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Sequences

@ A sequence is defined as a function whose domain is the set of
positive integers.

@ Although a sequence is a function, it is common to represent
sequences by subscript notation rather than by the standard function
notation.

@ For instance, in the sequence

1, 2, 3, 4 ... on ..
ol I 4 | Sequence
a1, 42, a3, 44, ..., dn,

1 is mapped onto aj, 2 is mapped onto ap, and so on.

@ The numbers a1, a», a3, ..., a,, ... are the The number a, is the
nth term of the sequence, and the entire sequence is denoted by {a,}.
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Example 1 (Listing the terms of a sequence)
a. The terms of the sequence {a,} = {3+ (—1)"} are

+(-1)%, 34+ (-1)% 34+ (-1)3 3+(-1), ...=2, 4, 2, 4,

b. The terms of the sequence {b,} = {17—”2"} are

1 2 3 4 1 2 3 4
1-2-1"1-2-2"1-2-3"1-2-4"" 3 5 71
c. The terms of the sequence {c,} = {2:’ 1} are
12 22 32 42 14916
2l —17 221" 231" 241" 173 7 15"

d. The terms of the recursively defined sequence {d,}, where d; = 25
and dyy1 = d, — 5, are

25, 25-5=20, 20—5=15 15—-5=10, ...H

4
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Limit of a sequence

@ Sequences whose terms approach to limiting values, are said to For
instance, the sequence {1/2"}

1 1 1 1 1

27 4 8 16" 32
converges to 0, as indicated in the following definition.
Definition 9.1 (The limit of a sequence)

Let L be a real number. The limit of a sequence {a,} is L, written as

lim a, =L

n—o0
if for each € > 0, there exists M > 0 such that |a, — L| < € whenever
n > M. If the limit L of a sequence exists, then the sequence converges to
L. If the limit of a sequence does not exist, then the sequence diverges.
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e Graphically, this definition says that eventually (for n > M and ¢ > 0)
the terms of a sequence that converges to L will lie within the band
between the lines y = L 4+ ¢ and y = L — ¢ as shown in Figure 1.

y=ay
A
[ ]
[ ]
°
s [ ]
L + & (e IR, F
L ____________ .'__.___._"
e o s
I s e B
123456 M

Figure 1: For n > M, the terms of the sequence all lie within € units of L.

o If a sequence {a,} agrees with a function f at every positive integer,
and if f(x) approaches a limit L as x — oo, the sequence must

converge to the same limit L.
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Theorem 9.1 (Limit of a sequence)

Let L be a real number. Let f be a function of a real variable such that

lim f(x)= L.

X—00

If {an} is a sequence such that f(n) = a, for every positive integer n, then

lim a, = L.
n—oo
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Example 2 (Finding the limit of a sequence)

Find the limit of the sequence whose nth term is

1 n
a,,:<1+—> .
n

@ You learned that lim,_ (1 -+ %)X =e.

@ So, you can apply Theorem 9.1 to conclude that

1 n
lim a, = lim <1 + —) —e.
n—o00 n—o00 n
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Theorem 9.2 (Properties of limits of sequences)

Let lim, oo an = L and lim,_. by, = K.
1. Scalar multiple : lim,_,, ca, = cL, c is any real number

2. Sum or difference : limp_ o0 (an £ b)) =L £ K
3. Product : limp_oo(anbn) = LK

4. Quotient : limp_ oo Z—: =%, ba#0and K #0
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Example 3 (Determining convergence or divergence)
a. Because the sequence {a,} = {3+ (—1)"} has terms
24,2, 4 ...
that alternate between 2 and 4, the limit

lim a,
n—o00

does not exist. So, the sequence diverges.

b. For {b,} = {155} divide the numerator and denominator by n to
obtain
P SR S
naool—2n  noee (1/m)—2 2

which implies that the sequence converges to —35.
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Example 4 (Using L'Hopital’s Rule to determine convergence)

o 2
Show that the sequence whose nth term is a, = 57— converges.
@ Consider the function of a real variable

2

f(x) = 1"

@ Applying L'Hopital’'s Rule twice produces

fim Mg 2 = g —2 =3
m = Iim = |Im —
x—00 2X — 1 X—$00 (|n 2)2X X—$00 (|n 2)22X

@ Because f(n) = a, all for every positive integer, you can apply
Theorem 9.1 to conclude that

. n?
lim =0.
n—oo 2N — 1
@ So, the sequence converges to 0. |
i
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@ The symbol n! (read “n factorial”) is used to simplify some of the
formulas. Let n be a positive integer; then n factorial is defined as
n=1-2-3-4.--(n—1)-n.

@ As a special case, zero factorial is defined as 0! = 1.

@ From this definition, you can see that 1! =1,21=1.2 =2,
31=1-2-3 =26, and so on.

@ Factorial follow the same conventions for order of operations as
exponents. That is, 2n! = 2(n!) is different from (2n)!

Commonly used ordering If a> 0 and b > 1, then

Inn=<n?<b" <nl

where a, < b, denotes that lim,_ Z—: =0.
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Theorem 9.3 (Squeeze Theorem for sequences)

If

lim a,=L= lim b,
n—o0 n—o0

and there exists an integer N such that a, < c, < b, for all n > N, then

lim ¢, = L.
n—00

Example 5 (Using the Squeeze Theorem)

Show that the sequence {c,} = {(—1)"1} converges, and find its limit.

@ To apply the Squeeze Theorem, you must find two convergent
sequences that can be related to the given sequence.
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e Two possibilities are a, = —1/2" and b, = 1/2", both of which
converge to 0. By comparing the term n! with 2”7, you can see that,

Mm=1-2-3-4.56---n=24-5-6---n  (n>4)
N——

n—4 factors
and

2"=2.2.2.2.2.2...2=16-2-2---2. (n>4)
—_—

n—4 factors

@ This implies that for n > 4, 2" < n!, and you have

-1 1 1
< 1 < >4
o =V =5 h=

as shown in Figure 2.
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Figure 2: For n > 4, (—1)"/n! is squeezed between —1/2" and 1/2".

@ So, by the Squeeze Theorem it follows that
. nl
dim (=1)"7 =0
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Theorem 9.4 (Absolute Value Theorem)

For the sequence {a,}, if

lim |a,| =0 then lim a, =0.
n—o0 n—o0

o Consider the two sequences {|a,|} and {—|an|}.

@ Because both of these sequences converge to 0 and
_‘an’ <ap < ‘an’

you can use the Squeeze Theorem to conclude that {a,} converges to
0. O
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Pattern recognition for sequences

@ Sometimes the terms of a sequence are generated by some rule that
does not explicitly identify the nth term of the sequence.

@ In such cases, you may be required to discover a pattern in the
sequence and to describe the nth term.

@ Once the nth term has been specified, you can investigate the
convergence or divergence of the sequence.
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Example 6 (Finding the nth term of a sequence)

Find a sequence {a,} whose first five terms are

2 4 8 16 32

173 57797
and then determine whether the particular sequence you have chosen
converges or diverges.

@ First, note that the numerators are successive powers of 2, and the
denominators form the sequence of positive odd integers.
@ By comparing a, with n, you have the following pattern.

2t 22 23 24 25 2"
T35 79 o1
o Using L'Hdpital’s Rule to evaluate the limit of f(x) = 727, you
obtain
i 2% i 2X(In2) N i 2"
m - m e m = .
XI—>oo 2x — 1 XI—>oo 2 o n|—>oo 2n—1 >0
@ So, the sequence diverges.
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The process of determining an nth term from the pattern observed in the
first several terms of a sequence is an example of inductive reasoning.

Example 7 (Finding the nth term of a sequence)

Determine an nth term for a sequence whose first five terms are

2 8 dy &) AZ
12 6’24 120 7

and then decide whether the sequence converges or diverges.

@ Note that the numerators are 1 less than 3”. So, you can reason that
the numerators are given by the rule 37 — 1.

@ Factoring the denominators produces
1=1 2=1-2 6=1-2-3 24=1-2-3-4 120=1-2-3-4-5

@ This suggests that the denominators are represented by n!.
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o Finally, because the signs alternate, you can write the nth term as

o (55)

@ From the discussion about the growth of n!, it follows that

=0.

. . 3"-1
lim |a,| = lim
—00

n n—oco  nl

@ Applying Theorem 9.4, you can conclude that lim,_. a, = 0. So, the
sequence {a,} converges to 0. |
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Monotonic sequences and bounded sequences

Definition 9.2 (Monotonic sequence)
A sequence {a,} is monotonic if its terms are nondecreasing
ag<asa<--<ap<--

or if its terms are nonincreasing

ag>a>az3>--->ap >

Example 8 (Determining whether a sequence is monotonic)

Determine whether each sequence havmg the given nth term is monotonic.

a.a,=3+(-1)" b. by=22 c 5y

a. This sequence alternates between 2 and 4. So, it is not monotonic.
See Figure 3
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b. This sequence is monotonic because each successive term is larger
than its predecessor. To see this, compare the terms b, and b,y1.
[Note that, because n is positive, you can multiply each side of the
inequality by (1+ n) and (24 n) without reversing the inequality sign.]

bt b= 2(n+1)  2n_ (14+n)(2n+2)—2n(2+ n)

LTI T I (n+ 1) 14 (n+2)(n+1)
(2 +4n+2)—(2n* +4n) 2 -0
N (n+2)(n+1) (h+2)(n+1)

Starting with the final inequality, which is valid, you can reverse the
steps to conclude that the original inequality is also valid. See
Figure 3

c. This sequence is not monotonic, because the second term is larger
than the first term, and larger than the third. (Note that if you drop
the first term, the remaining sequence ¢, c3, ¢s, ... is monotonic.
See Figure 3) |
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(a) Not monotonic.

