Calculus (I), Final Exam 2022/01/17
Note that e is euler constant in all the following questions

1. (20%) Find the following limit. (If the limit does not exist or has an infinite limit,

you should point it out)
) 1 ln(2‘n.+1) ln(2n+2) ln(2n+n)
(a) 1111—{120; anl anz + o+ ﬁ

n n n

(b) lim xtan(l)
X—00 X

Jy sin(t?)dt

©) xll)rgl+ xsin(x?2)
.3 2
@ lim = -35
Ans:
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2. (6%) (a) Show that f(x) = 6 — x3 has an inverse function (Note that you should
show that it is one to one)
(b)Find (f~1)"(7)
Ans:
(a) Since f'(x) = —3x? is monotonic decreasing on (—oo, o). Therefore, f has an

inverse.

(b) f71(7) = -1 (Since f(-1) =7)

(F1(7) = -t

1
O (7)) 312 3




3. (6%) Given the function f(x) = x — elnx, prove thatif a > e, then f(a) > 0.
(Hunt: use the mean value theorem in the interval (e, a))

Ans:

Since f(x) is continuous on [e,a] and differentiable on (e, a). By the mean value

theorem, there exist at least one number ¢ in (e, a) such that

e _fl@-fl)_f@

fl@=1-c=—7= a—e

f(@)

Since ¢ > e, §< 1, therefore, P 0.

If a>ea—e>0,then f(a) > 0.

4. (15%) Evaluate the following integral.
1 1
(a) fO mdx

1 x2%+4x

) [y Fremmdx

x3+6x2+5
ex
(©) f e2X+2xeX+2

Ans:
(@) Let u =+/x, dx = 2udu

1 1 1 1 2
Lx+\/§dx=blir£1+]l) x+\/;=blir(r)1+J\/Eu+1du=blirgl+21n|u+1||\/15
=2In2
(b) u=x3+6x%2+5,du = 3(x% + 4x)dx
flm—‘”dleflzldlelnmulz=1(1n12—1n5)
o X3+6x2+5 3)s u 3 5 3

(€) u=e* du = e*dx

e* 1
f€2x+2><6’"+2 * fu2+2u+2 " f(u+1)2+1 u = arctan(u +1)

+ C = arctan(e*+ 1) + C

5. (15%) Evaluate the following expression.
(@) Given f(x) = x5 find f'(x)
(b) f sin xcosx dx

sin*x+cos*x

(c) [ 4arccos(x)dx



Ans:
@ Inf(x) =sinxInx

f'(x) 1 sinx
= cosxInx + sinx— - f'(x) = xS™¥(cosxInx + —)
f(x) x
sin xcosx . sm(Zx) . sin(2x)
(b) fstn4x+cos4x X = = cuszx)z (1+C052x) dx = f1+cosz(2x)
Let u = cos2x,du = —2sin2xdx
-1 1

-1
= mdu = 7arctan(c08(2X)) +C

(c) Letu = arccos(x),dv = dx, du =

j 4arccos(x)dx = 4 (xarccos(x) + ] v%ﬁdx)

=4 (xarccos(x) —+1- xz) +C

6. (20%) Evaluate the following integral. (If the integral diverges, you should point it

out)

2x%+3x+4
(@) fx3+3x2+3x+1

(b) f sec?x

tan2x+5tanx+6

(c) fooo x3e™*" dx

@) f, 7=

Ans:
2x%4+3x+4 2x%+3x+4 1
( ) fx3+3x2+3x+1 B f (x+1)3 fﬁ - (x+1)2 + (x+1)3 dx =ZIn |x + 1| +
S
x+1  2(x+1)2
(b)

Let u = tanx, du = sec?®xdx

f seccx d_J‘ 1 d—f_1d+f1d
tan?x + Stanx + 6 X= uz+5u+6 u= u+3 U u+2 U

tanx + 2
=—ln|u+3|+ln|u+2|+C=1n’— +C
tanx + 3




(c) Let u = x?, du = 2xdx

PR -1 1
fx e ¥ dx = Ej-ue‘”du = T(ue‘”) +§f e “du

b+1fb ~ug
- e u
0tz

u

@ -1
3% dy = |j -u
J; x3e x = lim — (ue™)

_ Tl bt
T2 bhmed  2bne

0

(d)

11 11 . 1 .
Ifp=1,/[ —dx = Jo ~dx = C}Lr(r)l+lnx|a = oo diverges

ifp#1, [ Sde=lim | = lim

( 1 al—P) 1 LT 1
a-0*t 1-p 'a  a-0%

im
1-p 1-p 1-p  1-p g0+ aP?

Which converges to é ifp—-1<0

Therefore, foli/%dx diverges
X

7. (6%) Find the following area of the region bounded by y = sin(x) and y =
sin3(x)

I_\‘ =sin ,\J

10—+ N\

0.5+ AN

Ans:

Let u = cosx, du = —sinxdx

1
fsin3x dx = f(l — cos?x)sinxdx = fuz —1du = §u3 —u+C

n T T
2 ) — 1 -1

A= f (sinx — sin®x)dx = —cosx |2 — <§ cos3x — cosx) 2 ==
0 0

8. (6%) Find the arc length of the graph y = In(x) over the interval [1,5]
Ans:



5 3 SVx2 +1
s=] 1+y’ dx=f dx
1 1 X

Let x = tan®, dx = sec?6d8

Vx?+1 sec secO
j d J sec?0dg = J —— (1 + tan?0)dl = — In|csch + coth)|
no tan6

Vx2+1 1
+— |+\/x2+1+C

’ Vx2 +1 x?+1 1
S—J. 1+y’2dx—f dx—[—ln +;|+\/x2+1l|i

/o —
S ))\/_\/_

X

+sec0 +C = —1n

ln(

9. (6%) Find the area of the surface generated by revolving the graph of f(x) =9 —
x? on the interval [0,3] about the line y-axis.
Ans:

3 3
S=21fo 1+f’(x)2dx=211fx 1+ 4x2dx
0 0
Let u =1+ 4x?%,du = 8xdx

m (37 m 337 m __3
= — = —Uuz2 = — 2 —
4[1 vudu 6u |1 6(37 1)



