
1. (20%) Determine whether the series converges absolutely or conditionally, or 

diverges. In addition, please indicate the test you use. 

(a) ∑
(−1)𝑛(2𝑛−1)

3𝑛+4
∞
𝑛=1  

(b) ∑
(−1)𝑛

√𝑛3+1+√𝑛3
∞
𝑛=1  

(c) ∑
cos⁡(𝑛𝜋)

𝑛+1
∞
𝑛=1  

(d) ∑
(−1)𝑛

𝑛(ln𝑛)[ln(ln𝑛)]2
∞
𝑛=3  

(e) ∑ (√𝑛
𝑛

− 1)∞
𝑛=1  

 

 

 



 

Ans:  

(a)  Diverges because of lim
𝑛→∞

(−1)𝑛(2𝑛−1)

3𝑛+4
=

2

3
lim
𝑛→∞

(−1)𝑛 ≠ 0 (by the n-th term test) 

 

(b)  lim
𝑛→∞

1

√𝑛3

1

√𝑛3+1+√𝑛3

= 2, since 
1

√𝑛3
 is a 𝑝-series with 𝑝 > 1 which means that 

∑
1

√𝑛3+1+√𝑛3
∞
𝑛=1 ⁡ is convergent by the limit comparison test. Therefore, 

∑
(−1)𝑛

√𝑛3+1+√𝑛3
∞
𝑛=1  is absolute convergent. 



 

(c) ∑
cos⁡(𝑛𝜋)

𝑛+1
∞
𝑛=1 = ∑

(−1)𝑛

𝑛+1
∞
𝑛=1 . The given series converges by the alternating series 

test since 
1

(𝑛+1)+1
<

1

𝑛+1
 and lim

𝑛→∞

1

𝑛+1
= 0, but  ∑ |

cos(𝑛𝜋)

𝑛+1
|∞

𝑛=1 = ∑
1

𝑛+1
∞
𝑛=1  

diverges by a limit comparison test to the divergent harmonic series ∑
1

𝑛
∞
𝑛=1 . 

Therefore, the series converges conditionally. 

 

 

(d) It is absolute convergent because of ∑ |
(−1)𝑛

𝑛(ln𝑛)[ln(ln𝑛)]2
∞
𝑛=3 | =

∑
1

𝑛(ln𝑛)[ln(ln𝑛)]2
∞
𝑛=3 . Let 𝑓(x) =

1

𝑥(ln𝑥)[ln(ln𝑥)]2
⁡ , since 

1

(𝑥+1)(ln( 𝑥+1))[ln(ln(𝑥+1))]2
<

1

(𝑥)(ln(𝑥))[ln(ln(𝑥))]2
. 𝑓(𝑥) is positive, continuous and decreasing. 

And ∫
1

𝑥(ln𝑥)[ln(ln𝑥)]2
𝑑𝑥 = lim

𝑏→∞

−1

ln(ln𝑥)
|
𝑏
3
< ∞

∞

3
⁡ (by integral test, it is convergent) 

(e) 𝑛
1

𝑛 − 1 = 𝑒
ln𝑛

𝑛 − 1 = [1 +
ln𝑛

𝑛
+

1

2
(
ln𝑛

𝑛
)
2

+⋯] − 1 =
ln𝑛

𝑛
+

1

2
(
ln𝑛

𝑛
)
2

+⋯ >

ln𝑛

𝑛
>

1

𝑛
⁡ (𝑛 ≥ 3). By the direct comparison test, the series diverges. 

 



 

 

 

 



2. (8%) Consider the function. 

𝑓(x) =
1

2𝑥 − 1
, x ≠

1

2
 

(a) Find the power series expansion of 𝑝(x) of 𝑓 expand at the point 
1

3
 and 

determine its interval of convergence. 

(b)  Write 𝑝(x) = ∑ 𝑎𝑛(𝑥 −
1

3
)𝑛∞

𝑛=0 . Is ∑ 𝑎𝑛(
2

3
)𝑛∞

𝑛=0 = 𝑓(1) = 1 ? and why? 

Ans: 

(a) 𝑓(x) =
−1

1−2𝑥
=

−1
1

3
−2(𝑥−

1

3
)
=

−3

1−6(𝑥−
1

3
)
 

Using the geometric series allows us to obtain 

𝑝(x) = −3∑(6 (𝑥 −
1

3
))

𝑛∞

𝑛=0

= ∑(−3)6𝑛 (𝑥 −
1

3
)
𝑛∞

𝑛=0

, 

which converges when |6(𝑥 −
1

3
)| < 1 or  equivalently, the interval of 

convergence of the power series 𝑝 is 
1

6
< 𝑥 <

1

2
 

(b) No, because the point 1 does not belong to the interval of convergence of 𝑝. 

 

3. (10%)  

(a) Find the Maclaurin series for arccos⁡(x)  

(b) Find the radius and interval of convergence of the Maclaurin series for arccos(x). 

