1. Find the following limit. (If the limit does not exist or has an infinite limit, you
should point it out. In addition, also remember the definition of definite integral)
(15%)

. 1.2 1
€)) 111_{{)10 ln(; X=~..X %)n
(b) lin(l)if(f cos(4t)dt

Xx—

. 1
(©) 9161_133 cot(x) — -

arctan(sin(2x))

(d) lim

x—0 tan(arcsin(3x))
() lim (1 + )+
X—00 X

sinx

Notice lim =1

Ans: x—=0 X

Theorem 5.17 (L'Hopital's Rule)

Let f and g be functions that are differentiable on an open interval (a, b)
containing c, except possibly at c itself. Assume that g’(x) # 0 for all x in
(a, b), except possibly at c itself. If the limit of f(x)/g(x) as x approaches
c produces the indeterminate form 0/0, then

!
Ry 284 _ (169,
X—C g(x) x—c g (x)
provided the limit on the right exists (or is infinite). This result also

applies if the limit of f(x)/g(x) as x approaches c produces anyone of the
indeterminate forms oo /oco,(—o00)/00, 0o/(—o0) or (—o0)/(—o0).
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(a) il_r)lgoln(;x;...x;) =rlll_r)r01052?=11n(;)=f0 Inx dx
1

= lim Inx dx
b—0*t b

= lim (x Inx |2 - fbl dx) = blirgl+(—blnb -(1- b))

b—-0*

= —1—bll)r(r)1+T= _1_1,1%1+ 1= -1
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Definition 4.5 (Definite integral)

If f is defined on the closed interval [a, b] and the limit of Riemann sums

over partitions A
n

lim flc)Ax;
A0 = (@)
exists (as described above), then f is said to be integrable on [a, b] and
the limit is denoted by

n

b
lim f(c Ax,-:/ f(x)dx.
a]-0 =] () a ()

The limit is called the definite integral of f from a to b. The number a is
the lower limit of integration, and the number b is the upper limit of
integration.

.1 rx . cos(4x)
(b) Ll_l‘)[(‘%;fo cos(4t)dt = lim——=1

-0

Theorem 3.4 (The Mean Value Theorem)

If f is continuous on the closed interval [a, b] and differentiable on the
open interval (a, b), then there exists a number c in (a, b) such that
f(b) — f(a)

f'(c) = ———a

Theorem 4.11 (The Second Fundamental Theorem of Calculus)

If f is continuous on an open interval | containing a, then, for every x in

the interval, d x
{f f(t)dt} = f(x).

dx
. 1 . cos(x) 1 . xcos(x)—sin(x . COSX—XSInx—cosx
(©) limcot(x) —-=lim—=—-=lim —() = . =
x—0 x x—0 sin(x) x x—0 xsin(x) x—0 sinx+xcosx

—Xcosx—sinx .
———— = 0 (Indeterminate form oo — o)
x—0 COSX+COoSx—Xsinx

cos(2x)2

1
/1—(3x)2

4
(e) lim(1+ %)M = lim [(1 + %)x] = e* (Indeterminate form 1%, can take log)
X—00 X—00

1
(d) . arctan(sin(2x)) _ . 1+sin2(2x)

2
x—0 tan(arcsin(3x)) T x50 sec?(arcsin(3x)) I
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Theorem 5.15 (A limit involving e)




2. Find the point a > 0 satisfying (8%)
1
a2 81
[ [La
1t at
Ans:

Applying the definition of the function In x to the equation shows that

1
2(Ina—1In1) = lng—lna

3lna =1 !
na=lng
1 1
a3=§—>a=§

Definition 5.1 (The natural logarithmic function)

The natural logarithmic function is defined by

*1
Inx:/ —dt, x>0.
1 t

The domain of the natural logarithmic function is the set of all positive
real numbers. J

3. Assume the inverse function of f(x) = x° + 2x3 + x — 2 is g(x), find

g'(F (D) (5%)

Ans:
g(f) =x
gf@)f' ) =1
1 1

g’(f(x)) = fl(x) = 5x4- + 6x2 +1

1
g(f) = W

Theorem 5.7 (The existence of an inverse function)

Q A function has an inverse function if and only if it is one-to-one.

