
1. (12%) Find the following limit. (If the limit does not exist or has an infinite limit, 

you should point it out)  

(a) lim
𝑥→3

𝑥2+14𝑥−51

𝑥3−5𝑥2+4𝑥+6
  

(b) lim
𝑥→0

√3+𝑥−√3

𝑥
 

(c) lim
𝑥→0

𝑥 (cos2 𝑥 + cos
1

𝑥
) 

(d) lim
𝑥→2

2𝑥+6

𝑥−2
 

 

Ans:  

(a) lim
𝑥→3

𝑥2+14𝑥−51

𝑥3−5𝑥2+4𝑥+6
= lim

𝑥→3

(𝑥−3)(𝑥+17)

(𝑥−3)(𝑥2−2𝑥−2)
= lim

𝑥→3

(𝑥+17)

(𝑥2−2𝑥−2)
= lim

𝑥→3

(3+17)

(32−2∙3−2)
= 20 

(Dividing out technique) 

 

 

(b)  lim
𝑥→0

√3+𝑥−√3

𝑥
= lim

𝑥→0

√3+𝑥−√3

𝑥

√3+𝑥+√3

√3+𝑥+√3
= lim

𝑥→0

3+𝑥−3

𝑥(√3+𝑥+√3)
 

= lim
𝑥→0

1

√3 + 𝑥 + √3
=

1

2√3
=

√3

6
 

(Rationalizing technique) 

 

 

(c) For any x,−2 ≤ cos 2𝑥 + cos
1

𝑥
≤ 2 ⇒ −2|𝑥| ≤ 𝑥 (cos 2𝑥 + cos

1

𝑥
) ≤ 2|𝑥|， 

        According to Squeeze theorem，lim
𝑥→0

𝑥 (cos2 𝑥 + cos
1

𝑥
) = 0 

 

 

 

 

Notice  lim
𝑥→0

𝑠𝑖𝑛𝑥

𝑥
= 1       lim

𝑥→0

1−𝑐𝑜𝑠𝑥

𝑥
= 0 lim

𝑥→0

2x

sin (5𝑥)
=

2

5
 



(d) lim
𝑥→2+

2𝑥+6

𝑥−2
= ∞ and lim

𝑥→2−

2𝑥+6

𝑥−2
= −∞. Therefore, the limit does not exist 

 

2. (8%) Determine all values of the constant 𝑎 such that the following function is 

continuous at x = 0. (感謝同學提醒，原題因x = 0未定義故送分，應改為以

下型式) 

f(x) = {
𝑎2 − 2, x ≤ 0

𝑎𝑥

tan 𝑥
, x > 0

 

Ans: 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

(𝑎2 − 2) = 𝑎2 − 2 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

𝑎𝑥

tan 𝑥
= lim

𝑥→0+

𝑥

tan 𝑥
lim

𝑥→0+
𝑎 = 𝑎 (Remember the proof at 69) 

Thus, 𝑎2 − 2 = 𝑎 → (𝑎 − 2)(𝑎 + 1) = 0 → 𝑎 = −1,2 

 

Not Continuous 

 



 

3. (10%) Proof that there is only one intersect point between 𝑓(𝑥) = 5𝑥3 + 2𝑥2 +

4𝑥 + 1 and 𝑔(𝑥) = 2𝑥2 + cos 𝑥. (Hint: use the mean value theorem)  

 

 

 

Ans:  

Let F(x) = 𝑓(𝑥) − 𝑔(𝑥), clearly 𝐹(0) = 0. Using proof by contradiction, assume 

there exist 𝑎 such that 𝐹(𝑎) = 0, 𝑎 ≠ 0. According to Mean value theorem, ∃𝑐 ∈

 (𝑎, 0) such that 𝐹′(𝑐) =
𝐹(𝑎)−𝐹(0)

𝑎−0
= 0, contradict. (𝐹′(𝑥) = 15𝑥2 + 4 + sin 𝑥 >

0). Therefore, there is only one intersect point. 

 

Related questions: 

Exercise in 1.4 

Exercise in 3.2 

 

Not differentiable 

:  

 



4. (12%) Remember that you can solve the derivative using the definition or the 

differentiation rule for the following question.  

(a) Given 𝑓(𝑥) =
𝑥

(𝑥+1)(𝑥+2)...(𝑥+2021)
, what is the value of 𝑓′(0)? 