(b) Monotonic.

(c) Not monotonic.

Figure 3: Graphically illustrates three sequences.
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Definition 9.3 (Bounded sequence)

O A sequence {a,} is bounded above if there is a real number M such
that a, < M for all n. The number M is called an upper bound of the
sequence.

@ A sequence a, is bounded below if there is a real number N such that
N < a, for all n. The number N is called a lower bound of the
sequence.

© A sequence {a,} is bounded if it is bounded above and bounded
below.

@ One important property of the real numbers is that they are
complete. This means that there are no holes or gaps on the real
number line. (The set of rational numbers does not have the
completeness property.)
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@ The completeness axiom for real numbers can be used to conclude
that if a sequence has an upper bound, it must have a least upper

bound (an upper bound that is smaller than all other upper bounds
for the sequence).

@ For example, the least upper bound of the sequence

{an} ={n/(n+1)},

is 1.

Theorem 9.5 (Bounded monotonic sequences)

If a sequence {a,} is bounded and monotonic, then it converges.
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Example 9 (Bounded and monotonic sequences)

Determine whether or not the following sequences bounded or convergent.

2
a. {a} = {1} b (b} ={cZp} e {a}={(-1)7
a. The sequence {a,} = {1/n} is both bounded and monotonic and so,
by Theorem 9.5, must converge.
b. The divergent sequence {b,} = {n?/(n+ 1)} is monotonic, but not
bounded. (It is bounded below.)
c.

The divergent sequence {c,} = {(—1)"} is bounded, but not
monotonic. |
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Infinite series

@ One important application of infinite sequences is in representing
infinite summations.

o Informally, if {a,} is an infinite sequence, then

o0
g apn=a1+a+az+---+a,+--- Infinite series
n=1
is an infinite series (or simply a series).
@ The numbers a;, ap, a3, are the terms of the series.

@ For some series it is convenient to begin the index at n =0 (or some
other integer).

@ As a typesetting convention, it is common to represent an infinite
series as simply  ap.

@ In such cases, the starting value for the index must be taken from the
context of the statement.
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@ To find the sum of an infinite series, consider the following

S1=a So=a1+a S3=a1+a+ a3
Sa=a1+a+az+as Ss=a1+a+ a3+ as+ as
Sh=artatat--+a,

@ If this sequence of partial sums converges, the series is said to
converge.
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Definition 9.4 (Convergent and divergent series)

For the infinite series > ; a, the nth partial sum is given by
Sp=a1+ax+ -+ ap,.

If the sequence of partial sums {S,} converges to S, then the series
Yo% 1 an converges. The limit S is called the sum of the series.

S=at+a+t--+a+--- SZZan

If {Sp} diverges, then the series diverges.
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Example 1 (Convergent and divergent series)

a. The series

$L_1111
£ 2 48" 16
has the following partial sums.
1
51—5
1 1 3
2=5%37g
gl 1. 1.7
727478 8
g 1,1 1 1 21
"2 4 8 2n —2on
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@ Because

Co2n -1
lim =

n—oo 2N

1

it follow that the series converges and its sum is 1.

b. The nth partial sum of the series

56 s () () 6D

n

is given by
1

n+1°
@ Because the limit of S, is 1, the series converges and its sum is 1.

Sp=1-

c. The series
[oe)

D I=1414141+4--

n=1

diverges because S, = n and the sequence of partial sums diverges. B
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© The series 00 (3= 5y) = (=D + (G -9+ G-+ s
a telescoping series of the form

(by — by) + (b2 — b3) + (b3 — by) + (bs — bs) + - --

Note that b, is canceled by the second term, b3 is canceled by the
third term, and so on.

@ Because the nth partial sum of this series is
Sn = bl - bn+1

it follows that a telescoping series will converge if and only if b,
approaches a finite number as n — co.

@ Moreover, if the series converges, its sum is

S = b1 — n||—>n<lo b,,+1.
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Example 2 (Writing a series in telescoping form)

Find the sum of the series > °°; 4,,2 1

@ Using partial fractions, you can write

2 2 1 1
4n2 -1  (2n—1)(2n+1) 2n—1 2n+1°

dp =

@ From this telescoping form, you can see that the nth partial sum is

5—1—1+1—1++
" \1 3 3 5

@ So, the series converges and its sum is 1. That is,

1 1 1 1
2n—1 2n+1) = 2n+1

o0

2 _ . 1
le,,z_lznlr‘;os"—nl”;o(l_zn+1> -

n=1
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Geometric series

@ The series > 77, 2% = % + % + % + % + -+ is a geometric series.

@ In general, the series given by

oo
Zar”:a+ar+ar2+---+ar”+---, a#0
n=0

is a geometric series with ratio r.

Theorem 9.6 (Convergence of a geometric series)

A geometric series with ratio r diverges if |r| > 1. If 0 < |r| < 1, then the
series converges to the sum

1—7r’

> a
> ar" = 0<|rl<1.
n=0
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Example 3 (Convergent and divergent geometric series)

a. The geometric series
2 oS (B) sames () 43 (d i
Z 2) 2 2

has a ratio of r = 3 with a = 3. Because 0 < |r| < 1, the series
converges and its sum is
a 3

5:1—r:1—ﬂﬁ):6

b. The geometric series

£ \2 N 2 4 8

has a ratio r = % Because |r| > 1, the series diverges. |
v

— — = = SR
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Example 4 (A geometric series for a repeating decimal)

Use a geometric series to write 0.08 as the ratio of two integers.

@ For the repeating decimal 0.08, you can write
8 8 8 8 (8 1"
0.080808...—102+W+1m—|—1o8+---—;)(102) <102> .
e For this series, you have a = 8/10% and r = 1/10%. So,

a 8/10° 8
0.080808... = ——— = [ (1/109) ~ 09"

@ Try dividing 8 by 99 on a calculator to see that it produces 0.08. M
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Theorem 9.7 (Properties of infinite series)

Let Y a, and Y b, be convergent series, and let A, B, and ¢ be real
numbers. If Y >° 1 a, = A and Y 2, b, = B, then the following series
converge to the indicated sums.

Q@ > icap=CcA
@ > i(an—b)=A-B
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nth-term test for a convergent series

Theorem 9.8 (Limit of the nth term of a convergent series)

If >0 1 an is convergent, then lim,_,o ap = 0.

@ Assume that

oo
g ap= lim S, = L.
n—o0

n=1

@ Then, because S, = S,_1 + a, and
lim S, = I|m Sh—1=1L.
n—oo

o It follows that

L= Ilim S, = I|m (5,,,1—1-3,,): lim S,—1 + lim a,
n—o0 n—o00 n—o00
=L+ lim a,
n—oo
which implies that {a,} converges to 0. O
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@ The contrapositive of Theorem 9.8 provides a useful test for
divergence.

@ This nth-Term Test for Divergence states that if the limit of the nth
term of a series does not converge to 0, the series must diverge.

Theorem 9.9 (nth-term test for divergent)

Iflimp_00 an # 0, then > | a, diverges.

Example 5 (Using the nth-term test for divergent)
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a. For the series >, 2", you have

lim 2" = co.
n—o0o

So the limit of the nth term is not 0, and the series diverges.
b. For the series >_7°; 5.+, you have
i nl 1
im —.
n—o0 20! + 1 2

So, the limit of the nth term is not 0, and the series diverges.

c. For the series >-7° 1 1 you have

Because the limit of the nth term is O, the nth-term test for
divergence does not apply and you can draw no conclusions about
convergence or divergence. ]
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The Integral Test

Theorem 9.10 (The Integral Test)

If f is positive, continuous, and decreasing for x > 1 and a, = f(n), then

Zan and / f(x)dx
n=1 1

either both converge or both diverge.

Example 1 (Using the Integral Test)

Apply the Integral Test to the series Y 7 ; nz—’jrl
@ The function f(x) = = is positive and continuous for x > 1.

(x*+1)
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@ To determine whether f is decreasing, find the derivative.

P+ (1) —x(2x)  —x*+1

Fi(x) = (x2 + 1) T (2 11)2

@ So, f’(x) < 0 for x > 1 and it follows that f satisfies the conditions
for the Integral Test.