(You can ignore examine about the endpoint of the interval) 

Ans:  

(a) 
𝑑

𝑑𝑥
arccos(x) =

−1

√1−𝑥2
= −∑ (

−1

2
𝑛
) (−𝑥2)𝑛∞

𝑛=0  

arccos(x) = ∑(
−1

2
𝑛
) (−1)𝑛+1

𝑥2𝑛+1

2𝑛 + 1
+ 𝐶

∞

𝑛=0

 



Substitute 0 into the equation we have 𝐶 =
𝜋

2
. Therefore,  

arccos(x) =
𝜋

2
+∑(

−1

2
𝑛
) (−1)𝑛+1

𝑥2𝑛+1

2𝑛 + 1

∞

𝑛=0

 

(b) Use ratio test, lim
𝑛→∞

|
𝑎𝑛+1

𝑎𝑛
| = lim

𝑛→∞
|
(

−1

2
𝑛+1

)(−1)𝑛+2
𝑥2𝑛+3

2𝑛+3

(
−1

2
𝑛
)(−1)𝑛+1

𝑥2𝑛+1

2𝑛+1

| = lim
𝑛→∞

|
(𝑛+

1

2
)(2𝑛+1)

(𝑛+1)(2𝑛+3)
|𝑥2 =

𝑥2 

When 𝑥2 < 1, it is converge, therefore R = 1 and the interval of convergence is 

[−1,1]. For the boundary at 1 and -1, see 

https://proofwiki.org/wiki/Power_Series_Expansion_for_Real_Arccosine_Functio

n for more details. 

 

 

4. (8%) Use a power series to approximate ∫ sin⁡(𝑥2)𝑑𝑥
1

0
 with an error of less than 

0.001 

Ans: ∫ sin⁡(𝑥2)𝑑𝑥
1

0
= ∫ (𝑥2 −

𝑥6

6
+

𝑥10

120
−⋯)𝑑𝑥

1

0
= (

𝑥3

3
−

𝑥7

42
+

𝑥11

1320
−⋯) |

1
0
=

1

3
−

1

42
+

1

1320
−⋯ 

It is an alternating series, therefore we know that ∫ sin⁡(𝑥2)𝑑𝑥
1

0
=

1

3
−

1

42
≈

13

42
 and 

the error is smaller than 
1

1320
 which is also smaller than 

1

1000
 

 

 

5. (9%) Evaluate the following expression (Try to use the Basic series of Taylor 

series and notice that the power series is a continuous function) 

(a) 1 −
𝜋2

42×2!
+

𝜋4

44×4!
−

𝜋6

46×6!
+⋯  

(b)  
1

√3
−

1

3(√3)3
+

1

5(√3)5
−

1

7(√3)7
+⋯ 

(c) lim
𝑥→0

tan(𝑥)−sin⁡(𝑥)

𝑥2
 

Ans: 

(a) 1 −
𝜋2

42×2!
+

𝜋4

44×4!
−

𝜋6

46×6!
+⋯ = ∑ (−1)𝑛∞

𝑛=0
1

(2𝑛)!
(
𝜋

4
)
2𝑛

= cos (
𝜋

4
) =

√2

2
 

https://proofwiki.org/wiki/Power_Series_Expansion_for_Real_Arccosine_Function
https://proofwiki.org/wiki/Power_Series_Expansion_for_Real_Arccosine_Function


(b) 
1

√3
−

1

3(√3)
3 +

1

5(√3)
5 −

1

7(√3)
7 +⋯ = ∑ (−1)𝑛∞

𝑛=0
1

2𝑛+1
(
1

√3
)
2𝑛+1

= arctan (
1

√3
) =

𝜋

6
 

(c) lim
𝑥→0

tan(𝑥)−sin⁡(𝑥)

𝑥2
= lim

𝑥→0

(𝑥+
𝑥3

3
−⋯)−(𝑥−

𝑥3

3!
+⋯)

𝑥2
= lim

𝑥→0

𝑥3

2

𝑥2
= 0 

(9.10 Ex8) 

 

 

6. (8%) Let 𝑓(x) = 𝑥6𝑒𝑥
3
. Try to evaluate the high order derivative 𝑓(60)(0) 

Ans: 

𝑒𝑥 = 1 + 𝑥 +
𝑥2

2!
+ ⋯+

𝑥𝑛

𝑛!
+ ⋯ 

𝑒𝑥
3
= 1 + 𝑥3 +

𝑥6

2!
+ ⋯+

𝑥3𝑛

𝑛!
+ ⋯ 

𝑥6𝑒𝑥
3
= 𝑥6 + 𝑥9 +

𝑥12

2!
+ ⋯+

𝑥3𝑛+6

𝑛!
+ ⋯ 

𝑓(60)(0) =
1

18!
× 60! 

 

 

 



 

7. (8%) Find the area of the region which is inside the circle 𝑟 = 6cosθ and outside 

the cardioid⁡ 𝑟 = 2(1 + cosθ). (Both are represented in polar coordinates) 

Ans:   

Since (𝑟, −𝜃) also lies on both graph, both of them are symmetric with respect to 

polar axis.  

The intersection is 2(1 + cosθ) = 6cosθ → cosθ =
1

2
, therefore, θ =

𝜋

3
,
5𝜋

3
.  

