1. (16%) Find the following limit. (If the limit does not exist or has an infinite limit,

you should point it out)

6x%4+x—1

cosx

(b) lim

31-: 1+sinx
-7

(¢) lim vx2 —2x+x
X——00

(d) limvV2x2 +1 sin%
X—00

Ans:
. 6x%+x—1 . (Bx-1)(2x+1) _ . (3x-1) _ 5

@ Im s = Zx-3)(2xtD) zx-3) 8

x>(-3) x-(-3) x-(-3)

(b) cosx . cosx(1-sinx) _ ..  cosx(1-sinx)
x_>371r 1+sinx x_>37n (1+sinx)(1-sinx) _x_>3?7r cos2x
1-sinx . 1-sinx .. .
—— =0 lim —— = -0 — limit does not exit

3t COSX 3~ cosx
—>7 X—)7

(©) llm VA% —2x 4+ x = lim Q20020 g 2

X—>—00 (Vx2-2x—x) x——00 (Vx2—2x—x) -

lim ‘—22 =1
X2=0 1-—>-1)
(d) lim v2xZ + Isinxs = lim 2 xsin = lim 2 Jim 2 = lim [2+ L =2

X—00 X X—00 X X X—00 X toot t X—00 X
2. (9%)

4 1
Let f(x) = {x3 cos (;) forx #0
0 forx =0

(@) Is f(x) continuous at x = 0?
(b) Compute f'(x) for x # 0 and f'(0).

Ans:
(@)
1
—1 < cos (—) <1
X
4 4 1 4
—x3 < x3cos (;) < x3

By squeeze theorem, we have

x-0

4 1
lim x3 cos (—) =0
X



Therefore, it is continuous at x = 0.

x3 cos() -f(0) . x%cos(%) . 1 1 .
— = = lim ——* =limxs cos (;) = 0 (Since

x-0 X x—0

(b) f7(0) = lim
1 .
—1 < cos (;) < 1, again by squeeze theorem)
4 1 1 4 2 4 1 1 2
= —Xx3C — x3 - = —Xx3C 3 -
f'(x) = 3 S(x) xsm()( X)) = 3 <>+x sm()
3. (6%) Proofthat f(x) = x” + x + ; has exactly one real root. (Hint: use the

mean value theorem)
Ans:

1
f(0) = 5, f(-D)

3
= ——, by the intermediate value theorem it has at least one real root between

2
—1andO.
Assume the real root is a and there is a second real root b. Then by the mean value
theorem, there is a ¢ such that f'(c) = % = 0. However, f'(x) = 7x°+

1 > 0. Contradict, therefore, there is only one real root.

4. (16%) Remember that you can solve the derivative using the definition or the
differentiation rule for the following question.

(a) Find the derivative of f(x) = Vx(vx + 3)

(b) Let f(x) =x°—2x*+3x +m, find f'"(x)

(c) Let g(x) = tan(x?), find g'(0)

X 1
(d) Find the following limit. llm —xllﬁ

Ans:

-1 -2

@ fx) = xg + 3x§ - f'(x) = Zx? +x3

(b) f'(x) =5x*—8x3+3 > f"(x) = 20x3 — 24x? > f"(x) = 60x? — 48x
(¢) g'(x) = 2xsec*(x*) - g'(0) =0

x 1
Vx2 Tz = lim fFx)-f() — f,(l)

x—1 x—1 x—1

(d) Let f(x) = \/_ then hm

-1
Va2 +1—x(x24+ 12
x2+1)

fllx) =



X 1
i x V2 ’ 1 1 V2
Therefore, 9161_13}% =f'(1) = 5 X (\/E — ﬁ) =

5. (8%) Given the graph 2x%y —y3+1=x+y.
(@) Express y’ interms of x and y

(b) Find the points on the curve with y = 1 and the tangent lines at these points
Ans:

A 5020, 3 _4a
@ Cxy -y’ +1) =—(x+y)

d d d
22 32 1Y

4 2
Xy + 2x dx dx dx
(2x? -3 2—1)d—y=1—4x

y dx y

dy 1—4xy
dx  (2x2—3y2—1)

0) 2x21—-1+1=x+1->Cx+D(x—-1)=0->x=—,1

2 )
-6 3 -6 1 3
Slopes are 7,5—>7(X+;) = (y—l),g(x—l) =(0-1

(x+1)?
x2+1

6. (15%) Let f(x) =

(a) Find the open intervals on which f is increasing or decreasing. Indicates the
extreme values.

(b) Find the open intervals on which f is concave upward or concave downward.
Indicates the points of inflection

(c) Find all the asymptotes (Both vertical and horizontal)

(d) Sketch the graph of f(x)

(e) What is the domain and range of f(x)?

Ans:

@ f'(x) = % The critical numbers are +1. f is increasing on (—1,1)
since f'(x) > 0, f is decreasing on (—o,—1) and (1,00) since f'(x) <O.
Local (global) maxima is (1,2) and local (global) minima is (—1,0).

(b) f"(x) =

4x(x%-3)
(x2+1)3

. The possible points of inflection are

— 2 2
(0,1), (=3, (‘/_%1)), (3, (\/§+1)). f is concave downward on (—o, —/3) and



, since x) < 0, f is concave upward on (—v 3, 0) an. ,00) since
0,v3) si "(x) <0, fi d V3,0)and (V3 i
— 2 2
f"(x) > 0. Points of inflection are (0,1), (—\/§, (\/—%1)), (3, (\/§+1)).
(c) y = 1 is the horizontal asymptote. since lirgl f(x) = 1. There is no vertical
x—+oo

asymptote since x2 + 1 # 0.

(d)

local max. (1,2)

y = flz)
infl. pt. =43

local min. (—1}0)

(e) Domain is entire real line. Range is [0,2]. Since the end behavior of f approaches

1 and there are no other extrema.

7. (15%) Remember the meaning and the definition of definite integral when solving

the following question
(@) [2x5+ 6x% —5x% + 3 dx
(b) [tan?y +2 dy

(c) f_66\/36 — x2dx

. 15+425+..4n5
(@ lim 2(—=5)
4 1
© J; o
Ans:

NG

()—+——— 3+ 3x+C

(b) [tan?y + 2 dy = [(tan®*y + 1) + 1 dy = [(sec’y) + 1dy = tany +y + C
(c) 18 (Since it is the area of a semi-circle with radius 6)

(d) lim (1+2+ +n)—l 2(1+2+ +n)—11m Z 1(—)5—2f1x dx =

noon

161 _1
26x]0—3



1
(e) Let u=1++/x, du—mdx

4 3
f ;dx = 2f u?du = —2u‘1]3 :1
1 Vx(1++x)? 2 2 3

2
t2+1

1
8. (9%) Show that the function f(x) = [* 2 dt is constant for x >

X
Foodt+ fo

0 (Hint: use the fundamental theorem of calculus)
Ans:

By the fundamental theorem of calculus

L2 -1 2
f(x)_(l)zi(x_Z)+x2+1_O
X

Since the derivative of f(x) is zero, f(x) is a constant.

9. (6%)Find [*:(t? + t°tan(t)) dt.

Ans:

Note that t®tan(t) is an odd function and t? is an even function

ohly
Il

i i i 2
j (t? + ttan(t)) dt = 2] (t?)dt + j (t? + t®tan(t)) dt = [—t3] —
-z 0 i 3 96