@ You can integrate to obtain

* X 1 [ 2x
X k= X q
/1 21 2/1 21"

1 b 2 1
== lim / = _dx == lim [In(x*+1)];
1

2 b—oo x2 +1 2 b—oo

1

= lim [In(b?> +1) = In2] = ooc. |
T 2 booo
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Example 2 (Using the Integral Test)

Apply the Integral Test to the series Y 7 ; FQ%

@ Because f(x) = 1/(x? + 1) satisfies the conditions for the Integral
Test (check this), you can integrate to obtain

o 1 . b 1 . b
dx = lim dx = lim [arctan x]]
1 1 b—o0

x2+1 b—oo J; x24+1
. T T 7
= lim (arctanb — arctanl) = — — — = —.
b—o0 2 4 4
@ So, the series converges. |

075+

050+

0.25
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p-series and harmonic series

@ A second type of series has a simple arithmetic test for convergence
or divergence.

@ A series of the form

is a p-series, where p is a positive constant.
@ For p =1, the series

OOE l—1—|-1+1-|—
n 2 3
n=1

is the harmonic series.
@ A general harmonic series is of the form Z an+b)
@ In music, strings of the same material, diameter, and tension, whose

lengths form a harmonic series, produce harmonic tones.
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Euler-Mascheroni constant «y (C)

n

1
v = lim Z; —Inn | ~ 0.5772156649

n—o0

is a mathematical constant recurring in analysis and number theory.

Riemann zeta function ¢(s)

)=~
n=1
is a function of a complex variable s that analytically continues the sum of
the infinite series which converges when the real part of s is greater than 1.
The Riemann zeta function plays a pivotal role in analytic number theory
and has applications in physics, probability theory, and applied statistics.
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Theorem 9.11 (Convergence of p series)

The p-series

1. converges if p > 1, and 2. diverges if 0 < p < 1.

@ The proof follows from the Integral Test and from Theorem 8.7,

/
dX
1 X

converges if p > 1 and diverges if 0 < p < 1. O
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Example 3 (Convergent and divergent p series)

Discuss the convergence or divergence of
a. the harmonic series and b. the p-series with p = 2.

a. From Theorem 9.11, it follows that the harmonic series
$2L_1,1.1,
n 1 2 3
n=1
diverges.
b. From Theorem 9.11, it follows that the p-series
—1 1 1 1
2T ptEta
n=1

converges. (]
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Example 4 (Testing a series for convergence)

Determine whether the following series converges or diverges.

o0

1
annn

n=2

@ This series is similar to the divergent harmonic series.

o If its terms were larger than those of the harmonic series, you would
expect it to diverge.

@ The function f(x) = 1/(xInx) is positive and continuous for x > 2.

@ To determine whether f is decreasing, first rewrite f as
f(x) = (xInx)~! and then find its derivative.

1+Inx

() = (“)(xInx) 2L+ Inx) = =52
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@ So, f’(x) < 0 for x > 2 and it follows that f satisfies the conditions
for the Integral Test.

/200 1 dx=/2 X 4 = tim [In(Inx)]3

xIn x Inx b—yo0

- bIme[In(In b) —In(In2)] =

@ The series diverges. |
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Direct comparison test

@ For the convergence tests the terms of the series have to be fairly
simple and the series must have special characteristics in order for the
convergence tests to be applied.

@ A slight deviation from these special characteristics can make a test
nonapplicable.

@ For example, in the following pairs, the second series cannot be tested
by the same convergence test as the first series even though it is
similar to the first.

(1) ZZ}O L !s geomet.ric, but Zz:o 2%1 is .not.
Q ) 1.5 isa p-series, but ) 7, "5 is not.

n2

Q a, = W is easily integrated, but b, = e
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Theorem 9.12 (Direct Comparison Test)

Let 0 < a, < b, for all n.
1. If Y22 b, converges, then 7 | a, converges.
2. If Y2, a, diverges, then > ° | b, diverges.

@ To prove the first property, let L =3 72, b, and let
Sp,=ai+a+---+a,.

@ Because 0 < a, < b, the sequence S, Sp, Ss, ... is nondecreasing
and bounded above by L; so, it must converge. Because

(o)
lim S, = E an
n—o0

n=1

it follows that ) a, converges. The second property is logically
equivalent to the first. O
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Example 1 (Using the Direct Comparison Test)

00 1

Determine the convergence or divergence of > *° e

@ This series resembles

[e.e]

1
3"

n=1

Convergent geometric series

@ Term-by-term comparison yields

_1 1
- 243nm " 3n

an =b, n>1.

@ So, by the Direct Comparison Test, the series converges.

Szu-Chi Chung (NSYSU) Chapter 9 Infinite Series January 28, 2022

56 /159



Example 2 (Using the Direct Comparison Test)

Determine the convergence or divergence of » >, ﬁ

@ This series resembles
oo

1 . .
Z 75 Divergent p-series
nl/2
n=1
@ Term-by-term comparison yields

1 1
— S —,
24++/n~ «/n
which does not meet the requirements for divergence. (Remember
that if term-by-term comparison reveals a series that is smaller than a
divergent series, the Direct Comparison Test tells you nothing.)
@ Still expecting the series to diverge, you can compare the given series
with

n>1

o
1 . . .

g —. Divergent harmonic series
n

n=1
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@ In this case, term-by-term comparison yields

1 < 1 b >4
ap=—<——=b,, n>
" n=2+4+yn
and, by the Direct Comparison Test, the given series diverges. ]

Remember that both parts of the Direct Comparison Test require that
0 < ap < by. Informally, the test says the following about the two series
with nonnegative terms.

1. If the “larger” series converges, the “smaller” series must also
converge.

2. If the “smaller” series diverges, the “larger” series must also diverge.
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Limit comparison test

o Often a given series closely resembles a p-series or a geometric series,
yet you cannot establish the term-by-term comparison necessary to
apply the Direct Comparison Test. Under these circumstances you
may be able to apply a second comparison test, called the Limit
Comparison Test.

Theorem 9.13 (Limit Comparison Test)

Suppose that a, > 0, b, > 0, and

where L is finite and positive. Then the two series Y a, and Y b, either
both converge both diverge.
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@ Because a, >0, b, > 0, and

. an\
Jim (b) =L

there exists N > 0 such that

0<2" <[ 4+1, forn>N.
by

@ This implies that
0<ap<(L+1)bp.

@ So, by the Direct Comparison Test, the convergence of > b, implies
the convergence ) a, and the divergence of >_ a, implies the

divergence > b,.
lim by _ 1
nsoo\a,) L

@ Similarly, the fact that
can be used to show that the convergence of > a, all implies the
convergence of Y b, and the divergence of ) b, implies the
divergence ) ap. O
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Example 3 (Using the Limit Comparison Test)

Show that the following general harmonic series diverges.

=1

E ——, a>0,b>0
an—+ b

n=1

e By comparison with >~7° , + L (divergent harmonic series), you have

1/(an+ b) n 1
[im ——2 = |im .
n—o0 1/n n—o0 an—i—b a

@ Because this limit is greater than 0, you can conclude from the Limit
Comparison Test that the given series diverges. |
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@ The Limit Comparison Test works well for comparing a " messy”
algebraic series with a p-series.

Given Series Comparison Series Conclusion

%El 3,,21,% %Z.?l "ii Eo:: ser?es Z?nverge.
20:1 \/232?02 g0:1 /m o 0 ser!es iverge.

Dot 4n,,5+,,3 Dol s = Donel s Both series converge.

@ When choosing a series for comparison, you can disregard all but the
highest powers of n in both the numerator and the denominator.
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Example 4 (Using the Limit Comparison Test)

N

Determine the convergence or divergence of 3 7°; X%

@ Disregarding all but the highest powers of n in the numerator and the
denominator, you can compare the series with

[e.o]

1
Z vn Z =7 Convergent p-series

@ Because

3/2 2

NG

. n . n .
lim — = lim — | = lim =1
n—oo b, n—oo\n2+1 1 n—oo n? +1

you can conclude by the Limit Comparison Test that the given series
converges. |
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Example 5 (Using the Limit Comparison Test)

00 n2"
n=1 4n3+41"

Determine the convergence or divergence of >

@ A reasonable comparison would be with the series
(0.9} 2[7

E —. Divergent series
n

n=1

@ Note that this series diverges by the nth-Term Test. From the limit

i an i n2" n? i 1 1
im —=1Ilm|([-——)[=)=Ilm —/— ==
n—oo b, n—oo \ 4n3 +1 2n nso0 4+ (1/n3) 4

you can conclude that the given series diverges. |
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Alternating series

@ The simplest series that contain both positive and negative terms is
an alternating series, whose terms alternate in sign. For example, the

geometric series
n=0 n=0

is an alternating geometric series with r = —1/2.

@ Alternating series occur in two ways: either the odd terms are
negative or the even terms are negative.
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Theorem 9.14 (Alternating Series Test)

Let a, > 0. The alternating series

o0 o0
Z(—l)”an and Z(—l)”“a,,
n=1 n=1

converge if the following two conditions are met.
1. limp0an=0 2. 2,11 <a,, foralln

| A\

RENELS

The second condition in the Alternating Series Test can be modified to
require only that 0 < a,41 < a, for all n greater than some integer .

A
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Example 1 (Using the Alternating Comparison Test)

Determine the convergence or divergence of Z;’il(—l)"ﬂ%.

