2𝜃 = 2 

S = 2π ∫ 2 sin(𝜃) 𝑠𝑖𝑛𝜃2𝑑𝜃 = 8𝜋 ∫
1 − cos (2𝜃)

2

𝜋

0

𝜋

0

= 4𝜋 [𝜃 −
sin(2𝜃)

2
]

𝜋
0

= 4𝜋2 



8. (9%) Classify the following surface, if it is quadratic surface you should further 

classify it into six basic types of surface 

(a) 16𝑥2 − 𝑦2 + 16𝑧2 = 4 

(b) r = 𝑟2𝑠𝑖𝑛2(𝜃) (this representation is in cylindrical coordinates) 

(c) 𝜌 = 4𝑐𝑠𝑐 (𝛷)𝑠𝑒𝑐(𝜃) (this representation is in spherical coordinates) 

Ans: 

(a) 16𝑥2 − 𝑦2 + 16𝑧2 = 4 →
𝑥2

(
1

2
)2

−
𝑦2

(2)2 +
𝑧2

(
1

2
)2

= 1 

It is Hyperboloid of one sheet 

(b) r = 𝑟2𝑠𝑖𝑛2(𝜃) → 𝑟 = 0 𝑜𝑟 𝑟 = 𝑐𝑠𝑐2𝜃 which is not a graph that we have cover 

in the class (此題送分) 

(c) 𝜌 = 4𝑐𝑠 𝑐(𝛷) 𝑠𝑒𝑐(𝜃) =
4

sin(𝛷)cos (𝜃)
→ 𝑥 = 𝜌sin(𝛷)cos (𝜃) = 4 which is a plane 

 

9. (9%) Evaluate the following expression 

(a) lim
𝑡→0

√𝑡 + 1𝒊 + (3𝑡 + 2)𝒋 +
1−cos (𝑡)

𝑡
𝒌 

(b) Let 𝐫(t) = sin(t) 𝐢 + cos(t) 𝐣 + t𝒌, u(t) = sin (t)𝐢 + cos (t)𝐣 +
1

𝑡
𝒌, find 

𝑑

𝑑𝑡
[𝒓(𝑡) ∙ 𝒖(𝑡)] (Note that ∙ denotes inner-product) 

(c) ∫ 6𝒊 − 2𝑡𝒋 + ln(𝑡) 𝒌 𝑑𝑡 

Ans:  

(a) lim
𝑡→0

√𝑡 + 1𝒊 + (3𝑡 + 2)𝒋 +
1−cos (𝑡)

𝑡
𝒌 = 𝒊 + 2𝒋 since lim

𝑡→0

1−cos (𝑡)

𝑡
=

lim
𝑡→0

sin (𝑡)

1
= 0 

(b) 𝒓(𝑡) ∙ 𝒖(𝑡) = 1 + 1 = 2, 
𝑑

𝑑𝑡
[𝒓(𝑡) ∙ 𝒖(𝑡)] = 0 

(c) ∫ 6𝒊 − 2𝑡𝒋 + ln(𝑡) 𝒌 𝑑𝑡 = 6t𝒊 − t2𝒋 + (t ln 𝑡 − t)𝒌 + 𝑪 

 