(b) Find the derivative of 𝑓(𝑥) =
𝑥3+5𝑥+3

𝑥2−1
 

(c) Find the derivative of 𝑓(𝑥) = sin(√𝑐𝑜𝑡(5𝜋𝑥) ) 

(d) Find the following limit. lim
𝑥→0

𝑠𝑖𝑛(√3+𝑥)−𝑠𝑖𝑛(√3)

𝑥
 

 

Ans: 

(a) 𝑓′(0) = lim
∆𝑥−>0

𝑓(0+∆𝑥)−𝑓(0)

∆𝑥
= lim

∆𝑥−>0

∆𝑥

(∆𝑥+1)(∆𝑥+2)…(∆𝑥+2021)

∆𝑥
=

1

2021!
 

 

(b) 𝑓′(𝑥) =
(𝑥2−1)(3𝑥2+5)−(𝑥3+5𝑥+3)(2𝑥)

(𝑥2−1)2 =
𝑥4−8𝑥2−6𝑥−5

(𝑥2−1)2  

 

(c) 𝑦 = sin((𝑐𝑜𝑡(5𝜋𝑥))
1

2), 𝑦′ =

𝑐𝑜𝑠(𝑐𝑜𝑡(5𝜋𝑥)
1

2)[
1

2
𝑐𝑜𝑡(5𝜋𝑥)

−1

2 (−𝑐𝑠𝑐2(5𝜋𝑥))(5𝜋)] = −
5𝜋𝑐𝑜𝑠(√𝑐𝑜𝑡(5𝜋𝑥))𝑐𝑠𝑐2(5𝜋𝑥)

2√𝑐𝑜𝑡(5𝜋𝑥)
 

 

(d) Let 𝑓(𝑥) = 𝑠𝑖𝑛(√𝑥), then the limit is the derivative of 𝑓(𝑥) at 𝑥 = 3. Which is 

cos(√3)

2√3
 

 

 

 

 

 



5. (10%) Given 𝑥2𝑦3 − 5𝑥𝑦2 − 4𝑦 = 4, find the tangent line at (3,2) 

Ans: 

(𝑥2𝑦3 − 5𝑥𝑦2 − 4𝑦 = 4)′ = (4)′ 

𝑦′ =
−7

11
 

The tangent line is (𝑦 − 2) =
−7

11
(𝑥 − 3) 

6. (10%) Let 𝑓(𝑥) =
2𝑥2

𝑥2−1
 

(a) Find the critical numbers and the possible points of inflection of 𝑓(𝑥) 

(b) Find the open intervals on which 𝑓 is increasing or decreasing 

(c) Find the open intervals of concavity 

(d) Find all the asymptotes (Both vertical and horizontal) 

(e) Sketch the graph of 𝑓(𝑥) 

 

 

 

 

 



Ans: 𝑓(𝑥) =
2𝑥2

𝑥2−1
, 𝑓′(𝑥) =

−4𝑥

(𝑥2−1)2
, 𝑓′′(𝑥) =

12𝑥2+4

(𝑥2−1)3
 

 

(a) The critical numbers are 𝑥 = 0 

 

Possible points of inflection: None 

(b) Increasing (−∞, −1), (−1,0). Decreasing (0,1), (1, ∞). 

(c) Upward: (−∞, −1), (1, ∞). Downward (−1,1) 

(d) Since lim
𝑥→±∞

𝑓(𝑥) = 2 -> Horizontal asymptote 𝑦 = 2 

Since lim
𝑥→1+

𝑓(𝑥) = ∞ (or lim
𝑥→1−

𝑓(𝑥) = −∞), vertical asymptote 𝑥 = 1 

Since lim
𝑥→−1+

𝑓(𝑥) = −∞ (or lim
𝑥→−1−

𝑓(𝑥) = ∞), vertical asymptote 𝑥 = −1 

(e) Graph 

 



7. (10%) Prove that |𝑡𝑎𝑛𝑥 − 𝑡𝑎𝑛𝑦| ≥ |𝑥 − 𝑦| for all 𝑥, 𝑦 ∈ (
−𝜋

2
,

𝜋

2
) (Hint use 

mean value theorem) 

 

Ans: Note the inequality holds for x = y 

WLOG, assume 𝑥 < 𝑦. (absolute value) 

Let 𝑓(𝑡) = 𝑡𝑎𝑛(𝑡). By the mean value theorem, ∃𝑐 ∈ (𝑥, 𝑦) such that 𝑓′(𝑐) =

𝑓(𝑥)−𝑓(𝑦)

𝑥−𝑦
. 