@ Note that lim, .50 ap = lim,_ s % = 0. So, the first condition of
Theorem 9.14 is satisfied.
@ Also note that the second condition of Theorem 9.14 is satisfied

because
1 1
Il = T S;:an
for all n. So, applying the Alternating Series Test, you can conclude
that the series converges. |
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Example 2 (Using the Alternating Series Test)

Determine the convergence or divergence of » 72, #

@ To apply the Alternating Series Test, note that, for n > 1,

n—1
om0 gt PP
2 " n+1 270 n+1 2n 2n-1
@ S0, apy1 = (n+1)2" < n/2""1 = 3, for all n.
o Furthermore, by L'Hopital’s Rule,
lim —— = lim 0 — lim —0.

x—o0 2X~1 xS0 2X_1(|n 2) - n—oo 20—1

@ Therefore, by the Alternating Series Test, the series converges. |
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Example 3 (When the Alternating Series Test does not apply)

a. The alternating series

i )i n+1) 2 3 5.6
1 2 3 4°5
n=1
passes the second condition of the Alternating Series Test because
ant1 < a, for all n.
@ You cannot apply the Alternating Series Test, however, because the
series does not pass the first condition (lim,_oc a, = 1 # 0). In fact,
the series diverges.

b. The alternating series

2 1 2 1 2 1 2 1

1 1+2 2+3 3+4 4

passes the first condition because all approaches 0 as n — oc.
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@ You cannot apply the Alternating Series Test, however, because the
series does not pass the second condition.

@ To conclude that the series diverges, you can argue that S;p equals
the Nth partial sum of the divergent harmonic series.

@ This implies that the sequence of partial sums diverges. So, the series
diverges. [ ]
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Alternating series remainder

@ For a convergent alternating series, the partial sum Sy can be a
useful approximation for the sum S of the series. The error involved
in using S & Sy is the remainder Ry = S — Sy.

Theorem 9.15 (Alternating Series Remainder)

If a convergent alternating series satisfies the condition a1 < a,, then
the absolute value of the remainder Ry involved in approximating the sum
S by Sy is less than (or equal to) the first neglected term. That is,

IS — Sn| = |Rn| < any1-
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Example 4 (Approximating the sum of an alternating series)

Approximate the sum of the following series by its first six terms.

(0.0
1\ 1 1 1 1 1 1
o1 B T Y S e e e T
e = T (n!)_ll 2173 @ TR 6

n=1

@ The series converges by the Alternating Series Test because
1 1
—— < — and |lim — =0.
(n+1) = n! n—o0 nl

@ The sum of the first six terms is

1 1 1 1 1 91
56—1—§+6—ﬂ+1720—ﬁ—m~0.63194
and, by the Alternating Series Remainder, you have
1
— = |Rs| < a7 = —— = 0.0002.
|S — Se| = |Rs| < a7 520~ 0-000
@ So, the sum S lies between 0.63194 — 0.0002 and 0.63194 4 0.0002,

0.63174 < S < 0.63214.

|
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Absolute and conditional convergence

@ Occasionally, a series may have both positive and negative terms and
not be an alternating series. For instance, the series

n2:1+4+9

n=1

isinn sinl sin2 sin3

has both positive and negative terms, yet it is not an alternating
series.

@ One way to obtain some information about the convergence of this
series is to investigate the convergence of the series

o

>

n=1

sinn
n? |’

@ By direct comparison, you have |sinn| <1 for all n, so

1
_?7

sinn

n>1.

n2

Szu-Chi Chung (NSYSU) Chapter 9 Infinite Series January 28, 2022 74 /159



sin n|
n?

@ Therefore, by the Direct Comparison Test, the series Z!
converges.

Theorem 9.16 (Absolute convergence)

If the series ) |an| converges, then the series ) a, also converges.

@ The converse of Theorem 9.16 is not true. For instance, the
alternating harmonic series

i(—l)”“_l 1+1 L,
n 1 2 3 4
n=1
converges by the Alternating Series Test. Yet the harmonic series

diverges. This type of convergence is called conditional.
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Definition 9.5 (Absolute and conditional convergence)

© ) a, is absolutely convergent if > |a,| converges.

@ > a, is conditionally convergent if > a, converges but > |a,|
diverges.

Example 6 (Absolute and conditional convergence)

Determine whether each of the series is convergent or divergent. Classify
any convergent series as absolutely or conditionally convergent.

co (=1)"a! _ o 1l 21 3!
& Yo g = atmomto

60 (_1)n_ 1 1 1 1

a. By the nth-term test for divergence, you can conclude that this series
diverges.
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b. The given series can be shown to be convergent by the Alternating
Series Test. Moreover, because the p-series

>

n=1

1 1 1 1

Vi v2 B

diverges, the given series is conditionally convergent.

Example 7 (Absolute and conditional convergence)

Determine whether each of the series is convergent or divergent. Classify
any convergent series as absolutely or conditionally convergent.

)n(n+1)/2 . 1 1 1 1
a. Y, & o7 =3 5t te—

- 1 1 1 1
b. 307 mptl) — W2 T3 Wmd T s~
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a. This is not an alternating series. However, because

oo
n=1 n=1
is a convergent geometric series, you can apply Theorem 9.16 to

conclude that the given series is absolutely convergent (and therefore
convergent).

b. In this case, the Alternating Series Test indicates that the given series
converges. However, the series

>

n=1

= S

In(n+1)| n2 "in3 " ina

diverges by direct comparison with the terms of the harmonic series.
Therefore, the given series is conditionally convergent. |
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Rearrangement of series

@ A finite sum such as (1 +3 — 2+ 5 — 4) can be rearranged without
changing the value of the sum. This is not necessarily true of an
infinite series—it depends on whether the series is absolutely
convergent (every rearrangement has the same sum) or conditionally
convergent.

Example 8 (Rearrangement of a series)

The alternating harmonic series converges to In2. That is,

(e¢]
1 1 1 1 1
_1n+17:7_, —_ = = "':|2-
;( ) n 1 2+3 4+ "

Rearrange the series to produce a different sum.
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@ Consider the following rearrangement.
O R N R
2 4 3 6 8 5 10 12 7 14
1
1
2

@ By rearranging the terms, you obtain a sum that is half the original
sum. |
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The Ratio Test

@ This section begins with a test for absolute convergence—the
Ratio Test.

Theorem 9.17 (Ratio Test)

Let > a, be a series with nonzero terms.

@ > a, converges absolutely if lim,_, a’;l <1.

Q > a, diverges if lim,_ "":1 > 1 orlimp_oo 32:1 = 00.
= - 5 re ant1 |

© The Ratio Test is inconclusive if lim,_s o ’; ="

Remark

Although the Ratio Test is not a cure for all ills related to testing for
convergence, it is particularly useful for series that converge rapidly. Series
involving factorials or exponentials are frequently of this type. )

— = = - - ~7

| \
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Example 1 (Using the Ratio Test)

oo 2N

Determine the convergence or divergence of ) 7° ;<.

@ Because a, = 2"/n!, you can write the following.
. 2n+1 on
= [(n+ ) n!]
2n+1 nl
n—oc0 (n—{—]_)' 2n n—ocon—+1

an+1
dn

lim

n—oo

=0<1

@ This series converges because the limit of |a,+1/ap| is less than 1. W
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Example 2 (Using the Ratio Test)

Determine whether each series converges or diverges.
(%S n22n+1 00 n"
a. Zn:O 3n b. Zn:l nt

a. This series converges because the limit of |a,+1/an| is less than 1.

. ani1 L ) 2n+2 3n
Jim 2222 = i [0+ 17 (5 ) (o
. 2(n4+1)2 2
=3 3!

b. This series diverges because the limit of |a,y1/as| is greater than 1.

. lant1 . (n+1)"*1 /nl ) (n+1)" /1
lim = lm |——"— | — = lm |[—— [ —
n—oo | ap n—00 (n + 1)! nn n—00 n+1 nn
1" 1\"
ST ) T <1+> —e>1 m
n—o0 nn n—o0 n
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Example 3 (A failure of the Ratio Test)

Determine the convergence or divergence of Z;’L(—l)"#ﬁy

@ The limit of |ap+1/an| is equal to 1.
~ lim vn+1 n+1
_n|—>oo n-+2 ﬁ
/ 1 1
n n+2

@ So, the Ratio Test is inconclusive.

dn+1
dn

n—o0

= lim
n—oo

@ To determine whether the series converges, you need to try a different
test.

@ In this case, you can apply the Alternating Series Test. To show that
any1 < ap, let
VX

T x+1

f(x)
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Then the derivative is

oy —x+1
) = s 12

Because the derivative is negative for x > 1, you know that f is a
decreasing function.

Also, by L'Hopital’s Rule,

Iimﬁzlimmz' L

x—00 X + 1 X—00 1 XLrgo 2\/)? =0.

Therefore, by the Alternating Series Test, the series converges.
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The Root Test

@ The next test for convergence or divergence of series works especially
well for series involving nth powers.

Theorem 9.18 (Root Test)

Let Y a, be a series.
© > a, converges absolutely if lim,_ o (’/m <1
@ > a, diverges if limp_, o0 \"/m > 1 or limp_o00 {/|an| = 0.
© The Root Test is inconclusive if limp_ oo \”/m =1.