@ Iff is strictly monotonic on its entire domain, then it is one-to-one
and therefore has an inverse function.

Definition 5.3 (Inverse function)

A function g is the inverse function of the function f if f(g(x)) = x for
each x in the domain of g and g(f(x)) = x for each x in the domain of f.
The function g is denoted by f~1 (read " f inverse").




4. Evaluate. (12%)

(a) f\/—x 4x2— dx?

2
Of el

52X
(©) [ =dx

2 arcsm(\/—)
(d) f m

2] 3 _ 1 _1 23 _1(m)
T]\/g—Barcsec(Z) Sarcsec—= = ()

3 1 1
Ans: (a) f@m dx = [5 arcsec 23

1(m T
E(Z) T 18
2 2 2 . x—2
(b)fmdx = fmdx = fmdx = 2 arcsin (T) +C

Table 1: Integrals of the six basic trigonometric functions

Jsinudu=—cosu+ C Jcosudu=sinu+ C
Jtanudu= —In|cosu| + C Jcotudu=In|sinu|l+ C
fsecudu:ln|secu—i—tanu|+C fcscudu:—ln|c5cu—i—cotu|+(_'

Theorem 5.19 (Integrals involving inverse trigonometric functions)

Let u be a differentiable function of x, and let a > 0.
1. | s> = arcsin 2 + C 2. [ =larctant+C 3.

du 1 lul
J —f— = jarcsec 1+ C

az+u2

(QLdu=1+5“du=2wﬁﬁ“M

g2x 1
_ 2x
f1+vxx zmsf lemu+c s ST+ C

Theorem 5.5 (Log Rule for integration)

Let u be a differentiable function of x.
1. [fdx=In|x|+C 2. [idu=In|ul+C

(d) Let u = arcsin(\/}),% = ﬁ%

T

1 s —
arcsm(«/_) 2 214 5_7t2
f% el dx = fn 2udu =u IE =

6



5. Find the equation of the tangent line y = log;,(3x) at x = 5. (5%)
Ans:

In x

y = log10(3%) =1log1o 3 + =5

"= L : . /; _ 1
Y = Tinto and the slope of the tangent line is y'(5) = ——

1
5In10

Therefore, the tangent line is y = (x —5) +logy 15

Theorem 5.13 (Derivatives for bases other than e)

Let a be a positive real number (a # 1) and let u be a differentiable

function of x.
1. % [a¥] = (Ina)a* 2. 413"] = (Ina)a" %
4 3l

3. 45 llog.x] = (Inla)x

6. Evaluate (16%)

@) [(Inx)3dx
(b) [ e*cosx dx

(©) f_nn sin(mx)cos(nx)dx, where m and n are positive integers

In4
@ ) o dx
Ans:

Theorem 8.1 (Integration by Parts)

If u and v are functions of x and have continuous derivatives, then

/udv:uv—/vdu:uv—/vu’dx.
(a)

Let u = (Inx)3,dv = dx —>du=3(1nx)2§dx, v=2x
J(lnx)3dx =x(Inx)3 — 3J(lnx)2dx
Let u= (Inx)? dv = dx —>du=21nx%dx, v=2x

f(lnx)zdx = x(Inx)? — 2 f In x dx



Let u=Inx,dv =dx —>du=§dx, V=X
flnxlenx—fdxlenx—x+€
f(lnx)3dx =x(Inx)3 — 3f(lnx)2dx

=x(Inx)* -3 (x(ln x)?—2 f lnxdx)

=x(Inx)® —3(x(Inx)? = 2(xInx — x + C))
= x(Inx)® —3x(Inx)? + 6xInx —6x + C’

(b)