Since 𝑓′(𝑡) = 𝑠𝑒𝑐2(𝑡) → 𝑓′(𝑐) = 𝑠𝑒𝑐2(𝑐) →
|𝑡𝑎𝑛𝑥−𝑡𝑎𝑛𝑦|

|𝑥−𝑦|
= |𝑠𝑒𝑐2(𝑐)| 

|𝑡𝑎𝑛𝑥 − 𝑡𝑎𝑛𝑦| = |𝑠𝑒𝑐2(𝑐)| |𝑥 − 𝑦|, since |𝑠𝑒𝑐2(𝑐)| ≥ 1, we have |𝑡𝑎𝑛𝑥 −

𝑡𝑎𝑛𝑦| ≥ |𝑥 − 𝑦| 

 

 

 

8. (12%) 

(a) ∫
1+𝑥+𝑥2

√𝑥
𝑑𝑥 

(b) ∫ 6𝑡 − 𝑐𝑠𝑐2𝑡 𝑑𝑡 

(c) Evaluate lim
𝑛→∞

1

√𝑛
(1 +

1

√2
+

1

√3
+. . . +

1

√𝑛
) (Hint: use Riemann sum and the 

definition of the definite integral) 

(d) ∫
𝑥3𝑐𝑜𝑠𝑥

1+𝑥4 𝑑𝑥
𝜋

−𝜋
 

Ans: 

(a) ∫
1+𝑥+𝑥2

√𝑥
𝑑𝑥 = 2√𝑥 +

2𝑥3/2

3
+

2𝑥5/2

5
+ 𝐶 

(b) ∫ 6𝑡 − 𝑐𝑠𝑐2𝑡 𝑑𝑡 = 3𝑡2 + 𝑐𝑜𝑡(𝑡) + 𝐶 



 

 

(c) lim
𝑛→∞

1

√𝑛
(1 +

1

√2
+

1

√3
+. . . +

1

√𝑛
) = lim

𝑛→∞

1

𝑛
(√𝑛 +

√𝑛

√2
+

√𝑛

√3
+. . . +

√𝑛

√𝑛
) =

lim
𝑛→∞

1

𝑛
(

1

√
1

𝑛

+
1

√
2

𝑛

+
1

√
3

𝑛

+. . . +
1

√
𝑛

𝑛

) = ∫
1

√𝑥
𝑑𝑥

1

0
= 2𝑥

1

2| 1
0

= 2 

 

 

 

(d) Since it is an odd function, ∫
𝑥3𝑐𝑜𝑠𝑥

1+𝑥6 𝑑𝑥
𝜋

−𝜋
= 0 

 

 

 

 

 



9. (8%) Find 
𝑑

𝑑𝑥
∫ 𝑐𝑜𝑠√𝑡

𝑥2

2𝑥
𝑑𝑡 when 𝑥 > 0. (Hint: Let Let 𝐹(𝑥) = ∫ 𝑐𝑜𝑠√𝑡𝑑𝑡

𝑥

1
 and 

use the fundamental theorem of calculus)  

 

 

Ans: Let 𝐹(𝑥) = ∫ 𝑐𝑜𝑠√𝑡𝑑𝑡
𝑥

1
, since 𝑐𝑜𝑠√𝑡 is continuous, by the fundamental 

theorem of calculus, 𝐹′(𝑥) = 𝑐𝑜𝑠√𝑥. Also 𝐹(𝑏) − 𝐹(𝑎) = ∫ 𝑐𝑜𝑠√𝑡𝑑𝑡
𝑏

𝑎
, 𝑎, 𝑏 ∈ 𝑅, 

therefore, when 𝑥 > 0,  

𝑑

𝑑𝑥
∫ 𝑐𝑜𝑠√𝑡

𝑥2

2𝑥

𝑑𝑡 =
𝑑

𝑑𝑥
[𝐹(𝑥2) − 𝐹(2𝑥)] = 𝐹′(𝑥2)2𝑥 − 𝐹′(2𝑥)2

= 2𝑥𝑐𝑜𝑠𝑥 − 2𝑐𝑜𝑠√2𝑥 

 

 

 

Related questions: 

Exercise in chapter 4.4 

 

 

 

 

 

 

 

 

 

 

 



10. (8%) Evaluate ∫ 2𝑥2√𝑥3 + 1𝑑𝑥
2

1
 

 

 

 
Ans: 

Let 𝑢 = 𝑥3 + 1, 𝑑𝑢 = 3𝑥2𝑑𝑥 

∫ 2𝑥2√𝑥3 + 1𝑑𝑥
2

1

= 2
1

3
∫ (𝑥3 + 1)1/2(3𝑥2)𝑑𝑥

2

1

=
4

9
[(𝑥3 + 1)3/2]

2
1

= 12 −
8

9
√2 