The Root Test is always inconclusive for any p-series.
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Example 4 (Using the Root Test)

2n

Determine the convergence or divergence of ) <%

@ You can apply the Root Test as follows.

2n/n 2
n

e2n e
lim \/|as| = lim {/— = lim = lim —=0<1
n—o0 n—o0 nn n—o0 n”/” n—oo n

@ Because this limit is less than 1, you can conclude that the series
converges absolutely (and therefore converges). |
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Strategies for testing series

Does the nth term approach 07 If not, the series diverges.

(]

Is the series one of the special types—geometric, p-series, telescoping,
or alternating?

Can the Integral Test, the Root Test, or the Ratio Test be applied?

Can the series be compared favorably to one of the special types?
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Example 5 (Applying the strategies for testing series)

Determine the convergence or divergence of
a.
d.

g.

2
Pt 3nn41;11 b. > 2, (ﬂ)n c. Y2 ne "
o0 o
D ne1 3, e. > (- 1)n4n+1 £ 1on

ZOO n+1
n=1\ 2n+1

. For this series, the limit of the nth term is not 0 (a, — 1/3 as
n — 00). So, by the nth-Term Test, the series diverges.
. This series is geometric. Moreover, because the ratio r = 7 /6 of the

terms is less than 1 in absolute value, you can conclude that the
series converges.

. 2 . . .
. Because the function f(x) = xe™*" is easily integrated, you can use

the Integral Test to conclude that the series converges.

. The nth term of this series can be compared to the nth term of the

harmonic series. After using the Limit Comparison Test, you can
conclude that the series diverges.
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e. This is an alternating series whose nth term approaches 0. Because
ant1 < an. you can use the Alternating Series Test to conclude that
the series converges.

f. The nth term of this series involves a factorial, which indicates that
the Ratio Test may work well. After applying the Ratio Test, you can
conclude that the series diverges.

g. The nth term of this series involves a variable that is raised to the nth
power, which indicates that the Root Test may work well. After
applying the Root Test, you can conclude that the series converges. B
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Polynomial approximations of elementary functions

@ To find a polynomial function P that approximates another function
f, begin by choosing a number ¢ in the domain of f at which f and
P have the same value. That is,

P(c) = f(c). Graphs of f and P pass through (c, f(c))

@ The approximating polynomial is said to be expanded about ¢ or
centered at c.

o Geometrically, the requirement that P(c) = f(c) means that the
graph of P passes through the point (¢, f(c)). Of course, there are
many polynomials whose graphs pass through the point (c, f(c)).
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@ To find a polynomial whose graph resembles the graph of f near this
point. One way to do this is to impose the additional requirement
that the slope of the polynomial function be the same as the slope of
the graph of f at the point (c, f(c)).

P'(c) = f'(c). Graphs of f and P have the same at (c, f(c))

@ With these two requirements, you can obtain a simple linear
approximation of f, as shown in Figure 5.

A}

P(c) =f(c)
P'(c) = f"(¢)

Figure 5: Near (c, f(c)), the graph of P can be used to approximate the graph of
f.
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Example 1 (First-degree polynomial approximation of f(x) = &)

For the function f(x) = €%, find a first-degree polynomial function
P1(X) = ag + aix

whose value and slope agree with the value and slope of f at x = 0.

@ Because f(x) = e~ and f/(x) = e, the value and the slope of f, at
x = 0, are given by

f0O)=e’=1 and f'(0)=¢e’=1.
@ Because Pi(x) = ap + a1x, you can use the condition that

P1(0) = £(0) to conclude that ap = 1.
@ Moreover, because P{(x) = a1, you can use the condition that
P;(0) = f/(0) to conclude that a; = 1.
@ Therefore, Pi(x) =1+ x. Figure 6 shows the graphs of
Pi(x) =14 x and f(x) = e*. [
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PI(.x) =1+x

(S 5

Figure 6: P1(x) = 1+ x is the first-degree polynomial approximation of f(x) = e*.
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Example 2 (Third-degree polynomial approximation of f(x) = &)

Construct a table comparing the values of the polynomial

1 1
P3(X):1+X—|—§X2—|—§X3

with f(x) = e~ for several values of x near 0.

@ Using a calculator or a computer, you can obtain the results shown in
the table.

@ Note that for x = 0, the two functions have the same value, but that
as x moves farther away from 0, the accuracy of the approximating
polynomial P3(x) decreases. [ |

X —1.0 —0.2 —-0.1 0 0.1 0.2 1.0
ex 0.3679 | 0.81873 | 0.904837 | 1 | 1.105171 | 1.22140 | 2.7183
P3(x) | 0.3333 | 0.81867 | 0.904833 | 1 | 1.105167 | 1.22133 | 2.6667
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Taylor and Maclaurin polynomials

@ The polynomial approximation of f(x) = e* is expanded about ¢ = 0.
For expansions about an arbitrary value of c, it is convenient to write
the polynomial in the form

Po(x) = ag + a1(x — ) + ax(x — ¢)® + az(x — c)3 4+ - + an(x — )"
@ In this form, repeated differentiation produces

P! (x) = a1 + 2ap(x — ¢) 4+ 3a3(x — ¢)® + - + nap(x — c)" !
P!(x) = 2ap +2(3a3)(x — ¢) + - -~ + n(n — L)ap(x — c)" 2
P (x) = 2(3a3) + - - - + n(n — 1)(n — 2)an(x — )"

Py (x) = n(n —1)(n —2)--- (2)(1)ap.
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@ Letting x = ¢, you then obtain
Pn(c) = ao, PlL(c)=a1, Pl(c)=2a, ..., P,(,")(c) = nlap,.

and because the values of f and its first n derivatives must agree with
the values of P, and its first n derivatives at x = ¢, it follows that

f(c)=ao, f'(c)=a,

— =ay, ...,

o With these coefficients, you can obtain the following definition of
Taylor polynomials, named after the English mathematician Taylor,
Brook (1685-1731), and
Maclaurin polynomials, named after the English mathematician
Maclaurin, Colin (1698-1746).
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Definition 9.6 (Taylor polynomial and Maclaurin polynomial)

If £ has n derivatives at ¢, then the polynomial

Pa(x) = £(c) + F(c)(x — ) + f”z(f) (x— )+ + f(n,),(C) (x—c)"

is called the nth Taylor polynomial for f at c. If ¢ =0, then

(0 110 £(m (0
Pa) = £(O) + O+ T D e O o O

is also called the nth Maclaurin polynomial for f at c.
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Example 3 (A Maclaurin polynomial for f(x)

Find the nth Maclaurin polynomial for f(x) = e*.

@ The nth Maclaurin polynomial for
f(x)=¢€*

is given by

1 1 1
P,,(X):1+x+ix2+§x3+---+mx".

Example 4 (Finding Taylor polynomials for In x)

Find the Taylor polynomials Py, P1, P>, P3, and Py, for In x centered at
c=1.
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@ Expanding about ¢ =1 yields the following.

F(x) = Inx fF(1)=In1=0
COE P =1 -1
) =~ 1) =~y =1
£ (x) = % F(1) %— 2

F*(x) = —% F®(1) = —% -6

@ Therefore, the Taylor polynomials are as follows.

Po(x) = f(1) =
Pi(x) = (1) + f’(1)(x —1)=(x—1)
Py(x) = f(1) + f(1)(x — 1) + f2(!1) (x—1P2=(x-1)— % (x —1)?
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@ and

P = £(1) + F()x = 1)+ S5 =1+ ) (-1
:(X_l)_%(x_1)2+%(x—l)3
Pa(x) = f(1)+ f'(1)(x — 1) + f”2(!1) (x —1)?
1" (4)
+ WD a4 T gy
1 1 1
:(X—l)—§(X—1)2+§(X—1)3—Z(X—1)4

o Figure 7 compares the graphs of Py, P>, P3, and P4 with the graph of
f(x) = Inx. Note that near x = 1 the graphs are nearly
indistinguishable. For instance, P4(1.1) ~ 0.0953083 and
In(1.1) ~ 0.0953102. |
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2 Py
14
f
L2 3 4
7
-2
(ayn=1
y
2+ P,
T f
T2 3 a4
-1+
_2/
(c)n=3

Figure 7: As n increases, the graph of P,, becomes a better and better
approximation of the graph of f(x) = Inx near x = 1.
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Example 5 (Finding Maclaurin polynomials for cos x)

Find the Maclaurin polynomials Py, P», P4, and Pg for f(x) = cos x. Use
Pe(x) to approximate the value of cos(0.1).

@ Expanding about ¢ = 0 yields the following.

f(x) = cos x f(0) =cos0=1
f'(x) = —sinx f'(0) = —sin0=0
f""(x) = — cos x f(0) = —cos0 = —1
f"'(x) = sinx f"(0) =sin0=0

@ Through repeated differentiation, you can see that the pattern 1, 0,
—1, 0 continues, and you obtain the following Maclaurin polynomials.