Let u = cosx, dv = e*dx — du = —sinx dx, v = e*

jexcosx dx = excosx+Jexsinx dx

Let u = sinx,dv = e*dx — du = cosx dx, v = e*

Jexcosx dx = e*cosx + j e*sinx dx = e*cosx + (exsinx— J e*cosx dx)
1 .
e*cosx dx = 5 (e*cosx + e*sinx) + C
()
f_nn sin(mx)cos(nx)dx, where m and n are positive integers

If m#n, [* sin(mx)cos(nx)dx = %ffn sin((m + n)x) + sin((m —
n)x)dx = 0 since sinx is an odd function

If m=n, ffn sin(mx)cos(nx)dx = %f_nn sin(2mx) dx =0

1
sin mx cos nx = E(sin[(m — n)x] + sin[(m + n)x])
= 2 1 2
P 2B B 2 T C0s X

2 2




In4 e~

(d) J, T dx

(Let u=e*,du =e* dx)

_.[‘4 du
1 Vu2+9

(Let u = 3tan®, du = 3sec?6d0)

4
arctan(%) arctan <§> 5 4
= f sec8df = In |secO + tanb| | =1ln (_ + _) _ ln(
1 1 3 3
arctan(z) arctan <§>

=2In3 —In(v10 + 1)

For integrals involving v/a%> — u?, let u = asinfl. Then
Va2 —u? = acosf), where —7/2 < 0 < /2.

a
i

A Hl - !l1

For integrals involving v/a% + u?, let u = atan®. Then
Va2 + u? = asecl, where —7/2 < 0 < /2.

o u

a

For integrals involving v/u? — a2, let u = asecf.

Then VIZ =% — atan® if u>a, where 0 <0 < /2
—atan®, if u< —a, where 1/2 <0 <.

u T3
' -a*

7. Evaluate (16%)

@ f sec?(x) dx

(tanx)(tanx+1)

(b) fx‘*—2x2+4x+1dX

x3-x2—x+1

(c) f_Ooo xe* dx

(@) J; g



Ans:
(@) Let u = tanx, du = sec?(x)dx

sec?(x) dx = 1 q
(tanx)(tanx + 1) x= J wu+1) 4
1 A B

WE+D) u utt
1=A(u+1)+Bu
When u=0,A=1
When u=1,B=-1

sec?(x) q _f 1 q _jl 1 q
(tanx)(tanx + 1) x= wu+1) R u+1 "
u
=Inful = Infu + 1]+ C = In|—| +C
u+1
tanx
=ln|—+C
tanx +1
(b)
x*=2x*+4x+1 14 4x
B—x2—x+1 x3—x2—x+1
4x 4x A B C

= = + +
x3—x?—-x+1 (x—-1D?(x+1) x—-1 (x—-1)? (x+1)
4x =A(x—1D(x+ 1) +B(x+ 1)+ C(x —1)?
A=1B=2C=-1

x*—2x%*+4x+1
j )dx

1 2 -1
a7 271 dx=J(X+1+x +

1T -1 et D
1 2
=—x’+x+Injx—1|————In|x+ 1|+ C
2 x—1

© Linear factors: For each factor of the form (px + g)™, the partial
fraction decomposition must include the following sum of m
fractions.
A A A
1 4 £ = =prnr et 7”’””
(px+q) (px+q) (px + q)

@ Quadratic factors: For each factor of the form (ax? + bx + c)”, the
partial fraction decomposition must include the following sum of n
fractions.