The area can be calculated as A = 2 ×
1

2
[∫ (6𝑐𝑜𝑠𝜃)2𝑑𝜃 − ∫ 4(1 + 𝑐𝑜𝑠𝜃)2𝑑𝜃

𝜋

3
0

𝜋

3
0

] =

36∫ 𝑐𝑜𝑠2𝜃𝑑𝜃
𝜋

3
0

− 4∫ (1 + 𝑐𝑜𝑠𝜃)2𝑑𝜃
𝜋

3
0

= 36∫
1+cos⁡(2𝜃)

2
𝑑𝜃

𝜋

3
0

− 4∫ (1 + 𝑐𝑜𝑠𝜃)2𝑑𝜃
𝜋

3
0

=

∫ (18𝑐𝑜𝑠2𝜃 + 18 − 4 − 8𝑐𝑜𝑠𝜃 − 2𝑐𝑜𝑠2𝜃 − 2)𝑑𝜃
𝜋

3
0

= (9𝑠𝑖𝑛2𝜃 + 18𝜃 − 4𝜃 −

8𝑠𝑖𝑛𝜃 − 𝑠𝑖𝑛2𝜃 − 2𝜃)|
𝜋

3

0
= 4𝜋 



 

 

8. (5%) Find the arc length of 𝑟 = 𝑒𝜃 from θ = 0 to θ = 2π 

Ans: S = ∫ √(𝑒𝜃)2 + (𝑒𝜃)2
2𝜋

0
𝑑𝜃 = √2∫ 𝑒𝜃

2𝜋

0
𝑑𝜃 = √2(𝑒2𝜋 − 1) 

 

 



 

 

 



 

 

9. (12%) Classify the following surface, if it is quadratic surface you should further 

classify it into six basic types of surface 

(a) z = 𝑥2 + 3𝑦2 

(b) 𝑥2 + 𝑦2 − 2𝑧 = 0 

(c) 𝑟2 = 𝑧2 + 2 (this representation is in cylindrical coordinates) 

(d) 𝜌 = 4sec⁡(𝛷) (this representation is in spherical coordinates) 

Ans: 

(a) z = 𝑥2 + 3𝑦2 = 𝑥2 +
𝑦2

(
1

√3
)2
⁡  which is an elliptic paraboloid 

(b) 𝑥2 + 𝑦2 − 2𝑧 = 0 → 𝑥2 + 𝑦2 = 2𝑧⁡ which is a surface of revolution or elliptic 

paraboloid 

(c) 𝑟2 = 𝑧2 + 2 → 𝑥2 + 𝑦2 − 𝑧2 = 2 →
𝑥2

(√2)
2 +

𝑦2

(√2)
2 −

𝑧2

(√2)
2 = 1 which is a 

hyperboloid of one sheet 

(d) 𝜌 = 4 sec(𝛷) → 𝑧 = 𝜌 cos(𝛷) = 4 which is a plane 

 



 

 

 

10. (12%) Evaluate the following expression 

(a) lim
𝑡→1

√𝑡𝒊 +
ln 𝑡

𝑡2−1
𝒋 +

1

𝑡−1
𝒌 

(b) lim
𝑡→0

𝑠𝑖𝑛2𝑡

𝑡
𝒊 + 𝑒−𝑡𝒋 + 5𝒌 

(c) Let 𝒓(t) = 3t𝒊 + (t − 1)𝒋, u(t) = t𝒊 + 𝑡2𝒋 +
2

3
𝑡3𝒌, find 

𝑑

𝑑𝑡
[𝒓(𝑡) ∙ 𝒖(𝑡)] 

(d) ∫(3√𝑡𝒊 +
2

𝑡
𝒋 + 6𝒌)𝑑𝑡 



Ans:  

(a) Does not exit, since lim
𝑡→1

1

𝑡−1
⁡ does not exist 

(b) lim
𝑡→0

𝑠𝑖𝑛2𝑡

𝑡
𝒊 + 𝑒−𝑡𝒋 + 5𝒌 = 2𝒊 + 𝒋 + 5𝒌  

Since lim
𝑡→0

𝑠𝑖𝑛2𝑡

𝑡
= lim

𝑡→0

𝑠𝑖𝑛2𝑡

2𝑡
2 = 2 

(c) 𝒖′(𝑡) = 𝒊 + 2t𝒋 + 2t2𝒌 , 𝒓′(𝑡) = 3𝒊 + 𝒋 

𝑑

𝑑𝑡
[𝒓(𝑡) ∙ 𝒖(𝑡)] = 𝒓(𝑡) ∙ 𝒖′(𝑡) + 𝒖(𝑡) ∙ 𝒓′(𝑡)

= [(3𝑡) + (𝑡 − 1)(2𝑡)] + [(3𝑡) + (𝑡2)] = 4𝑡 + 3𝑡2 

(d) ∫(3√𝑡𝒊 +
2

𝑡
𝒋 + 𝒌)𝑑𝑡 = 2𝑡

3

2𝒊 + 2 ln 𝑡 𝒋 + 6𝑡𝒌 + 𝑪 