1
Po(x) =1, Pr(x)=1-— §X2,
1 1 1 1 1
Pa(x )—1—§x +Ex4 P6(x)—1—jx +Ex4 6!X6
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@ Using Ps(x), you obtain the approximation cos(0.1) ~ 0.995004165,
which coincides with the calculator value to nine decimal places.
Figure 8 compares the graphs of f(x) = cosx and Ps. |

y

2 i
Flay=cosx

I

24 P6

Figure 8: Near (0, 1), the graph of Ps can be used to approximate the graph of
f(x) = cos x.
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Example 6 (Finding a Taylor polynomial for sin x)

Find the third Taylor polynomial for f(x) = sin x, expanded about
c=m/6.

e Expanding about ¢ = 7/6 yields the following.

f(x) = sinx f(%)zsin%:%

f'(x) = cos x f (%) :cosg:?
'(x) = —sinx F(5) = —sint =
f"'(x) = — cos x " (%) = —cos% = —\f
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@ So, the third Taylor polynomial for f(x) = sin x, expanded about
c=m/6,is

P3(x) = f(w/6) + f'(7/6)(x — 7/6) + f”(;/6) (x —7/6)?
+ f'///(ﬂ./6)

3
2 (x— /6)
1 V3 1 2 \@ 3
=—+—(x—7/6)— ———(x—7m/6 —7/6
@ Figure 9 compares the graphs of f(x) = sinx and P3. |
27T f(x)=sinx
\ N
N\ AN
- | P

Figure 9: Near (7/6,1/2), the graph of P3 can be used to approximate the graph
of f(x) =sinx.
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Example 7 (Approximation using Maclaurin polynomials)

Use a fourth Maclaurin polynomial to approximate the value of In(1.1).

@ Because 1.1 is closer to 1 than to 0, you should consider Maclaurin
polynomials for the function g(x) = In(1 + x).

g(x) =In(1+x) g(0) =In(1 +0)—0
gx)=(1+x)" g0)=(1+0"=
g'(x)=—(1+x72 g"(0)=—(1+0)?=-1
g"(x) =2(1+x)"3 g"(0)=2(1+0)"*=
gM(x)=-6(1+x)7" g™(0)=-6(1+0)"=-6
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@ Note that you obtain the same coefficients as in Example 4.
Therefore, the fourth Maclaurin polynomial for g(x) = In(1 4 x) is

g"(0 g"(0 g(4) 0

Pa(x) = g(0) + g'(0)x + 2(| )2 4 3(| ) 34 4'( ) 4
— 1 2 1 3 1 4
= X 5 X+ 3 X 4X X

o Consequently,
In(1.1) = In(1 4 0.1) &~ P4(0.1) ~ 0.0953083.

Check to see that the fourth Taylor polynomial (from Example 4),
evaluated at x = 1.1, yields the same result. ]
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Remainder of a Taylor polynomial

@ An approximation technique is of little value without some idea of its
accuracy.

@ To measure the accuracy of approximating a function value f(x) by
the Taylor polynomial P,(x), you can use the concept of a remainder
Rn(x), defined as follows.

f&) = P,(x) + R (x)

[N\

Exact Approximate Remainder
value Value

@ So, Ry(x) = f(x) — Pn(x). The absolute value of R,(x) is called the
error associated with the approximation. That is,

Error = |Rn(x)| = |f(x) — Pn(x)|

@ The next theorem gives a general procedure for estimating the
remainder associated with a Taylor polynomial.
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@ This important theorem is called Taylor's Theorem, and the remainder
given in the theorem is called the Lagrange form of the remainder.

Theorem 9.19 (Taylor's Theorem)

If a function f is differentiable through order n+ 1 in an interval |
containing c, then, for each x in I, there exists z between x and c such
that

" (n)
) = F(0)+ )= )+ 2D (e e+ D (g 1)
where e
o) = o b= €
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Example 8 (Determining the accuracy of an approximation)
The third Maclaurin polynomial for sin x is given by

3

X

P3(x) = x — 3

Use Taylor's Theorem to approximate sin(0.1) by P3(0.1) and determine
the accuracy of the approximation.

@ Using Taylor's Theorem, you have

3 3 £(4)
smx—x—%—l—Rg( x) = x—X—+ 4|(Z)x4

where 0 < z < 0.1.
@ Therefore,
(0.1)3

3l ~ 0.1 —0.000167 = 0.099833.

sin(0.1) ~ 0.1 —
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e Because f(*)(z) = sin z, it follows that the error |R3(0.1)| can be
bounded as follows.

0.0001
41

sinz

0< R3(O.1) = a1

(0.1)* < ~ 0.000004.

@ This implies that

0.099833 <sin(0.1) = 0.099833 + R3(x) < 0.099833 + 0.000004
0.099833 <sin(0.1) < 0.099837. |
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© Sequences

© Series and convergence

© The Integral Test and p-series

@ Comparisons of series

e Alternating series

@ The Ratio and Root Test

@ Taylor polynomials and approximations

© Power series

© Representation of functions by power series

@ Taylor and Maclaurin series
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Power series

@ An important function f(x) = €* can be represented exactly by an
infinite series called a power series. For example, the power series
representation for e* is

x> X3 x"
_1+X+7+7+ e e I
3! n!

@ For each real number x, it can be shown that the infinite series on the
right converges to the number e*.
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Definition 9.7 (Power series)

If x is a variable, then an infinite series of the form

o0
Zanx":ao+alx+azxz+33x3+~-+a,,x”+'~

n=0

is called a power series. More generally, an infinite series of the form

oo
Z an(x—c)" = ag+ay(x—c)+as(x—c)?+az(x—c)3+- - +an(x—c)"+---
n=0

is called a power series centered at ¢, where c is a constant.
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Example 1 (Power series)

a. The following power series is centered at 0.
o0

b. The following power series is centered at —1.

X
=1l+x+ 5+ +--

U X2 3
7 20 3l

o0

D (1) +1)" =1 (x+ 1)+ (x+1)7 = (x+ 1)+
n=0

c. The following power series is centered at 1.

[e.e]

1 1 1
o =1)"=(x=1)+o(x— 1P+ Z(x =1+
“—~n 2 3

v
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Radius and interval of convergence

A power series in x can be viewed as a function of x

F(x)=>_ an(x—c)"
n=0

where the domain of f is the set of all x for which the it converges.

Theorem 9.20 (Convergence of a power series)
For a power series centered at c, precisely one of the following is true.
1. The series converges only at c.
2. There exists a real number R > 0 such that the series converges
absolutely for |x — ¢| < R, and diverges for |[x — c| > R.
3. The series converges absolutely for all x.

The number R is the radius of convergence. If the series converges only at
c, the radius of convergence is R = 0, and if the series converges for all x,
the radius of convergence is R = oo. The set of all values of x for which it
converges Is the interval of convergence of the power series. )

— — = — SaRe
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Example 2 (Finding the radius of convergence)

Find the radius of convergence of Y 7, nlx".

@ For x = 0, you obtain
FO)=> nl0"=1+0+0+--=1
n=0

e For any fixed value of x such that |x| > 0, let u, = nlx". Then

Unti
Un

(n+1)Ix"+t
nlxn

= lim

n—o0

lim
n—oo

= |x| nll_)I’T;O(n—{— 1) = 0.
@ Therefore, by the Ratio Test, the series diverges for |x| > 0 and
converges only at its center, 0.

@ So, the radius of convergence is R = 0. |
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Example 3 (Finding the radius of convergence)

n

Find the radius of convergence of "7 ;3(x — 2)".

@ For x # 2, let u, = 3(x —2)". Then

Upt+1
Un

lim

n—o00

= lim

3(x — 2 n+1
‘ =2 i 2] = x— 2|
n—o00 n—o00

3(x—2)n

@ By the Ratio Test, the series converges if |[x — 2| < 1 and diverges if
|x — 2| > 1. Therefore, the radius of convergence of the series is
R=1. [ |
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Example 4 (Finding the radius of convergence)

Find the radius of convergence of > 77, %
o Let u, = (—1)"x®>"*1/(2n + 1)!. Then
i 1| . (_1)n+1X2n+3/(2n 4 3)! i X2
oo |ty | nno| (—1)nx20/(2n+ 1)1 | ntoo (2n+ 3)(2n + 2)

@ For any fixed value of x, this limit is 0. So, by the Ratio Test, the
series converges for all x. Therefore, the radius of convergence is
R = 0. |
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Differentiation and integration of power series

Theorem 9.21 (Properties of functions defined by power series)

If the function given by

f(x) =Y gan(x—c)"=ag+tai(x—c)+a(x—c)?+a(x—c)P+ -
has a radius of convergence of R > 0, then, on the interval

(c — R, ¢+ R), f is differentiable (and therefore continuous).

Moreover, the derivative and antiderivative of f are as follows.

1. f/(x) = >0 nan(x — )" 1 = a; + 2ax(x — ¢) + 3a3(x — ) + - --

2

Jf(x)dx = C+3 2o an Xni)lJr = C+ap(x—c)+a1 s C) +ap C)3+- o
The radius of convergence of the series obtained by d/fferentlatlng or
integrating a power series is the same as that of the original power series.
The interval of convergence, however, may differ as a result of the
behavior at the endpoints.
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@ The interval of convergence of the series obtained by differentiating a
power series may get worse but cannot get improved. However, the
interval of convergence of the series obtained by integrating a power
series may get improve but cannot get worse.