Bix+ Box + G i 4 B,x+ C,
ax?+bx+c (ax?+bx+c)? (ax? + bx +c)"




(c)

0 0 0 0
.[ xe*dx = lim | xe*dx = lim ((xex)|a—f e*dx)
—o a

a--oo J a—>—oo

= lim (—ae®—-1+¢e%) = — lim (L)—l

a——oo a——co \g~ a4

=—lim(

a—>—oo

)—1= lim (e*)—1=-1

—e—a a—-—oo

3 1 L | 3 1
——dx = —dx+f ——dx
.[03x—1 .[;SVx—l 1 Vx—1
b1 31
= lim S

b—1~ 0 X—l c-1* Cc X—1

3 2p 3 23 -3 34
= - — 3 — — 3 = — —_—
jim 5 (= D3+ Iim 5 (= D3] = 5+

Definition 8.1 (Improper integrals with infinite integration limits)
@ If f is continuous on the interval [a, o), then

/w F()dx = fim fab f(x) dx.

a
@ If f is continuous on the interval (—oo, b], then
b b
./_Oo f(x)dx = a—llTao.L f(x)dx.
@ If f is continuous on the interval (—oo, o), then
oo C o0
[ f(x)dx = / f(x)der[ f(x)dx
o —0OQ o —00 JC

where ¢ is any real number.

Definition 8.2 (Improper integrals with infinite discontinuities)

@ If f is continuous on the interval [a, b) and has an infinite
discontinuity at b, then

b ¢
/ f(x)dx = lim / f(x) dx.
Ja c—=b= Ja

@ If f is continuous on the interval (a, b] and has an infinite
discontinuity at a, then

b b
/ f(x)dx = lim / f(x)dx.
a c—=at Je

@ If f is continuous on the interval [a, b], except for some c in (a, b) at
which f has an infinite discontinuity, then

/a ) / ) o+ / " f)ax



8. Determine whether the following integral diverges or converges (9%)

(@) f, 7z dx

(b) foo Sln x
o 1
© J, Fdx

Ans: @) If p =1, [} dx = [} 2dx = lim Inx |Cll — oo diverges

. 1 al=P 1
I0p =1, f) v = Jim S0, = dim (- 45) = 5 - 5 i
Which converges to ﬁ ifl-p>0ep<l1
Therefore, f 7=dx converges
) © .
(b) Sinc xlz > Slzzx > [1,00) and [ x—lzdx is convergent.

) 100 sin” Zdx is convergent by the comparison test

Theorem 8.7 (A special type of improper integral)

/00 i |5 ifp>1
1 XP | diverges, ifp<1

© [ 100 % dx is divergent

Theorem 8.8 (Comparison Test for Improper Integrals)

Suppose the function f and g are continuous and 0 < g(x) < f(x) on the
interval [a,00). It can be shown that if [~ f(x)dx converges, then

[.7 g(x)dx also converges, and if [° g(x)dx diverges, then [ f(x)dx
also diverges.

9. Find the area of the given region bounded by the graph y;,y, and y; (6%)

Y1 = sinx,y, = cosx,y3 = cosx + sinx




Ans:

T L3 3 L3
4 2 4 2
A =f (y3 —yz)dx+j;r (y3 — yp)dx =J sinx dx +L cosx dx

0 Z 0 jad

i

i -

= —cosx |4 + sinx 72T= 2 -2
0 3

Area of a region between two curves

If f and g are continuous on [a, b] and g(x) < f(x) for all x in [a, b],
then the area of the region bounded by the graphs of f and g and the
vertical lines x =aand x =b is

b
A= [ 160 - gl ax.

10. Find the volume of the solid generated by revolving the region bounded by the
graph of f(x) = e™™ and the x-axis (0< x < In 2) about the line y = —1. (8%)
Ans:

In2 In2

In2
V= nf (e™ + 1)%dx — 11] 1%dx = nJ e ?* + 2e™* dx
0 0 0

e ¥ In2 11
— _ —-X ———
—T[( 2e >| 0 - 81‘[

The Disk Method
To find the volume of a solid of revolution with the Disk Method,

use one of the following, as shown in Figure 12.

Horizontal axis of rev-
olution

Volume = V =
© [PIR()]? dx

Representative
rectangle

Plane region

x=a S x=b
Ax

Vertical axis of revolu-
tion

Volume = V =
m [Z[R()]2 dy

Figure 11: Disk Method.