Example 8 (Intervals of convergence for f(x), f/(x), and [ f(x)dx)

Consider the function given by

B n 2 3 '
n=1

Find the interval of convergence for each of the following.
a. [f(x)dx b. f(x) ¢ f'(x)
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@ By Theorem 9.21, you have

o
F) = x" =14 x+x2+x3 4

n=1
and
© ol 2 3 V!
f - AN
/(X)dx C+n§_:1n(n+l) Ctistrztzat

@ By the Ratio Test, you can show that each series has a radius of
convergence of R = 1.

o Considering the interval (—1,1), you have the following.

a. For [ f(x)dx, the series

0 Xn+1
Z — Interval of convergence: [—1,1]
~ n(n+1)

converges for x = 41, and its interval of convergence is [—1,1]. See
Figure 10.
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b. For f(x), the series

X on
X
Z — Interval of convergence: [—1,1)
n=1 n
converges for x = —1, and diverges for x = 1.

@ So, its interval of convergence is [—1,1). See Figure 10.

c. For f'(x), the series

oo
anfl Interval of convergence: (—1,1)
n=1

diverges for x = £1, and its interval of convergence is (—1,1). See
Figure 10. ]
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Interval: [—1, 1] Interval: [-1, 1) Interval: (-1, 1)
Radius: R=1 Radius: R=1 Radius: R=1
L . i| : : [ . | :
[ T 1 X [ - ) X y - 1 P
-1 c=0 1 -1 c=0 1 -1 c=0 1
(a) Interval: [—1,1] (b) Interval: [-1,1) (c) Interval: (—1,1)
and radius: R =1. and radius: R =1. and radius: R =1.

Figure 10: Intervals of convergence for f(x), f'(x), and [ f(x)dx.
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Geometric power series

e Consider the function given by f(x) =1/(1 — x). The form of f
closely resembles the sum of a geometric series

> a
Zar"zﬁ, |r|<1
n=0

@ In other words, if you let a=1 and r = x, a power series
representation for 1/(1 — x), centered at 0, is

1
1—x

o0
:Zx”:1+x+x2+x3+-~-, x| < 1.
n=0

e Of course, this series represents f(x) = 1/(1 — x) only on the interval
(—1,1), whereas f is defined for all x # 1, as shown in Figure 11.

@ To represent f in another interval, you must develop a different series.
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@ For instance, to obtain the power series centered at —1, you could

write
1 1 1/2 a

1-x 2-(x+1) 1-[(x+1)/2] 1-r
which implies that a=1/2 and r = (x + 1) /2.
@ So, for [x + 1| < 2, you have

lix:§<;) (X;rl)n
1 (x+1) (x+1)> (x+1)3

== 1] <2
2[+2+4+8+,\x+\<

which converges on the interval (—3,1).
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e
SR =

(Rpe B

-

Domain: all x # 1

]
1
i
|
'
1
1
!
T
1
i
]
]
1
1

4

Sl = i ", Domain: —1 <x< |
H=0

Figure 11: Definition of different ranges with function.

Szu-Chi Chung (NSYSU)

Chapter 9 Infinite Series

January 28, 2022

131/159



Example 1 (Finding a geometric power series centered at 0)

Find a power series for f(x) = 4/(x + 2) centered at 0.

e Writing f(x) in the form a/(1 — r) produces
4 2 a

24+ x 1—(—x/2) 1-r

which implies that a =2 and r = —x/2.
@ So, the power series for f(x) is

4 e s X\ "N X X2 x3
=Y =YX =2 (1o )
Ay =e(3) =2 (1-5 4 )

@ This power series converges when

X
~Zl<1
-3l <

which implies that the interval of convergence is (—2,2). [
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Example 2 (Finding a geometric power series centered at 1)

Find a power series for f(x) = 1/x, centered at 1.

o Writing f(x) in the form a/(1 — r) produces
1 o a
1—(—x+1) 1-r
—(x —1). So, the power

1
X
which implies that a=land r=1—x =
series for f(x) is

S

Z ) (x—1)"=1—(x—1)+(x—12 = (x—1)3+---

@ This power series converges when |x — 1| < 1 which implies that the

interval of convergence is (0, 2). [
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Operations with power series

Operations with power series Let f(x) = " apx” and g(x) = > bpx".
1. f(kx) =D 02 ank"x"

2. f(xN)y =300 g anx™V

3. £(x) £ g(x) = 22 g(an & bp)x”

Example 3 (Adding two power series)

Find a power series, centered at 0, for f(x) = (3x — 1)/(x?> — 1).

e Using partial fractions, you can write f(x) as

X-1_ 2 1
x2—-1 x+1 x-1
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@ By adding the two geometric power series

2 [
x+1 1-—

i_x) = 2(-1)"x", |x|<1
n=0

and

1 ~1 = .,
X_lzl_X:fo, x| <1
n=0

you obtain the following power series.

3x—1 >
T = DR T =13k =3
n=0
@ The interval of convergence for this power series is (—1,1). |

Example 4 (Finding a power series by integration)

Find a power series for f(x) = Inx, centered at 1.
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e From Example 2, you know that

- = Z (x—=1)" Interval of convergence: (0, 2)

Integrating thls series produces

1 s (X—l)"+1
Inx= [ —d C=C )
nx /x X+ +Z( )

n+1
n=0
@ By letting x =1, you can conclude that C = 0. Therefore,
oo
(x — 1)+t
Inx = e
nz:%( ) n+1
(x=1) (x=1% (x=1? (x—1)*
1 2 3 4

Interval of convergence: (0, 2]

@ Note that the series converges at x = 2. This is consistent with the
observation in the preceding section that integration of a power series
may alter the convergence at the endpoints of the interval of

convergence. |
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Taylor series and Maclaurin series

@ The development of power series to represent functions is credited to
the combined work of many seventeenth and eighteenth century
mathematicians.

@ Gregory, Newton, John and James Bernoulli, Leibniz, Euler, Lagrange,
Wallis, and Fourier all contributed to this work.

@ However, the two names that are most commonly associated with
power series are Brook Taylor and Colin Maclaurin.

Theorem 9.22 (The form of a convergent power series)

If f is represented by a power series f(x) = > an(x — ¢)" for all x in an
open interval | containing c, then a, = f(")(c)/n! and

(<)
2!

f(")(c)

f(x) = f(c)+f'(c)(x—c)+ nl

(X—C)2+~-+

(x—c)"+---
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@ The coefficients of the power series in Theorem 9.22 are precisely the
coefficients of the Taylor polynomials for f(x) at c. For this reason,
the series is called the Taylor series for f(x) at c.

Definition 9.8 (Taylor and Maclaurin series)

If a function f has derivatives of all orders at x = ¢, then the series

f(")(c)
n!

. £(n)
S (= f) + P — ) 4

(x—c)"+ -
|
=0 n!

is called the Taylor series for f(x) at c. Moreover, if ¢ = 0, then the series
is the Maclaurin series for f.
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Example 1 (Forming a power series)

Use the function f(x) = sin x to form the Maclaurin series

= F00) L,

! TR TR TR
and determine the interval of convergence.
@ Successive differentiation of f(x) yields
f(x) = sinx f(0) =sin0=0
f'(x) = cos x f'(0) = cos0 =
f""(x) = —sinx f"(0) = —sin0 =
f3)(x) = — cos x f3)(0) = —cos0 = —1
F®)(x) = sinx F4(0) = sin0 =
F®)(x) = cos x £)(0) = cos0 =

and so on.

Szu-Chi Chung (NSYSU) Chapter 9 Infinite Series

January 28, 2022 140 /159



The pattern repeats after the third derivative. So, the power series is
as follows.

F10) . F9(0)

iof(n,i!(O)Xn:f(O)—l—f’(O)x+ = 3
p

+ f(j!(O) x* -

+(;|)X7+ _X_>j+>;’_>7<:+

By the Ratio Test, you can conclude that this series converges for all
X. |
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You cannot conclude that the power series converges to sin x for all x.
You can simply conclude that the power series converges to some
function, but you are not sure what function it is.

This is a subtle, but important, point in dealing with Taylor or
Maclaurin series.

To persuade yourself that the series

(<)
2!

f(M(c)

n!

f(c)+ f'(c)(x —c) + (x—c)+-+

(x—c)"+ -

might converge to a function other than f, remember that the
derivatives are being evaluated at a single point.

It can easily happen that another function will agree with the values
of F("(x) when x = ¢ and disagree at other x-values.

If you formed the power series for the function shown in Figure 12,
you would obtain the same series as in Example 1.

You know that the series converges for all x, and yet it obviously
cannot converge to both f(x) and sinx for all x.
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Figure 12: f(x) # sinx for all x but both have the same Taylor series.

@ Let f have derivatives of all orders in an open interval | centered at c.

@ The Taylor series for f may fail to converge for some x in /. Or, even
if it is convergent, it may fail to have f(x) as its sum.
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@ Nevertheless, Theorem 9.19 tells us that for each n,

"¢ (n) c
f(x) = f(c)+f(c)(x—c)+ f 2(! ) (x—c)*+-- -—i—fn!() (x—¢)"+Rn(x)
where f(n+1)(z) "
Rn(x) = CEs (x — )"

Theorem 9.23 (Convergence of Taylor series)

Iflimp,_ o R, = 0 for all x in the interval |, then the Taylor series for f
converges and equals f(x),

< f(n)
o) =3 D oy

n!
n=0
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Example 2 (A convergent Maclaurin series)

Show that the Maclaurin series for f(x) = sin x converges to sin x for all x.

@ You need to show that

) X3 X5 X7 (71)nx2n+1
R TR TR TR Gy T

is true for all x.
@ Because

FHD(x) = £sinx  or FIMD(x) = +cosx

you know that [f("*1)(z)| < 1 for every real number z.

@ Therefore, for any fixed x, you can apply Taylor's Theorem
(Theorem 9.19) to conclude that

f(n+1)(z) n+1
(n+1)!

|X|n+1

0 < [Ra(x)] < S
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@ The relative rates of convergence of exponential and factorial
sequences, it follows that for a fixed x

e Finally, by the Squeeze Theorem, it follows that for all x, R,(x) — 0
as n — oo.

@ So, by Theorem 9.23, the Maclaurin series for sin x converges to sin x
for all x. [ ]

o Figure 13 visually illustrates the convergence of the Maclaurin series
for sin x by comparing the graphs of the Maclaurin polynomials
P1(x), P3(x), Ps(x), and P7(x) with the graph of the sine function.
Notice that as the degree of the polynomial increases, its graph more
closely resembles that of the sine function.
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Figure 13: As n increases, the graph of P, more closely resembles the sine
function.
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Guidelines for finding a Taylor series
@ Differentiate f(x) several times and evaluate each derivative at c.

f(c), f'(c), f'(c), f"(c), ..., f"(c),

Try to recognize a pattern in these numbers.

@ Use the sequence developed in the first step to form the Taylor
coefficients a, = £("(c)/n!, and determine the interval of
convergence for the resulting power series

F(c)
2!

f(")(c)

n!

f(c)+f(c)(x —c)+ (x—c)?+.. -+ (x—c)"+---.
© Within this interval of convergence, determine whether or not the

series converges to f(x).
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Example 3 (Maclaurin series for a composite function)

Find the Maclaurin series for f(x) = sin x2.

@ To find the coefficients for this Maclaurin series directly, you must
calculate successive derivatives of f(x) = sin x2.
@ By calculating just the first two,

f'(x) = 2xcosx® and f"(x) = —4x?sin x* + 2 cos x°
you can see that this task would be quite cumbersome.

@ Fortunately, there is an alternative. First consider the Maclaurin series
for sin x found in Example 1.

x> x> X7

g(x):sinx:x—a—i-a—ﬁ—k---

o Now, because sin x?> = g(x?), you can substitute x> for x in the series
for sin x to obtain

2

sinx?=g(x)=x>- 4+ - +.... n
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Binomial series

@ Before presenting the basic list for elementary functions, you will
develop one more series—for a function of the form f(x) = (1 + x)k.

Example 4 (Binomial series)

Find the Maclaurin series for f(x) = (1 + x)* and determine its radius of
convergence. Assume that k is not a positive integer.

o By successive differentiation, you have

f(x) = (1+x)* f(0

(0)=1
f'(x) = k(1 + x)*1 f'(0) = k
F'(x) = k(k = 1)(1 +x)*2 f"(0) = k(k —1)
ﬂ%@ k(k —1)(k —=2)(1 +x)*3 £7(0) = k(k — 1)(k — 2)

FNG) =k (k—n+1)(14+x)" D =kk—1)---(k—n+1
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@ which produces the series
2 n
k(k —1)x o k(k—1)---(k—n+1)x N
2 n!
@ Because apt1/an — 1, you can apply the Ratio Test to conclude that
the radius of convergence is R = 1.
@ So, the series converges to some function in the interval (—1,1). W

1+ kx+

Example 5 (Finding a binomial series)
Find the Maclaurin series for f(x) = v/1+ x.

@ Using the binomial series

o0 —1)x2 _ —2)3
(14x) = ; <ﬁ>x oy Kl 2!1) k(K 1)3(!k 2%

let k =1/3 and write

> (1/3 x 2x2 2.5x3 2.5.8x%
1/3 _ n_ - —
(1+x) _Zo<n>x_1+3 o1+ 353 ST
n—=

which converges for —1 < x < 1. |
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~1

fo=vl+x
Figure 14: f(x) = v/1 + x and P4(x) on [-2,2].
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Deriving Taylor series from a basic list

Function Interval of convergence
el D)+ (x =12 (x— 1) (=) — (=) (x— 1) 0<x<2
X
1
:1—x+x2—x3+x4—x5+~~~+(—1)”x"+~«~ —l1<x<1
1+x
x—12 (x—-13 (x—1)* —1)(n=D(x — 1)"
OO e VN Gt VA e VU G el et U
2 3 4 n
. 23 A8 XN
€ =l4+x+—+—+—4+ =+ 4+ — 4 — o0 < x < oo
2! 3! 41 5! n!
) 38 X (—1)nx2n+1
sinx=x— —+ — — — 4+ — — - fF —— 4 - - — o0 < x < oo
3! 5! 7! 9! (2n+1)!
2 A B8 (—1)7x2n
cosx=1— —+ — — — 4+ — — - ——— 4 - —o0 < x <
20 4 6l 8l (2n)!
B35 R AN (—1)nx2n+1
arctanx = x — — + — — — _— e —1<x<1
3 5 7 9 2n+1
x3 1-3x>  1.3.5x7 (2n)1x2+1
arcsinx = x + —— —-1<x<1
2-3 2-4.5 2-4-6-7 (27n1)2(2n + 1)
k(k — 1)x%  k(k — 1)(k —2)x>  k(k — 1)(k — 2)(k — 3)x*
A+x0" =14k + ( 2|) + ( )3(1 W, K X " X L —l<x<1

The conevrgence at x = +1 depends on the value of k.
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Euler's Formula

Example 6 (Deriving a power series from a basic list)

Find the power series for f(x) = cos/x.

@ Using the power series

—1 X2 X4 X6 X8
CosX=LTo T T T

you can replace x by {/x to obtain the series

2 3 4
X X X X
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@ This series converges for all x in domain of cos /x—that is, for
x > 0. |

Example 7 (Multiplication and division of power series)

Find the first three nonzero terms in each Maclaurin series e* arctan x.

@ Using the Maclaurin series for e and arctan x in the table, you have
e*arctan x = <1+ x +X—2+X—3+X—4+ ) <x—x3+x5—--->.
20 30 4l 3 5
o Multiply these expressions and collect like terms as you would in
multiplying polynomials.

1 + x + ix® + %x3 +oExt
X - §x3 + %x5 -
x + x> + %x3 + %x“ + 2—14x5 +
— %x3 - 3x* - %x5 -
+ X+
x + x> + %x3 — %x“ + %xf’ +
e So, eXarctanx:x+x2+%x3+---. |
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Example 8 (Division of Power Series)

Find the first three nonzero terms in each Maclaurin series tan x.

@ Using the Maclaurin series for sin x and cos x in the table, you have

. 3 5
sinx  Xx—Ft+g -

cos X 1_’;4_%_...‘

@ Divide using long division.

1 2
x+§x3+ Ex5+-~

1—%x2+%x‘—~- x—éx3+Elox5—-~
x—%r"Jr %xf—--'
%xl— %wa
%ﬁ— %xs+
oSo,tanx:x+%x3+%x5+-~. [ ]
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Example 9 (A power series for sin® x)

Find the power series for f(x) = sin® x.

o Consider rewriting sin? x as follows.

1 — cos2x 1 cos2x

2 = —_-— —

SX= T T ) 2
@ Now, use the series for cos x.
x2  x* x5 X8
cosx:l—i—i-ﬂ—a-l-a—
222 244 266 288
C052x:1—§x +HX —ax +§X —
1 1 2 5, 23, 25 o 2T ¢
_ECOS2X__§+§X —EX +aX —gx + -
1 1 1 1 2 23 25 27
Sin2X:§—§COS2X:§—§+5X2—EX4+5X6—5X8+
2 , 2%, 25 . of o
EX —EX +5X —gx +
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@ This series converges for —oo < x < 00. [ |

Example 10 (Power series approximation of a definite integral)

Use a power series to approximate

1 2
/ e X dx
0

with an error of less than 0.01.

@ Replacing x with —x? in the series for e produces the following.
Y g g

., X6 38
—1-C g
1 3 5 7 9 1
2 X X X X
dx = |x = 2= _ ...
/Oe X [X 3 7521 7.3 9.4 .
1 1 1 1

3 10 42 216
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@ Summing the first four terms, you have
1 2
/ e X dx=0.74
0

which, by the Alternating Series Test, has an error of less than
1/216 =~ 0.005. |
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